SYMPLECTIC MANIFOLDS

1. TWO FORMS

Given a two-form a on a manifold M, we can evaluate it on a pair of tangent vectors to
produce a number. That is, if in local coordinates

a = Z a;j (z) dx; A dx;

1<j

= Z CYU d$z X d.ﬁE] — dwj & dxz) y

1<j

and if at a point p of the manifold,
o= > v,
w, = Yy w;d;,

a (vp, wp) Z a;j (p) (viw; — vjw;) .
1<J
This definition is independent of the choice of coordinates. Of course, this evaluation can be
generalized to a k-form acting on k tangent vectors.

We say that a two-form [ is nondegenerate at a point p if 5 (v,,w,) = 0 for all tangent
vectors v, implies w, = 0. We say that a two-form on a manifold is nondegenerate if it is
nondegenerate at every point of the manifold. Nondegeneracy at a point implies in particular
that the dimension of the manifold is even (say dim = 2n). In fact, nondegeneracy is
equivalent to " = S A ... A # being nonzero (ie a nonzero multiple of the volume form).

then we define

2. DEFINITION OF SYMPLECTIC MANIFOLD

A symplectic manifold is a pair (M,w), where M is a smooth manifold and w is a distin-
guished closed, nondegenerate two-form (called the symplectic form).

The standard example is 2n-dimensional Euclidean space with coordinates (21, ..., Zpn, Y1, -, Yn)
together with the symplectic form

Wy = Zdl’J VAN dyj
j=1

In some sense this is the only example of a symplectic structure on R?". Given any nonde-
generate, bilinear, skew symmetric linear form w on a 2n-dimensional vector space V', there
is a way to choose a basis (called a symplectic basis) of this vector space so that w has the
same form as wy. In other words, there exists a vector space isomorphism ¥ : R?® — V such
that

U*w = wy.

In fact, even more is true:
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Theorem 2.1. (Darbouz) Every symplectic manifold (M,w) is locally diffeomorphic to
(Rzn,wo).

Thus, there is not much use in studying local symplectic geometry!

The important maps in symplectic topology are the symplectomorphisms. A symplec-
tomorphism between two symplectic manifolds (X, wx) and (Y,wy) is a diffecomorphism
1 : X — Y such that

1p*u)y = wx.

Theorem 2.2. (Moser Stability Theorem) Let (M, w;) be a closed manifold with a family of
cohomologous symplectic forms. Then there is a family of symplectomorphisms i, : M — M
such that

Yo =1, w = wo.
Moreover, if wy (q) = wo (q) for all points q on a compact submanifold Q of M, we may
assume 1y 1s the identity on Q).

3. EXAMPLES

Besides the obvious example of (R?*", wy), there are many other typical examples of sym-
plectic manifolds.

3.1. The cotangent bundle. Let M be any smooth manifold, and let T*M denote its
cotangent bundle. Then (T*M,w) is a symplectic manifold, where the symplectic two-form
w is defined as follows. Since the sections of w : T*M — M are one-forms, there is a canonical
one-form A on T*M given by
AM&) =7 (&),

where since 7 (§,) = =

™ TyM — T (T; M)
is the pullback. In other words, given v, € T¢, (T M),

A(ve,) = & (mave,) -
Then we define the symplectic form w on T*M by
w = —dA.

The sign is chosen so that in 7% (R™), the symplectic form becomes w = wy.
Note that the phase space in classical mechanics is a cotangent bundle, where the manifold
coordinates are positions, and the vertical coordinates correspond to momentum.

4. ALMOST COMPLEX MANIFOLDS

Let M be a 2n-dimensional real, smooth manifold. An almost complex structure J on M
is a bundle map
J:TM —TM

such that

JP=-1
If such a structure is integrable (compatible across coordinate systems), then the manifold
is a complex manifold, but this is a much stronger condition. If M is a smooth manifold and
J is an almost complex structure on M, then the pair (M, J) is called an almost complex
manifold.
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Each almost complex manifold (M, .J) comes equipped with natural nondegenerate two-
forms (canonically defined up to homotopy), and conversely, every manifold with nonde-
generate 2-form comes equipped with natural almost complex structures (canonical up to
homotopy). Given an almost complex manifold that also has a nondegenerate two-form (3,
we say that the almost complex structure J and (§ are compatible if

B (Jv, Jw) = B (v, w)
for all v,w € T,M and every x € M, and
B (v, Jv) >0
for all nonzero tangent vectors v. Let
J (M, j3)
denote the space of compatible almost complex structures on (M, [3).

Proposition 4.1. Let M be a 2n-dimensional manifold.

(1) For each nondegenerate two-form 3 on M, there exists an almost complex structure
compatible with 3. The space J (M, 3) is contractible.

(2) For each almost complex structure J on M, there exists a compatible nondegenerate
2-form (3. The space of such forms is contractible.

Proof. 1. Given a nondegenerate 2-form (3 and a metric g, one may write at a given point
g(v,w) =v"Guw
for some positive definite symmetric matrix G € My, (R). Now we want to solve for J, where
B(v,w) = (Jo) w=g((GJT)v,w).

And one can certainly find a matrix G~!.J by changing the basis so that the nondegenerate
two-form is the standard one.
2. Given a metric g on M and an almost complex structure J, define

B (v,w) =g (v, Jw).
O

Not every even-dimensional manifold admits an almost complex structure. For instance,
S? and S© are the only spheres that do. On the other hand, by using the symplectic form,
every symplectic manifold is an almost complex manifold.

Note that non every almost complex manifold is a symplectic manifold; the simplest
example is S®. The reason is that every compact symplectic manifold must have nonzero

H? (M).

Proposition 4.2. If M is a compact symplectic manifold, then H?* (M,R) is nontrivial.

Proof. Otherwise, if w = da for some a € Q' (M), then the volume form
W=d(@AwA ... ANw),

which is impossible since the volume form of an oriented manifold cannot be exact (and
every symplectic manifold is oriented, using the volume form w™). 0

In fact, the proof extends:
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Proposition 4.3. If M is a compact symplectic manifold of dimension 2n, then H?* (M, R)
1s nontrivial for all k such that 0 < k < n.

