PERTURBATIONS OF EQUIVARIANT DIRAC OPERATORS

IGOR PROKHORENKOV AND KEN RICHARDSON

ABSTRACT. Let M be a compact Riemannian manifold with an action by isometries of a
compact Lie group G. Suppose that this action could be lifted to an action by isometries
on a Clifford bundle E over M. We use the method of the Witten deformation to compute
the virtual representation-valued index of a transversally elliptic Dirac operator on E. We
express the multiplicities of the associated representation in terms of the local action of G
near the singular set of the deformation. A complete answer is obtained when G = S*.

1. THE DIRAC OPERATOR

Here we give an idea of what the standard Dirac operator is.
Recall that the Laplacian in R? is the second order differential operator
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This is an extremely useful operator in physics. Examples include the heat equation
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and the wave equation
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Dirac wanted to find a square root for the Laplacian, for reasons of physics. Well, let’s
see. It should be a 1st order differential operator. Oh, let’s just try to guess what it should
be: call it D (for Dirac). Let’s try
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with a, b, ¢ constants — for starters. We compute:
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So, it looks like it is not likely to work. Hey, unless you use quaternions. Anyway, here is

the answer:
(0 -1 (0 4 (i 0
a={1 o0 )2\ io) 3 \o —i)

These are called the Pauli spin matrices or Clifford matrices. The resulting algebra is called
the Clifford algebra. The resulting Dirac operator is

0 —1 0 0 1 0 7 0 0
D‘(l 0 )a—*( o)a—mﬁ(o —)a—

Dirac operators are very nice. They are self-adjoint, elliptic operators, and they have
discrete spectrum on suitably chosen domains. What does elliptic mean? It means that the
principal symbol

(D) (y) = Y ¢liy)

J=1

. 0 —1 } 0 2 . 1 0
= (V0 ) (5 0) (6 %)
_ —Ys  —i— Y2

11— Yo Y3

is invertible for every nonzero vector y. To see this, note that

—Ys3 —1Y1 — Yo 2 2 2
et | . = —Y] — Yy — V3.
( W1 — Y2 Y3 ) LR
In layman’s terms, elliptic operators are those operators that differentiate in all possible di-
rections. Elliptic operators are important for many reasons — they have finite-dimensional
kernels and eigenspaces, and those spaces consist of smooth sections (vector-valued func-
tions).
In general, the Dirac operator on a Hermitian vector bundle E over an n-dimensional
Riemannian manifold M is
n
E
D= Z Ve, »
j=1

where each ¢; = c(e;) is a section of End (E) (¢ : TM — End(F)), and {e;} is a local
orthonormal frame in 7M. The ¢; satisfy the same relations; that is

c(w)e(w)+c(w)e(v) = —2(v,w), also
VEi(e(V)s) = ¢(VMV)s+c(V)VEs

for any v,w € TM, V € T (TM), s € I'(F). In the case M = R? or any quotient thereof,
we use the matrices above to define Clifford multiplication in general as

w —v1 + 1
c(v):c(vl,vg,vg):< 3 ! 2).

v + iUQ —ivg
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Examples of a Dirac operator include D above on sections of C* — T, or on C* — S
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In a sense, the Dirac operators are the most fundamental among first-order elliptic opera-
tors. Given any first-order, elliptic differential operator on R", there is a Dirac operator that
is stably homotopic to it. The word “homotopic” refers to a homotopy (i.e. continuous fam-

ily) of elliptic differential operators, and the word “stably” refers to the bundle enlargement
process or its reverse: given an elliptic D on C"-valued functions (i.e. - sections), the opera-

torD@(O

Check:

] (1) on C" ® C% = C?" is also elliptic. For this reason the Dirac operators are
important in index theory. The index of an elliptic operator L™ : I' (M, E") — I' (M, E™)
on sections of a graded Hermitian vector bundle £ = E* @ E~ over a closed Riemannian

manifold M is defined to be
ind (LJF) = ker (L+) — ker (L*) )

where L~ is defined to be the L? (M, E)-adjoint of LT. By the celebrated Atiyah-Singer
Index Theorem, this index can be expressed in terms of geometric and topological data; the
simplest example of this yields the Gauss-Bonnet Theorem of differential geometry:

. 1
lnd (d—|— 5‘Qeven(M)4>Q°dd(M)> - X(M) == % /J‘MKa

where d+§ is the sum of the exterior derivative and its adjoint, x (M) is the Euler character-
istic of the closed surface M, K is the Gauss curvature. The index of an elliptic operator is
invariant under stable homotopy, so we can always reduce such problems to Dirac operator
index problems (at least locally). There are other ways to see that the index of any elliptic
operator on any manifold can be reduced to a calculation of the index of a Dirac operator
(on a possibly different manifold).
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2. EXAMPLES OF TRANSVERSALLY ELLIPTIC OPERATORS

In this section we describe constructions of transversally elliptic differential operators.
The setting for a transversally elliptic operator is as follows. Suppose that the compact
Lie group G acts on the closed, Riemannian manifold M by isometries; suppose that in
addition we have a Hermitian vector bundle £ over M on which G acts unitarily (in a
way compatible with the action on M). Such an action induces an action on I' (M, E) by
(gs) (x) := g(s(g~'x)). A differential operator D is called equivariant if it commutes with
the action of GG; in particular such operators preserve the space I' (M, E)G of G-invariant
sections. Let (T M), denote the subspace of the tangent space T,,M that is the normal
space to the orbit Gx. Note that the dimension of this space can vary with x € M. We say
that an equivariant operator D is transversally elliptic if the symbol o (D) is invertible on
all nonzero covectors in each ((T¢M),)". In layman’s terms, we only require that D act like
an elliptic operator in directions orthogonal to the orbits.

A simple example of a transversally elliptic operator is as follows. Consider the torus 7° =
Z3\JR3, the unit cube with opposite faces identified. Next, let G = S! act by 0 (v, 72, x3) =
(a:l,xQ,:L’g + %) modl. Then the orbits are the circles where x; and x, are fixed and 3
varies. Then the truncated Dirac operator

0 1 0 0 ¢ 0
Dtr: _ X .
(—10)8x1+(2 0)8332

is transversally elliptic. This “truncation” is actually a general procedure that works in
special cases of group actions, which we now describe.w

2.1. Foliation case. Suppose that the compact Lie group G acts on the closed, Riemannian
manifold M by isometries, such that the isotropy subgroups all have the same dimension.
Equivalently, the orbits have the same dimension. In this case, the orbits form a Riemann-
ian foliation F of M such that the metric is bundlelike, meaning that the leaves (orbits)
are locally equidistant. In such foliations, there is a natural construction of transversal
Dirac operators (see Bruning-Kamber-Richardson, Glazebrook-Kamber, Lazarov), described
as follows. Choose a local adapted frame field {ey, ..., e, } for the tangent bundle of M, such
that {ey,...,e,} is a local basis of the normal bundle NF for the foliation and such that
each e; is a basic vector field for 1 < 57 < ¢. The word basic means that the flows of those
vector fields map leaves to leaves, and such a basis can be chosen near every point if and
only if the foliation is Riemannian. Next, assume that we have a complex Hermitian vector
bundle £ — M that is a bundle of Cl (NF) modules that is equivariant with respect to the
G action, and let V be the corresponding equivariant, metric, Clifford connection. We define
the transversal Dirac operator D™ by

q

DY := Z c(ej) Ve,.

j=1
This definition is independent of the choices made; in fact it is the composition of the maps
INE)ST(T"M®E)ET(N*FQE) ST (NFRE) ST (E),

where £ is the map induced by the projection T*M — N*F, and where ¢ denotes Clifford
multiplication. This operator is transversally elliptic and maps the space of invariant sections
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to itself. However, it is generally not self adjoint on the space of invariant sections. The
simple modification

~ 1
D = D" — 3¢ (H)
is a self-adjoint operator, where H is the mean curvature vector field of the orbits.

2.2. General case - Lifted Transversal Dirac Operator. Suppose that the compact Lie
group G acts on the closed, connected Riemannian manifold M in a more general way, where
the dimensions of the orbits are not all the same. We assume that G acts by isometries.