Proof. Otherwise, if w* = da for some o € Q' (M), then the volume form
wht=d (a /\w"*k) ,

which is impossible since the volume form of an oriented manifold cannot be exact (and
every symplectic manifold is oriented, using the volume form w™"). 0

Even more is true for Kahler manifolds; the result is called the Hard Lefschetz Theorem.
(See below.)

Note that a complex manifold is a manifold with a complex structure that is integrable.
This means that coordinate charts are chosen so that the standard complex structure in R”
is mapped to the almost complex structure on the manifold, and the transition functions
preserve the standard complex structure. Equivalently, the transition functions may be
chosen to be holomorphic.

Lemma 4.4. Let w be a nondegenerate 2-form on M, and let J be an almost complex
structure compatible with w and let V be the covariant derivative associated to the metric g;
(note: g5 (v,w) = w (v, —Jw).). Then the following are equivalent:

(1) VJ =0
(2) J is integrable and w is closed.

A Kidhler manifold is a triple (M,w, J), where w is a symplectic form and J is an associated
integrable complex structure (so the manifold is complex). Every Riemann surface is a Kéhler
manifold, as is complex projective space CP". In the later case, the complex structure is
multiplication by 4, and in homogeneous coordinates [z, ..., z,], the form
Z. n
o = 7> ) Fmda, AdZ — Zzgdz A dz

2 <Z;L:0 z_]zj> k=0 j#k

= Z 100/ fi (z) =log Lm0 2k

) p—
2 Zij

J

is a symplectic form, and the associated metric is called the Fubini-Study metric. Further,
every complex submanifold of a Kahler manifold is a Kahler manifold. For a time, peo-
ple wondered whether every symplectic manifold was Kéhler. Robert Gompf (UT, 1993-4)
showed that there are many examples of non-Kéhler symplectic manifolds. Using Gromov’s
J-holomorphic techniques, many results concerning Kéhler manifolds can be extended to
general symplectic manifolds, where the almost complex structure is not necessarily inte-
grable.

Theorem 4.5. (Banyaga) Let M be a compact complex manifold. Let wy and wy be two
Kdhler forms on M. If [wo] = [wi] € H? (M, C), then (M,wy) and (M,w,) are symplecto-

morphic.
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Theorem 4.6. (Hodge decomposition theorem for Kdhler manifolds) For a compact Kdhler
manifold M, the complex cohomology satisfies

H (M,C) = 5 HX'(M),
ptg=r

H (M) = HITOD),

where Hg’q is the Dolbeault cohomology restricted to forms of type (p,q). Further, we could
instead choose the de Rham cohomology to obtain the same result, and the cohomology classes
contain unique harmonic representatives. Consequently, holomorphic forms are therefore
harmonic for any Kdahler metric on a compact manifold, and the odd Betti numbers are
even.

Theorem 4.7. (Hard Lefschetz Theorem) Let (M*",w) be a Kdihler manifold. Let L be
exterior multiplication by w. Then
LY H"* (M) — H"™ (M)
is an isomorphism for 1 < k < n. Further, if we define the primitive cohomology P’ (M) by
PI(M) =ker L" ! . {7 — H*i+2
then we have the Lefschetz decomposition

H™ (M) =@ L P (M),

Thus, the Betti numbers of a compact Kdahler manifold have a pyramid structure, called the
Hodge pyramad.

Donaldson proved a theorem about constructing codimension two symplectic submani-
folds:

Theorem 4.8. (Donaldson, 1994) Let (M,w) be a compact symplectic manifold with integral
cohomology class [w] € H* (M, Z). Then, for every sufficiently large integer k, there exists a
codimension 2 symplectic submanifold Ny, C M which represents the Poincare dual of k [w].

5. LINEAR SYMPLECTIC GEOMETRY

There are various kinds of vector subspaces of symplectic vector spaces that have special
names.

Definition 5.1. Let (V,w) be a symplectic vector space. Let W be a linear subspace of V.
(1) The symplectic complement W« of W is

We={veV:iww)=0 foralwe W}.

(2) W is called isotropic if W C W«.

(3) W is called coisotropic if W C W.

(4) W is called symplectic if W N W = {0}.
(5) W is called Lagrangian if W = W.

Lemma 5.2. We have the following facts from linear symplectic geometry:
(1) W is isotropic iff w|,, = 0.
(2) W is symplectic iff w|y, is nondegenerate.
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W s symplectic iff W< is symplectic.

W 1s isotropic iff W< is coisotropic.

If W is Lagrangian, then dim W = % dim V.
dimW 4+ dim WY =dim V.

linear map V¥ : V — V is a linear symplectomorphism iff the graph
Iy ={(v,¥%z):v eV}

is a Lagrangian subspace of (V X V) (—w) X w).
(8) Any isotropic subspace is contained in a Lagrangian subspace.
(9) Any basis of a Lagrangian subspace can be extended to a symplectic basis of V.
(10) (Linear symplectic reduction) If W is coisotropic, then V' =W /W¥ carries a natural
induced symplectic structure. If A C V is a Lagrangian subspace of V', then N =
(ANW)+W«) /W¥ is a Lagrangian subspace of V.

Example 5.3. Graphs of exact one-forms in T*M are Lagrangian submanifolds of T*M .

6. CONTACT STRUCTURES

Contact geometry is the odd-dimensional analogue of symplectic geometry.

A contact structure on a manifold M of dimension 2n+ 1 is a field of hyperplanes & C T M
with the following property. Let a be a one-form such that £ = kera. We say that £ is a
contact structure if da restricts to a nondegenerate form on ¢ (ie symplectic form). Note
that if £ were integrable, the Frobenius condition would be equivalent to a Ada = 0, and the
contact condition is as far from this as possible. In fact, £ can be thought of as a maximally
nonintegrable distribution of codimension 1.

Proposition 6.1. Let M be a manifold of dimension 2n+1 and & C T'M be a transversally
orientable hyperplane field.

(1) Let « be a one-form with & = ker a. Then da is nondegenerate on & iff
a A (da)" #0.