Given a G-manifold, we first may the group action to an action on the bundle Oy % M
of orthonormal frames over M. The induced action of ¢ € G on T'M is the differential of
the diffeomorphism, and this action induces an action on O,;. Observe that the action of G
on Oy, is regular, meaning that the isotropy subgroups corresponding to any two points of
M are conjugate. This can be seen as follows. Let H be the isotropy subgroup of a frame
f € Op. Then H also fixes p(f) € M, and since H fixes the frame, its differentials fix the
entire tangent space at p (f). Since it fixes the tangent space, every element of H also fixes
every frame in p~! (p(f)); thus every frame in a given fiber must have the same isotropy
subgroup. Since the elements of H map geodesics to geodesics and preserve distance, a
neighborhood of p(f) is fixed by H. Thus, H is a subgroup of the isotropy subgroup at
each point of that neighborhood. Conversely, if an element of G fixes a neighborhood of a
point z in M, then it fixes all frames in p~! (), and thus all frames in the fibers above that
neighborhood. Since M is connected, we may conclude that every point of O); has the same
isotropy subgroup H, and H is the subgroup of G that fixes every point of M. Since this
subgroup is normal, we often reduce the group G to the group G/H so that our action is
effective, in which case the isotropy subgroups on O, are all trivial.

In any case, the G orbits on Oy, are diffeomorphic and form a Riemannian fiber bundle,
in the natural metric on O,; defined as follows. We require that fibers are orthogonal to the
horizontal subspaces coming from the Levi-Civita connection, the metric on the fibers comes
from the normalized, biinvariant metric on O (n), and the horizontal metric is the pullback
of the metric on M. The Riemannian submersion from the frame bundle O;; to the orbit
space W = O,/ G induces a natural metric on W.

We will use the structure described above to define natural transversal Dirac operators on
the general G-manifold M. Suppose that we have a Hermitian vector bundle £ — O,; that
is equivariant with respect to both the G action and the O (n) action; since both groups
are subgroups of the isometry group of Oy, there are many geometrically and topologically
defined bundles with this property. Let Ng denote the normal bundle to the foliation of G-
orbits on Oy, and suppose that in addition E is a bundle of Cl (Ng) modules. We construct
the transversal Dirac operator D" as in the last section. Let & denote the vector bundle
over M defined as follows. Given x € M, define

O(n)

& =T <E|p_1(x)> ,

the space of O (n)-invariant sections of E restricted to the fiber above x. This forms a finite
dimensional vector space whose dimension is less than or equal to the rank of £. We denote
by &€ the vector bundle over M whose fibers are &,; a maximal linearly independent set of
O (n)-invariant sections of E defined near p~! () give the local trivializations of &,. There is

a natural invertible map ® : I' () — T (E)°™ defined by ® (s) (w) = s (p (w))],,- Observe
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that ® is an L? isometry, and thus its adjoint is its inverse. Next, we define the operator

D:T' (&) — T (€) by the formula
D=0"'0D"09.

Note that this operator is well defined, since D" maps I’ (E)O(n) to itself. This operator is
transversally elliptic.

2.3. General Case - Reduced Dirac Operator. Another naturally defined transversal
Dirac operator is defined as follows. Again, suppose that the compact Lie group G acts on
the closed, connected Riemannian manifold M , where the dimensions of the orbits are not
all the same. We assume that G acts by isometries. Let {Vi, ..., Vi } be a set of vector fields
on M induced from an orthonormal basis of g. Let E be a graded, self-adjoint C1(T'M)
module over M, and let ¢ : TM —Hom(E, E) denote the Clifford multiplication. Let
D:T'(M,FE)— T (M,E) be ordinary Dirac operator associated to this data. We define the

~

reduced Dirac operator D by
k

D:=D-Y c(V;) Vy,.
j=1
It is clear that this definition is independent of the choice of orthonormal basis of g. Also,
it is clear that this operator is transversally elliptic, but it fails to be elliptic in general.