In this case, £ is called a contact structure, and « is called a contact form for
£,

(2) Let v and o be 1-forms with £ = ker o« = kero/. Then « is a contact form iff ' is a
contact form.

(3) If € is a contact structure, then the symplectic bilinear form on & induced by do is
independent of the choice of o, up to a nonzero scaling factor.

Proposition 6.2. Let (M, ) be a contact manifold, o € Q* (M) be a contact form for &, and
let L C & be an integrable submanifold. Then T,L is an isotropic subspace of the symplectic
vector space (&, doy) for every q € L. In particular,

dim L < n.
If dim L = n, then L is called Legendrian.

Note that specifying a specific contact form is equivalent to specifying a positive function
(since «, o contact implies o/ = fa for some function f > 0). Now, a function on a
symplectic manifold generates a Hamiltonian flow (described later); analogously, a there is a
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canonically associated flow to a contact form. Given a contact form «, there exists a unique
vector field Y =Y, € I'(T'M) such that

i(Y)da=0, a(Y)=1.

This vector field is called the Reeb vector field determined by «. Because
Lya=di(Y)a+i(Y)da=0,
the flow of Y preserves a and thus the contact structure &.

Example 6.3. The basic example is the “standard” contact structure on R*" 1 = {(zy, ..., z,, y1,
giwen by the 1-form

oy =dz — Zyjd.rj.
J
One can check Y,, = 0, is the Reeb vector field associated to this contact structure. Note
that the condition i(Y,,)dog = 0 is equivalent to requiring that Yo, have no 0., or 0y,
components.

Example 6.4. On R?"* the form
1 1
dz + 5 E dej =dz + 5 Ej (:I:jdyj — yjdl'j)

is a contact form (contactomorphic to the previous example). Again, 0, is the Reeb vec-
tor field associated to this contact structure. Note that a heliz-like submanifold such as
(t1,t2s .y tn) —= (Do t5,2c08 (t1),2sin (1), ..., 2cos (t,) , 2sin (t,)) is n-dimensional and tan-
gent to the contact structure, so it is a Legendrian submanifold.

Example 6.5. Similar to last ezample, every compact 3-manifold admits a contact structure.
Howewver, the classification of compact contact 3-manifolds is unknown as of 2000.

Example 6.6. > df; is a contact form on S*"~' C R*".

Example 6.7. Let L be any compact manifold. Then the 1-jet bundle
J'L=TLxR

1s a contact manifold with contact form
a=dz — Aean,

and the Reeb vector field % where z s the real parameter. For any function S : L — R, the
submanifold
Ls = {(x,dS(z),S (x)):x € L} C J'L

1s Legendrian.

Example 6.8. Let L be a Riemannian manifold, and let M = S (T*L) be the unit cotangent
bundle. Then the restriction of the canonical 1-form

o= )\Cﬁn]S(T*L)
s a contact form. The corresponding Reeb vector field is the Hamiltonian vector field dual
to the geodesic flow on TL.

Theorem 6.9. (Darboux) Every contact structure is locally contactomorphic to the standard
contact structure on R?"+1,

e Yns 2) }
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Following is an analogue of Moser’s stability theorem for symplectic manifolds.
Theorem 6.10. (Gray’s Stability Theorem) Every family oy of contact forms on a closed
manifold M satisfies

o = Uy (fraw)

for some family of nonvanishing functions f; and contactomorphisms ;.
The following result relates symplectic manifolds and contact manifolds.

Proposition 6.11. Let (Q, &) be a transversally oriented contact manifold. Then M = QxR
1s a symplectic manifold with exact symplectic form

w=e’(da —andf)=d(a),
where 0 € R. The symplectic manifold (M,w) is called the symplectization of (Q,§).
Proposition 6.12. A submanifold L C () is Legendrian iff L x R is Lagrangian.

A Liouville vector field on a symplectic manifold (M,w) is a vector field X such that
Lxw=w.

Example 6.13. The radial vector field 0, = (%xjaxj + %yjﬁyj) on R?" is a Liouwville vector
field, which is transversal to the unit sphere S*™~, and i (0,)wo = 3 >_ db; is a contact form
on S*—1.

Proposition 6.14. Let (M,w) be a symplectic manifold, and let ) C M be a compact
hypersurface. Then the following are equivalent:

(1) There exists a contact form o on @ such that do = w|,.
(2) There exists a Liouville vector field X : U — T M, defined in a neighborhood U of @,
that is transverse to Q).

If these conditions are met, (Q is said to be of contact type.
There are several open problems in contact geometry.

Problem 6.15. (Seifert, 19/8) Let V be a nowhere vanishing vector field on S3. Does the
flow of V' have any periodic orbits?

Schweitzer proved in 1974 that there exists a C! vector field without periodic orbits.
Kristina Kuperberg proved in 1994 that there exists a smooth vector field without periodic
orbits.

Problem 6.16. What about volume-preserving vector fields?

Greg Kuperberg proved in 1997 that there exists a C'* counterexample to existence. There
are no known smooth counterexamples, as of 2000.

Conjecture 6.17. (Weinstein, 1978) Suppose that M is a 3-dimensional manifold with a
(global) contact form «. Let v be the Reeb vector field for oo. Then v has a periodic orbit.

Theorem 6.18. (Viterbo and Hofer, 1993) The Weinstein Conjecture is true when
(1) M =853, or
(2) 72 (M) #0, or

(3) the contact structure is “overtwisted”. (ie not “tight”)
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Remark 6.19. A contact structure on a 3-manifold is called “overtwisted” if there exists an
embedded 2-disk such that the characteristic foliation (intersection of contact structure with
tangent space to disk gives a line bundle, thus a foliation) contains one closed leaf C' and
exactly one singular point inside C' (ie C is a limit cycle). “Tight” = not “overtwisted”. Note
that the standard R® examples of contact structures are tight. The example on S*" ! = §3
s also a tight contact structure, and in fact this is the only possible tight contact structure
(up to isotopy). Eliashberg proved that the isotopy classes of overtwisted contact structures
on closed 3-manifolds coincide with the homotopy classes of tangent plane fields.