2.4. Locally Transverse Dirac operators. We again assume that the compact Lie group
G acts on the closed, connected Riemannian manifold M , where the dimensions of the orbits
are not all the same, and we assume that GG acts by isometries. We assume G is endowed with
the normalized, biinvariant metric. Suppose that L : T' (M, E) — T' (M, E) is a differential
operator on sections of a G-equivariant vector bundle E over M. We say that L is a locally
transverse Dirac operator if near any point p € M, it has the following form. Suppose that
the orbit pG of p has codimension ¢ in M. Let H denote the isotropy subgroup of p, and
let H+ denote the subspace of g consisting of vectors orthogonal to the submanifold H C G
at the identity. Then the subgroup exp (H L) of G acts on M, and its orbits near p form a
Riemannian foliation of codimension ¢, and the connected component of pG coincides with
pexp (H L). Then we require that the action of L on invariant sections of E coincide with a
locally defined transversal Dirac operator corresponding to the Riemannian foliation defined
near p. That is, given a local adapted orthonormal basis {ey, ..., e,} for the normal bundle
to the orbits of exp (H L) near p that is locally invariant, then

Lu = (Zc(ej) Vej> u,

Jj=1

for any section u of £ defined near p such that Lxu = 0 for every X € H*. Here, Lx
denotes the Lie derivative with respect to X.

3. EXAMPLES

Example 3.1. Let S' act on S? by rotations. Let E be the standard spin® bundle over
S? = CP*.

First we will construct a lifted transversal Dirac operator on sections of E. Let p: Og2 —
S? be the oriented orthonormal frame bundle. Observe that Og: is isometric to SO (3), which
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is isometric to RP3 in appropriate invariant metrics (see [14]). In particular, the metric at
any point of SO (3) C M; (R) is

(A,B) =tr (A'B).

To see this isometry, observe that a point of Og is a unit vector in R® and a unit vector
orthogonal to it; a third vector may be added canonically to produce an oriented orthonormal
frame in R3. We will consider matrices of SO (3) to be elements of Og2 by using the first row
as the position vector and the following rows as the framing of the tangent space. Observe
that the lifted action corresponds to the action on SO (3) given by multiplication on the right
by

cost —sint 0

sint cost 0
0 0 1

Vectors on SO (3) may be expressed as elements of the Lie algebra

0 a b
0(3) = —a 0 ¢ a,b,c eR 3,
—b —c O
and the tangent space to the S' action is the span of the left-invariant vector field induced
0 10
by | —1 0 O | at the identity. Thus, the normal bundle of the corresponding foliation on
0 00

SO (3) is trivial and is the subbundle Ngi1of T (SO (3)) that is given by the subspace Ng1|,
of M3 (R) at the matriz A € SO (3), where

0O 0 b
N51|A: A 0 0 C b,CER CMg(R)
—b —c O
0 01 00 O
Note that the vectors Vi =A]1 0 0 O and Vo = A 0 O 1 are orthogonal to
-1 0 0 0 -1 0
0 10
the orbit direction T =A | —1 0 0 | in the SO (3) metric:
0O 00
o 0 1\\ /0 10
(W, T) = tr Al 0O 0O Al -1 0 0
-1 0 0 0O 00
0 01\ 0 10
= tr 0 00| ATA| -1 0 0
-1 0 0 0O 00
00 —1 0 10
= tr 000 -1 0 0 =0
1 00 0O 0O
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Similarly,
(Va, T) = (V1,Va) = 0.

Next, we consider the trivial bundle C* — SO (3) and the action of C1(R?) = Cl(Ng1) on C?

with ¢ (V) = ( (1) 61 ) , (V) = ( ? 6 ) Using this data and the directional derivatives

, we produce the transversal Dirac operator

2

D™ =Y "c(V;)dy,,

j=1

where Oy, denotes the directional derivative in direction V;. Now, as in Section we
consider for x € S? the set

I’
Q

Thus, & is the trivial bundle C* — S2. Letting A = (A;;) € SO (3), note that p. (Vi) 4 is the
vector on tangent space to the sphere at p (A) = (A1, A1, A13) that satisfies

0 01
p.(Vi), = p.|A[ 0 00
-1 0 0
—Ai3 0 Ay
= P« —Ay; 0 Ay
—Ass 0 As
= (—A3,0,A1)

Similarly,

(A11,A12,A13)
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Thus, the lifted transversal Dirac operator on sections of C* — S? is
2
D = & 'oD"od =Y ¢(V))d,y,
j=1
= o 0 —l—xi + 01 —z2 2
- 10 ““or o (A oy y@z
- 0 —1 0 L 0 1 0
o 10 00, i 0 )00,

_ 0 e ey 2 5 + e’ cot H=2— o
—ett —I— ie~ W=y cot, ¢60L 0
zy

0 e P\ O 0 —je= 0=\ O

where is the 0,, 1s the polar angular coordinate in the xz-plane, 0,. is the polar angular
coordinate in the yz-plane, and ¢ s the distance from the north pole. Note that this operator
fails to be elliptic precisely at the equator z = 0, because the vector fields (—za% + x%) and

<—za% + y%) are collinear exactly at points where z = 0.