Problem 6.20. Classify the tight contact structures on a given 3-manifold.
Problem 6.21. How many periodic orbits are there?

Problem 6.22. What do they look like?

Problem 6.23. Is there always an unknotted one?

Problem 6.24. What about the linking behavior?

7. RESULTS IN SYMPLECTIC TOPOLOGY

Given a symplectic manifold (M?",w), there is a canonical orientation an measure given
by the volume form w”. Thus symplectomorphisms preserve volume. But is the group of
symplectomorphisms of a manifold significantly smaller than the group of volume-preserving
diffeomorphisms? Nothing was known until the following fact was proven in 1985.

Let B?* (r) denote the closed Euclidean ball of radius r centered at the origin of R?". Let

Z* (r) = B?(r) x R*"~?
be the solid cylinder. We say that a map
o:U—-V

between subsets U and V' in R?" is a symplectic embedding if ¢ is a smooth embedding that
preserves the symplectic form (i.e. ¢*wy = wy).

Theorem 7.1. (Gromov nonsqueezing theorem) If there is a symplectic embedding B*™ (r) —
Z?"(R), thenr < R.

(Proof to come later.)

Note that this theorem implies that the group of symplectomorphisms of the ball is sig-
nificantly smaller than the group of volume-preserving diffeomorphisms.

Another idea is that of the symplectic camel. Let

j: B - H" = {z € R™: z,, >0}
denote the inclusion of the standard unit ball in the upper half space, which is clearly a
symplectomorphism with respect to wy. Similarly, let & : B> — H~ be the inclusion of a
ball in the lower half space. One may think of B?" as the “camel”. Let B, C OHT =~ R?~!
denote an open (2n — 1)-ball of radius r in OHT. We call B, “the eye of the needle”. We
say that the camel passes through the eye of the needle if there exists a homotopy
h:[0,1] x B> — R*"

such that
h(0,z) =j(z), h(l,z) =k(z),
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and

(Imh) N OH* C B,.

Theorem 7.2. (Gromov symplectic camel theorem) If r < 1, there does not exist such a
homotopy for which each h(t,-) : B** — R*" is a symplectomorphism for 0 <t < 1. Thus,
in this case the camel cannot pass through the eye of the needle.

8. HAMILTONIAN FLOWS

8.1. Hamiltonian vector fields and flows. Let (M,w) be a symplectic manifold. Given
a differentiable function H : M — R (called the Hamiltonian), there exists a unique vector
field X such that

—dH(Y) = w(XgY), or
for every vector field Y on M. (Note: some authors use a negative sign in the equation
above.) Such a vector field Xy exists and is unique because the nondegeneracy of w implies
that the linear map

i(w:T,M—T:M

has a trivial kernel. In canonical coordinates (ie w =) dx; A dy;), we have

_a_H8 _|_a_H
8yj i 61:]’

Xg = Oy, -

Check:

oH oH
Z(XH)(,U = ZZ (—a—yOIj + %8%) dfﬂj A dyj
J J
oH oH
- E (G )

= —dH.

The flow generated by the vector field Xy is called the Hamiltonian flow. That is, for
each t € (—¢,¢), let the Hamiltonian flow ¢4, : M — M be the diffeomorphism defined by

O 4\ i S0
&ng (z) = Xu (QbH (x)) ; Op (v) = .

For fixed x € M, ¢, (x) is just an integral curve of Xy with initial point x. Note that the
map f +— Xy is a linear map from smooth functions to smooth vector fields. By construction,
observe that the function H is constant along the integral curves of Xy (ie H is an integral
of ¢%;), because

g1 o ) = it (Gl o)) = a1 (X o1y @),

and
dH(XH) = —Ww (XH,XH) = 0

since w is a 2-form.
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Observe that each Xy is a symplectic vector field, meaning that
Lxyw = (doi(Xp)+i(Xp)d)w
= d(i(Xpg)w)=0.

(True since i (Xy)w = —dH, which is closed.) A consequence of this is that for each
t € (—e,¢), ¢ is a symplectomorphism, because

Y i
ot (k) w) = (¢%) (Lxyw) =0.

Another interesting fact: the set of symplectic vector fields forms a Lie subalgebra of the
Lie algebra of vector fields, and in fact it is the Lie algebra corresponding to the Lie group

of symplectomorphisms. This follows from the fact that if X and Y are symplectic vector
fields, then

d
(X, Y])w = i(EXY)w:i(%tZO(%()*Y)w
d
- IRICORIE
d t * /. o .
= €@l (¢%) (i (YV)w) =Lx (i (YV)w)

= doi(X)(i(V)w)=d(w(Y,X)),

so that i ([X,Y]) w is also closed.

Note that not every symplectic vector field V' is Hamiltonian; V' is symplectic iff i (V) w
is closed. If in fact i (V)w is exact, then V' is Hamiltonian. Thus, the obstruction to a
symplectic vector field being Hamiltonian lies in H* (M).

Example 8.1. This is the typical example of a Hamiltonian vector field and flow. Consider
the symplectic manifold (R?,w = dz A dy), with Hamiltonian function H (z,y) = 5 (2* + ?).
Then dH = xzdz 4 ydy, and

i (20y — y0,) w = —xdr — ydy = —dH,
so that the Hamiltonian vector field is
Xy = 0g = (20, — y0,) .
Note that H is constant on the integral curves of Xg, which are circles.

8.2. Poisson bracket. A skew-symmetric, bilinear operation on the differentiable functions
on a symplectic manifold M, the Poisson bracket {f, g}, is defined by the formula

{figt=w (vaXg) = —df (Xg) =X, (f) =X (9),

which in canonical coordinates (ie w = ) dz; A dy; is

Note that
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Proposition 8.2. We have
Xirgy = X5 X,
where the right hand side represents the Lie bracket of vector fields.

Proof.

w(XipgpY) = —Y({f.9})
= Y (X,(f))
= Y (df (Xy))

and since Xy and X, are symplectic, by the previous section we have
(0 ([Xr, X)) w) (V) = d(w(Xy, Xy))(Y)

= Y (w(Xy, Xy))
= Y (w(Xy, X))
= Y (df (X))

As a consequence, the Poisson bracket satisfies the Jacobi identity

{Af 9}, by +{{g,h}, f}+{{h, f},9} =0

which means that the vector space of differential functions on M, endowed with the Poisson
bracket, has the structure of a Lie algebra over R, and the assignment f +— X is a Lie algebra
homomorphism, whose kernel consists of the locally constant functions (constant functions if
M is connected). Note that many books (such as McDuff-Salamon) on symplectic geometry
define [X,Y] = Ly X = —LxY and i (Xg)w = dH so that this still becomes a Lie algebra
homomorphism.

A function g : M — R is called an integral of the flow ¢%; if g is constant on the integral
curves of Xy, ie Xy (g) = 0. Clearly, H is an integral.

Proposition 8.3. A function g : M — R is an integral of the Hamiltonian flow associated
to H: M — R if and only if {g, H} = 0.

Proof. Xy (9) ={H,g} = {9, H}. O

8.3. Relationship to Physics: Hamiltonian mechanics. The canonical coordinates for
the phase space of a mechanical system are (p,q) = (p1, ..., Pn, q1, ---, ¢n ), Where q corresponds
to position and p corresponds to momentum. The symplectic form is

w = dej A dg;.

Given a Hamiltonian function H (the total energy!), the Hamiltonian flow is the solution to
the system of differential equations

0 oH OH

— =X =Y -0, + 0,

g (a,p) = X (q,p) 9g, + o, O »
which implies

0 0 oH o0H
> paa + anJ—XHZE:_—aq‘apﬁ—apaqj,
J J
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or
dqg;  OH
o oy
op; OH
ot 9q

These are know as Hamilton’s equations of motion. For example, if
H = KE+ PE

2
vy,

2m
then the equations of the integral curves become

99 _ P

ot m

op

— = —VV,

ot ’

coinciding with the physical laws that
momentum = mass * velocity,
0
Force = —VV = iy

ot

Note that the fact that H is constant along the integral curves is the principle of conservation
of energy.

8.4. Lagrangian mechanics. Let L = L (t,q,v) be a function that is intuitively under-
stood to be kinetic minus potential energy, with q the position varables and v the velocity
variables. To minimize the action functional for paths q : [to, t1] — R"™

t1
f@szmqmw
to

the Fuler-Lagrange equations are
d OL 0L

Gon, ~ 9g,
Setting
H (t7 q, p) - Zvjpj - L (t7p7 v (tapv Q)) )
and setting

oL .
pj = 8_ (t>Q7U(tap7q)) » Uj (Zf,p,CJ) = >
Uj

we obtain Hamilton’s equations, by
OH oL OH

5 = —Ta s = t7p7q , OT
G, Oqr.” Opx k )

. oH . oH

9 = 7 Dj=—%7—

J 3pj J 8qj

This transformation to (p;,q;) is called the Legendre transformation.
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The Legendre transformation is its own inverse, so if we assume Hamilton’s equations and
set

oH
L(t,q,V) = ij%(ta)_[{?
J
OH .
vy = a_pjapj:%'7

Then we get the Euler-Lagrange equations from Hamilton’s equations.

8.5. Geodesic flow on the cotangent bundle. We repeat the notation given previously.
Let M be any smooth manifold, and let T7*M denote its cotangent bundle. Then (T*M,w)
is a symplectic manifold, where the symplectic two-form w is defined as follows. Since the
sections of 7 : T*M — M are one-forms, there is a canonical one-form A on T*M given by

A&a) =7 (&),

where since 7 (§,) =«
™ Ty M — Tg (T; M)
is the pullback. The symplectic form w on T*M is
w = dA.

Suppose that we have chosen a Riemannian metric on M. Let H : T*M — R be the
Hamiltonian function defined by

H (&) = ll&)

The Hamiltonian differential equations obtained are precisely the differential equations of
geodesics.

8.6. Completely integrable Hamiltonian systems. If (M,w) is a symplectic manifold
of dimension 2n, then it is called completely integrable (or simply integrable) if there exist n
independent Poisson commuting integrals Fi, ..., F;,. The word independent means that the
vectors VFy, ..., VF, are linearly independent at each point and that {F}, F},} = 0 for each j,
k. Given such a system, the level sets of the {F}} are invariant under the Hamiltonian flows
of all n of the functions. Since the functions commute, the compact, connected components
of level sets of the form T, = {z € M : F} (z) = ¢; for all j} are n-dimensional tori and are
in fact Lagrangian submanifolds (w vanishes on them). Near such an invariant torus, the
symplectic manifold is foliated by such tori, as explained in the next paragraph.

These completely integrable Hamiltonian systems have an extremely simple structure.
There are special coordinates called action-angle variables that are chosen as follows. In a
neighborhood of each invariant torus 7., the variables (£,7) € T™ x R™ are defined by

n = (c1,...,¢n),
¢ is a coordinate on each T,

such that the Hamiltonian flow of H (£,n) (thought of as a function on M) is given by the
straight-line solutions of the differential system

Thus the physical trajectories can be solved completely by doing integrals!
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This dynamical behavior of integrable systems is very exceptional, and an arbitrarily small
perturbation of the dynamical system will destroy many of the invariant tori. On the other
hand, if the frequency vector £ = %—Z has rationally independent coordinates which satisfy

certain Diophantine inequalities and if %271;1 is nonsingular, then the corresponding invariant
torus survives under sufficiently small perturbations which are sufficiently smooth. This is
roughly the content of the Kolmogorov-Arnold-Moser Theorem, from which KAM theory
evolved.

9. SYMPLECTIC REDUCTION

9.1. The moment map and symplectic reduction for circle actions. A Hamiltonian
circle action on a symplectic manifold (M?",w) is simply a one-parameter family of sym-
plectomorphisms that is periodic (we force it to have period 1) and that is the integral of
a Hamiltonian vector field Xp. In this case, the moment map (or momentum map) is the
Hamiltonian function H : M — R. Note that H is well-defined up to an additive constant.
If M is compact, then the function could be normalized so that [ y H w" = 0. For example,
if S acts on S? by rotations around the z-axis, then the normalized moment map is the
function (x,y,z) — 2mz. For another example, consider multiplication by e*™ on C"*!,
with Hamiltonian function H (z) = —n |2|*. Note that the quotient of the level set H~' ()
by this action is CP™.