Observe that this operator is not self-adjoint, although its principal symbol is (because each

% is skew-adjoint and each matriz is skew adjoint).

Note that the kernel of this operator restricted to the space of smooth sections of C? is
infinite dimensional. Suppose we try to solve the equation

Du = 0.

Suppose u = uy (2, 2) € ker D, then observe that
Ug (l‘, Y, Z)

0

R S .
0
) mrn)

in the upper hemisphere. Thus, in the upper hemisphere, uy is holomorphic as a function
of the coordinates (x,y). Similarly, us is antiholomorphic with respect to the holomorphic
coordinates z = x—+1y in the upper hemisphere. The same facts are true for the restriction of
u to the lower hemisphere. Note that any such function that is defined on the unit disk and
continuous on the closure is determined by its values on the boundary. Thus, the function u,
and uy are symmetric with respect to the map z — —z. We conclude that the smooth sections
u = Zl in ker D are exactly functions of x and y alone such that uy is holomorphic and
2
us 18 antiholomorphic.

Example 3.2. Let S! act on S? by rotations, as above. We will now examine the reduced

Dirac operator D on S? with the given S* action, as in Section . First, observe that
the standard spin® bundle over S? is just the trivial bundle C* — S%, where the action of
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C1(T'S?) on C? is given by the restriction of the action of C1(R3) on C%. That is, the action
of the vector v = (vy,v2,v3) € T,S* C R? is given by multiplication by the matriz

C(v):m(? 51>+v2(? 6)+v3(6 (iz)

Thus, the full Dirac operator on S? is
D =C(e1) 0., + C (e3) Oe,,
where {e1, es} is a local orthonormal basis for the tangent space and 0., denotes the directional

derivative in direction e;. Next, let (%iy denote the induced fundamental vector field on S*

that comes from the S' action, so that

o 0 L 0
90,, ~ Jor oy
By the definition in Section the reduced Dirac operator is

~ 0
D = D_C(ﬁexy>vfwiy

o\ o
_ D- .
¢ (aex) 90,,

Locally, at any point (x,y,2) € S*\ {z = £1}, for convenience we consider the orthonormal

frame 8%, ﬁ% , where ¢ is the angular coordinate (measured from the z-axis). In this
basis,

¢ ) 0¢ sin ¢ 00, ) sin ¢ 00,,
S0

. o\ 0 1 oY 1 o o\ 0
D = — ) — _ __

¢ (a¢) 96 " ° (singb@@zy) snodt, C (aexy) 20,

AW ) o\ 0

— C(@qﬁ) 8¢+(C0t ¢)C(5’9xy)39xy

= [cos&xycowb((l] 0_1>+sm€xycos¢(l )—sm¢(
i
0

t 0
0 —
+ (cot? 9) {—sin@xysinqﬁ((l) 61 )—ircosexysm(b(i )} o0,
B —ising —e wcosgp \ O e~z
N ( e cos ¢ ising ) D¢ T cos g oot ¢ ( ¥y 0 ag_w

™

This operator fails to be elliptic ezactly at the points where ¢ = 7, at the equator. Note
that the equation

—ising —e ?cos¢ \ O 0 de ™ f(@)\ _
(( ¢ cos isin ¢ )a¢+cos¢cot¢< 0 )89>(g(¢)>_0

implies

(f(cb)

is a constant vector. Also,
9(9) )
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—ising —ePcosg \ O 0 e ™ e f(¢)
(< e cos¢ ising )3_¢+COS¢COt¢( 0 )89) ( g (¢) ) !

implies

—ising —e “cosg \ O 0 e f(9)
(( ¢ cosdh ising )Ogb ncos¢cot¢( 0 )) (g(qS)

which tmplies

0 —ising —e “cos¢ 0 e fo) ) _
<8_¢_ncos¢60t¢(ewcosgb isin ¢ ) (eie 0 )) (g(<b) ) =0, or

<a% —ncosqbcotqb( » éfﬁﬁ) 0 i(sincﬁl;” )) ( g((;)s)) ) 0

for all values of 6, so in particular if we differentiate the equation with respect to 6 at

0 =0, we get
—ncosgbcotgb( siggb suagb) (g((z)) ) =0, so

( 5((33)) ) = ( 8 > Thus, there are no solutions of the form ( zzzzg ((;’Z))) ) forn # 0.