Lemma 9.1. Suppose that S* acts freely on the reqular level set H=* (\) C M of H. Then
the quotient manifold

By=H"'(\) /S
is symplectic, and the symplectic form may be defined by the condition that its pullback
to H=Y(\) is the restriction of w to H=*(\). The manifold By is called the symplectic
quotient of (M,w) at X\ € R.

Proof. Because it is codimension 1, the tangent space H, to the hypersurface H~!()\) at
each point is coisotropic, meaning that HY := {v € T,M : w (v,w) =0 for all w € H,} is a
subspace of H,. In this case, each HY is also one-dimensional. To see this, just look at
standard symplectic form on R"; fixing v, the set of vectors w such that w (v,w) = 0 is a
subspace that contains v and is codimension 1. Next, the dimension of HY is dim 7T, M —
dim H, = 1. The resulting foliation is called the characteristic foliation. In fact, the
leaves of the characteristic foliation are the S'-orbits. Thus, w induces a nondegenerate form

won H, /H?¥, and this form is invariant under the Hamiltonian flow. Thus it descends to a
well-defined form on B). ]

The spaces B), are also called reduced spaces. Note that not all symplectic circle actions
are Hamiltonian. An obvious obstruction is that a Hamiltonian action must have fixed points
(corresponding to the critical points of H).

Theorem 9.2. (McDuff, 1988) A symplectic circle action on a closed 4-manifold is Hamil-
tonian iff it has fized points.

Remark 9.3. In the same paper, it was shown that the assertion is false in 6 dimensions

(and above).

Now, how does the symplectic quotient depend on the choice of A € Im (H), say if we
allow A\ to move in an interval of regular values of H? We assume that the S! action is
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semi-free, meaning that it is free away from the fixed points, ie that the principal isotropy
subgroup is trivial. In this case, the reduced spaces B, have no singularities. Note that in
general B, is an orbifold. Anyway, we our assumptions above, fixing an interval I, all B)
with A € I may be identified with a single manifold B.

Proposition 9.4. We have
(1) Let I € R be an interval and {7x},c; be a family of symplectic forms on B such that

[TA] =[] + (A = ) e,

for A\, € I and where c; € H? (B,Z). Moreover, let 7 : P — B be a circle bundle
with first Chern class c;. Then there is an S'-equivariant symplectic form w on the
manifold P x I with Hamiltonian function H equal to the projection P x I — I and
with reduced spaces (B, T)).

(2) Conversely, any compact, connected symplectic manifold (M,w) with a free Hamil-
tonian action of St is equivariantly symplectomorphic to a manifold of the above
form. Moreover, (M,w) is determined up to an equivariant symplectomorphism by

the family (B, Ty).
Example 9.5. Consider the action of S* on C"*!' = R?"*2 which corresponds to multiplica-
tion by 2™ If H (z) = 7 |2|*, then
dH = 27 Z (xpdzy, + ypdyy)

- _Z (27T (_y07$07_y17x1a"'7_yn7$n))zdmk/\dyk‘

= —Wo (XH7 ) .
Thus the infinitessimal generator Xy = 210y of the S' action is the Hamiltonian vector
field corresponding to the Hamiltonian function H. Consider the set H=' (7): this is the
unit sphere. If we take the symplectic quotient, we get H=1 (r) /S' = CP", and H™' (7r) =
21 L, CP" s the Hopf fibration. One may check that the induced U (n + 1)-invariant
symplectic form 1y on CP™ satisfies

Pty = %85 (log Z zkz_k> ,

T = %85 (log 2 Zizk) in the chart z; # 0.

Zj%j

the same as the restriction of wy to S*"*1. Note that the form 7 is the standard symplectic
structure on CP", and the induced metric is the Fubini-Study metric.

9.2. Moment maps in general. Let G be a compact Lie group with Lie algebra g that acts
on a symplectic manifold (M,w) by symplectomorphisms. Let R, : M — M denote right
multiplication by g € G, so that Ry o Rj, = Rp,. This induces a Lie algebra homomorphism
g — x (M,w) (say £ — X¢) to the space of symplectic vector fields. The action of G is called
weakly Hamiltonian if each X, is Hamiltonian, ie that each i (X¢)w is exact. Thus, for
each &, there exists a Hamiltonian function H, that is determined only up to a constant, ie
so that X¢ = Xp,. Note we could choose an orthonormal basis for g, find the corresponding
Hamiltonian for each basis element and then extend linearly to get a linear map

g—C>®(M): &— H..
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The G action is called Hamiltonian if this linear map can be chosen to be a Lie algebra
homomorphism with respect to the Poisson structure on C* (M). In general weakly Hamil-
tonian actions need not be Hamiltonian. The standard example of a Hamiltonian action
comes from a G-action on a manifold X, and then the induced action on T*X is auto-
matically Hamiltonian with respect to the standard symplectic structure on the cotangent
bundle.

Now, suppose that the action of G on (M, w) is Hamiltonian with homomorphism & +— He.
Then the moment map for the action is a map

p:M—g
defined by

He (p) = 1 (p) (€)

ie such that at each point g (p) is the linear functional { — H¢ (p). Note that any other
map i : M — g* is a moment map for the Hamiltonian G-action if and only if there exists
a constant element v € [g, g]° such that i = p + v. We have

9,0 : ={¢eg:¢(X,Y]) =0forall X,Y € g}
{§eg”: Ad"(9) (§) = £ for all g € G},
where
Ad*: G — GL(g)
is the coadjoint representation defined by
Ad’ (h) = Ad (h™')" = ((Ad (n))")™
Note that

for each p € M.

Lemma 9.6. We have
Xe.