Note that % commutes with lA?, so we would expect that the kernel oflA? would decompose into
eigenspaces of %. These calculations have shown that the only sections u that are solutions
to the equation

Du=0
are the constant sections of C* — S2. Note the contrast with the previous example of the
lifted transversal Dirac operator above, which has an infinite-dimensional kernel.

Example 3.3. Let S! act on S? by rotations, as above. We now construct examples of
locally transverse Dirac operators as in Section[2.4. One such example is the reduced Dirac

operator D=D- c( > \Y N above. Another similarly constructed example would be
zy

L:D—M(Q‘ry,¢)Vﬁ,

where M (0, ¢) is any smooth section of My (C) — S? that maps ST to ST, where S* are the
subbundles of C* corresponding to the graded spinor bundle. Since M (0., @) V% 1S 2€ero

on sections tnvariant by the group action, that term is irrelevant to the “locally transverse”
condition.

4. TRANSVERSALLY ELLIPTIC OPERATORS AND THEIR INDEX

Let us now discuss the general problem of localizing a multiplicity of the index of a
transversally elliptic operator. First of all, let’s set the stage: D* : ' (M, E*) — I' (M, ET)
is a first order differential operator with D~ = (D™)" that is equivariant and transversally
elliptic with respect to the action of a connected, compact group G of isometries of (M, E*).
The group G acts on I' (M, E*) by (sg) (z) = s(zg™')g. Let p: G — End (V,) be an irre-
ducible unitary representation of G, and let x, : G — C be its character, x, (g) = tr (p(9)).
By the Peter-Weyl Theorem, the functions {Xp}p are eigenfunctions of the Laplacian on G
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and form an orthonormal set in L? (G) with the normalized, biinvariant metric. The multi-
plicity ind” (DT) € Z is defined to be the multiplicity of the representation p in the (infinite
dimensional) representation of G' on ker D minus the multiplicity of p in the representation
of G on ker D™. If pq is the trivial representation of GG, then we have

ind”® (D+) : = dim ((ker D+)G ) — dim ((ker D_)G )
= ind“ (D) := index (DJF‘F(M’EJF)GHF(M’E_)g) :
Similarly,

ind” (D+) : = multiplicity of p in ker D™ — multiplicity of p in ker D~

r .

= dim v, index <D+|F(M,E+)’J—>F(M,E*)P> ;

where ' (M, E*)” is the space of sections that is the direct sum of the irreducible G-
representation subspaces of I' (M, E*) that are unitarily equivalent to the p representation.
The above equalities are valid because the action of G on T' (M, E*) commutes with D*.
We note that these multiplicities are finite for the reasons given in the next paragraph. This
fact is well-known and was first shown by Atiyah in [IJ.

Let {X1,..., X, } be an orthonormal basis of the Lie algebra of G. Let Lx, denote the
induced Lie derivative with respect to X; on sections of E, and let C'= >, L Lx; be the
Casimir operator on sections of E. Letting exp denote the exponential map on G, (-,-) be
the pointwise Hermitian inner product on E, and letting s,s’ € I' (M, E*), observe that

(Lxst) = 5| [ Gwen)en (). ) dol
_ % 3y /M (s (yexp (—£X;)) &' () exp (X)) dvol (1)
(with u = yexp (—tX;)) = % . /M (s(u),s (uexp (tX;))exp (—tX;)) dvol (u)

= <S,E_st'> = <3, —Est'> ,

so that ' = — 3. (EX],)Q. Furthermore, since the Laplacian on C* (G) is given by A =
> ; XJZ, we have the following formulas relating C' and A. Given two sections s,s €
['(M,E*), let f: G — C be the function defined by f (g) = (sg,s’). Then