*

XAd(g‘1)§ = X”g‘lﬁg” = (Rg)

Proof. Note that if £ = |t: h ) for some path h : (—e,e) — G with h(0) = 1, then for
each p € M, the curve ﬁp( ) == Ry (p) satisfies 3, (0) = X¢ (p). Then

(
(Ry). (Xe(0)) = (Ry), (8,(0)) = (Ry085,) (0)
= (Ry 0 Ry ()" (0)
(Rg-1niy (Ry (9))) (0)
= Xadgne (Ry (p))-

<~4-

Lemma 9.7. Also,
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Proof. If x and h are two curves on G such that x (0) = h (0) =1, 2’ (0) = &, and A’ (0)
then
Xiew) (0) = Xaaeyn (P)
d
= Xaaaen (p) = at Xad@w)n (p)
t=0
d d “1
at|,_, Kateom ) = G| (Few).” X (Ratop)
= [X£> Xn] (p) )
using the formula
Lx(Y),=[X.Y], = 7 (9—t). Youp)s
t=0

where ¢, is the flow of the vector field X.

Lemma 9.8. With notation as above, if g € Gy (identity component of G) and £ € g,

Proof. By the equation X 445-1)¢

HAd(g—l)g = Hg o) Rg.

the same Hamiltonian vector field, since

dHAd(!fl)ﬁ ((Rg>* Y)

—w (Xadg1e: (Ry), Y)
—w ((R Xéﬂ (Ry), ) Ry (w
= RidH¢(Y)=d(HeoRy) (Y

X§>Y)

Q

\_/

So their difference is constant, and

Haag-1)jen)

{HAd(g‘l)& HAd(g‘l)n}
= {H¢, Hy}o Ry = Hig 0 Ry.

=1,

= (Ry), X¢, the functions Hg4-1)¢ and He o R, generate

Now let ¢ (t) be a path in Gy connecting the identity to an arbitrary g;, and let n(t) =

<Rg(t)_1>*g’ (t) € g. Then

d
—R,
dt
Thus,

a

Integrate.

Heo Ry — Hagg1ye) =

L Ad (g e = Ad (g

= X, 0o Ry and
n© fy and —

Y[

d(Hg o Ry) (Ry), X, — H sa(g=1)(e.n)
= W (XHsoRga (Ry), Xn) — Hie o Ry

—Ww (XHgoRga XH,,]ORQ) — {Hg, HU} e} Rg
= —{H¢, Hy}oRy—{H¢, Hy} o Ry =0.

O

The next lemma shows that the moment map is equivariant with respect the coadjoint

action on g*.



SYMPLECTIC MANIFOLDS 19

Lemma 9.9. For all g € Gy (connected component of the identity),

(Rg—1)" 1) (p) = p(Ry (p)) ="gpu(p) g~ = Ad (¢7")" (1 (p)) ,
where Ry : M — M is the symplectomorphism induced from g.

Proof. We have

p(Ry (p)) (&) = He(Ry(p))
= HsOR()

= Haag1e (p)

= ((9))

O

Note that from the last lemma, if G is connected and abelian, then p is constant on the
orbits.

The significance of the moment map is as follows. If H : M — R is a Hamiltonian function
that is G-invariant, then H is an integral for the Hamiltonian flow of He, for all § € g, so that
{H, H¢} = 0. Thus the moment map is constant along the integral curves of the Hamiltonian
flow of H. Angular momentum in R3 is a particular case of this. One can think of this as
an instance of Noether’s Theorem: each infinitessimal symmetry (ie dimension of g) yields a
conserved quantity. Thus, if you choose a basis &;,...,§, of g, then the functions He, ..., H
are independent and are conserved by the Hamiltonian flow.

Example 9.10. Angular momentum in R3. Note that G = SO (3) acts on RS = R? x R3
(with the standard symplectic structure) by
RA (SL’, y) = (AQ?, Ay)
for A € SO (3). This action is Hamiltonian with Hp (z,y) = —y - (Bx) = — >, YmBmrxy
with B = —BT € 50 (3). We check that the Hamiltonian vector field associated to Hp is
0H o
Z =0 éayj = > (Bja) s, — (yxBuiy) 0,
Lj

k
= Y (Bjswx) O, + (Bjrun) Oy,
k
and the vector field associated to B € so (3) is
(Bx,By) = > ((Bjxzx) O, + (Bjxyr) 0y,)

k

r

0 01
Anyway, the moment map is, say for B = 0O 0 0],
-1 00
(z,y) — —y-(Bx)
Y1 3
= =1 Y% |- 0 = —Y1T3 + Y31,
Ys —I

which is the 7-component of the cross-product of the vectors y and x, and thus the j-component
of the angular momentum, if x = momentum and y = position. Thus the angular momentum
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determines three independent integrals of motion, if the Hamiltonian function depends only
on |x| and |y|, such as motions in a central force field.

9.3. Symplectic Quotients. We have already seen the symplectic quotient in the case of
circle actions. We now consider symplectic reduction in general.

Let (M,w) be a symplectic manifold, and let N C M be a coisotropic submanifold,
meaning that

T,N* = {veT,M:w(v,w)=0foralweT,N}
C T,N, forall pe N.

The distribution TN C T'N is isotropic, meaning that TN C (T'N“); this is automatically
true from a lemma in the linear symplectic geometry section.

Lemma 9.11. If N C M is a coisotropic submanifold, then T'N*“ is integrable.
Proof. Let XY € T'(N,TN%). For any vector field Z € I' (N, TN), we have
0 = dw(X,Y,2)
= ﬁX (w (Z, Y)) + ﬁZ (W (Y, X)) + EY (w (X, Z))
+w (Y, 2], X) +w ([Z2,X],Y) +w ([X, Y], Z)

= 040+0+0+0+w([X,Y],2)
Thus, [X,Y] € T (N, TN¥). O
Remark 9.12. A more general fact: if N is any submanifold, the distribution TN N'TN

15 integrable as long as this distribution has constant dimension. If N is symplectic, you get
a foliation by points, and if N is Lagrangian, then the whole submanifold is a single leaf.

We denote the foliation corresponding to the distribution T'N* by N¥.

Definition 9.13. We say that a coisotropic submanifold N C M is regular if the foliation
N¥ is reqular, meaning that each leaf is a compact (connected) submanifold.

Lemma 9.14. Let (V,w) be a symplectic vector space and W C 'V is a coisotropic subspace.
Then V! =W /W¥ carries a natural symplectic structure w' induced from w.

Proof. Let [w] = w + W* for each w € W. Then for all wy,ws € W,
w (wy,we) = w (wy + u, wy + v)
for every u,v € W%, so in fact w (wy,wy) only depends on [w;] and [ws]. Hence we may
define the two-form w’ on V' by
W' ([wi], [wa)) == w (wy,ws) .
If o ([w], [wa]) = 0 for all we € W, then w (wy,wy) = 0 for all wy € W, so w; € WY, or

[wi] = 0. Thus «’ is nondegenerate. O

Lemma 9.15. If N C M s a regular coisotropic submanifold, then the quotient B = N /N¥
1s a symplectic manifold.

Proof. The tangent space to the quotient of N = B = N /N¥ is

T,N
= Q.

Tr@B =
07 = T, Ne
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By the previous lemma, the two-form induced by the symplectic form on @), is nondegenerate;
we may think of this as a family of such two-forms parametrized by points of B via a local
section. The restriction w|y is closed since it is the pullback of w to N by the inclusion map,
and the two-form on the base is closed because it is locally the pullback of w|y by a local
section. Thus @, is symplectic. It remains to show that if  and y are on the same leaf of
N¢, then @, and @), are naturally symplectomorphic (independent of choice of local section.
The holonomy map gives the isomorphism; given a leafwise path v : [0,1] — L in a leaf
L C N, there is an induced isomorphism from Q) to Q). We must still show that the
symplectic structure is preserved by this isomorphism and is thus given by a basic two-form
on N with respect to the foliation N“. This is equivalent to showing that for all leafwise
vector fields X € I'(N,TN¥), i (X) (w|y) = 0 and i (X) d (w|y) = 0. The second equation
is clear since w|y is closed. The first equation follows from the definition of T'N“. U

Now we apply the results above to the moment map. Suppose we are given a Hamiltonian
G-action on a symplectic manifold (M,w), with moment map p : M — g*. This map is
G-equivariant via the coadjoint action. Since 0 € g is a fixed point of the coadjoint action,
p~1(0) is G-invariant.

Proposition 9.16. Suppose that 0 is a regular value of u, so that u=* (0) is a submanifold
of M. Suppose that G acts freely and properly on = (0), so that u=*(0) /G is a manifold.
Then ="' (0) is coisotropic and the quotient

M/ /G=u"(0),/G
1s a symplectic manifold called the Marsden- Weinstein quotient, and its dimension is
dim (M /,/G) = dim M — 2dim G.
Proof. Let O, denote the G-orbit of p, so that

TpOp = {Xg (p) : f € g}

We will show that if p € p=1(0), then 7,0, = T, (' (0)). To see this, observe that
if u(p) = 0, then He (p) = p(p) () = 0 for all & € g. Since H is constant on p~ ' (0),
w (X¢,v) = —dHe (v) = 0 for all v € T, (1! (0)), so we have T,,0, C T, (1" (0))”. Recall
that in general dim W* + dim W = dim V" for all subspaces W of (V,w), so that dim W¥ =
codimW for all subspaces of a symplectic vector space V. Then, since dimQ, = dim G =
codim p~' (0) = dim T, (' (0))“, we have T, (u=*(0))* = T,,0, C T, (1 (0)), so u~*(0)
is coisotropic. By the previous lemmas, the result follows. O

For future use, we show the dual Lie algebra g* of a compact, connected Lie group is
itself a Poisson manifold (meaning it has a Poisson bracket but not necessarily a symplectic
structure), and moreover, it is a union of symplectic submanifolds.

Example 9.17. Assume that G is compact and connected, and let O C g* denote an orbit
under the coadjoint action. Then, note that O carries a natural symplectic structure. To see
this, observe that for n € O

1,0 ={ad ()" n: g},
where ad (&) & = [&1,&] for &1,& € g. The symplectic form we is defined by

wo (ad (&) n,ad (&) 1) =1 ([&,&]) -
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(One may check that it is closed and nondegenerate.) Thus g* is a union of orbits of the
coadjoint action, and each such orbit is a symplectic submanifold of the vector space g*. Also,
the vector field

Xe(n) =ad (&) n
is the Hamiltonian vector field generated by He (n) = n (§), and this identification makes the
coadjoint action on O Hamiltonian. Thus, the moment map is

p(n) = .
The dual g* is actually a Poisson manifold, where the Poisson bracket is defined as follows.
The Lie algebra g embedds in C* (g*,R) as the subspace of linear functions, and the Poisson

bracket applied to these functions is just the reqular Lie bracket. This may be extended to a
Lie bracket on all of C* (g*,R).

Next, we consider a slightly more general construction of the symplectic quotient. Let
O C g* denote an orbit of the coadjoint action. Then p~! (O) is G-invariant. Then it turns
out that =1 (O) /G is a symplectic manifold under suitable assumptions. In particular, p
is transverse to O if and only if every point of O is a regular value of .

Proposition 9.18. Let O C g* denote an orbit of the coadjoint action. Suppose that every
point of O is a reqular value of pn and that G acts freely on p=* (O). Then

Mo = u ' (0) /G

1s a symplectic manifold of dimension

dim Mp = dim M 4+ dim O — 2dim G,
with (transverse) symplectic form at p € u= (O) given by

wy (v1,02) = w (v1,v2) — p(p) ([§1, &),
for v, va € Tyt (O) and &1,& € }, where

ad (&) p(p) +dp(p)v; =0

forj=1,2.

Proof. Consider the symplectic manifold M’ = M x O with symplectic structure w’ =
w X (—we), where we is defined by the example above. This action is Hamiltonian, and the
moment map of the product is the sum of the moment maps, so

W (p.n) = p(p) —n.
Hence, there is a natural diffeomorphism M x O/ G = My. The result follows from the
previous result. O
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