(Cs,s") = Af(1);
Af(g) = (C(sg).s).
Since C is induced from the action of G, C' commutes with D* and thus acts on the
eigenspaces of D*. Likewise, G acts on the eigenspaces of C. Note that Cs = 0 if and
only if s € T'(M, E), so that
(ker D¥)” = (ker (DFD*))
= (ker (DTD* + tC’))G ,
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which is finite dimensional, because DT D* + tC is elliptic for sufficiently large ¢. Thus,
ind™ (D7) is a well-defined integer. More generally, suppose that V, is an irreducible com-
ponent of I' (M, E*)” and that the set of sections {sj} is an orthonormal basis of V,. Since
G acts on the eigenspaces of (', we may assume that V, is a subspace of the eigenspace of C
corresponding to an eigenvalue 1 of the Casimir operator C. For every g € GG, the character
satisfies x, (9) = D>, (s, sk) and Ax, = A,x,, so that

AoXp (1) = )‘pz<5ka5k>
= D AC(sk) i) =p Y (snose)

k k

Therefore, u = A, and C acts on I' (M, E¥)” by multiplication by \,. The argument also
shows that every eigenspace of C' corresponding to eigenvalue p is a direct sum of copies of

the representation p, where A\, = p. In other words, I' (M, E*)” is precisely the \,-eigenspace
of C. Thus,

ker (¥, — ker (D7D,

M,Ei)P)

= ker (DFD* 44(C =\,

M,Ei)p>
)‘F(M,Ei)p> )

which is finite dimensional, because D¥D* + ¢ (C'— \,1) is elliptic on T' (M, E*) for suf-
ficiently large ¢. This argument shows that the multiplicities ind” (D) are well-defined
integers. Also, by standard asymptotic arguments, the multiplicities cannot grow faster
than polynomially as a function of the eigenvalue A,.

The relationship between the index multiplicities and Atiyah’s equivariant distribution-
valued index ind, (DV) is as follows. The virtual character ind, (D) is given by (see [1])

indy (D*) = = “tv (gherp+) =t (Glierp-)”
— Y ud’ (D7) x, () € D(C).

p

where D (G) is the set of distributions on G. Note that the trace above does not make sense
as a function, since ker D¥ is in general infinite-dimensional, but it does make sense as a
distribution on GG . Similarly, the sum above does not in general converge, but it makes sense
as a distribution on G. That is, if dg is the normalized, biinvariant volume form on G, and

if = c,x, € C*(G), then

ind, (D") (¢) = « /G ind, (D) ¢ (g) dg”

an expression which converges because ¢, is rapidly decreasing and ind” (D) is grows at most
polynomially as p varies over the irreducible representations of G. From this calculation, we
see that the multiplicities determine Atiyah’s distributional index. Conversely, let o : G —
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End (V,,) be an irreducible unitary representation. Then

i (0%) () = Yo (07) [ x () e Gl do
= ind*DT,

so that complete knowledge of the equivariant distributional index is equivalent to know-
ing all of the multiplicities ind” (D*). Note that Atiyah showed in [I] that the operator
D¥|par g4y —r(re-ye 18 Fredholm, and thus its index ind” (D) depends only on the homo-
topy class of the principal transverse symbol of D¥.

Let us now consider the heat kernel expression for the index multiplicities. Given a
representation p : G — V,, we wish to compute

ind” (D) = dirrlﬂ/:o index <D+}F(1‘/LEJr
B dirrllvp (ker< D sy ) —er <D+D7}F<M,E*>”>)
1 dim (ker (DD 4+ u (C' — A\,1)) NI (M, ET)?)
dimV, ( —dim (ker (DD~ +u (C = N\,1))NT (M, E™)") >
Note that if £, denotes the eigenspace corresponding to eigenvalue p, the map
D" :E, (D™D +u(C—\1))NT (M, E")" — E, (D™D™ +u(C—A,1))NT (M, E")”

is an isomorphism as long as p # 0. Thus, the usual McKean-Singer argument shows that
for every t > 0 and sufficiently large u > 0,

(dim V,))ind” (D¥) = tr<et<DD++u<mpl>>\ )—tr(et(D+D+“(0)‘P1))‘ )
I(M,E+)? D(M,E-)P

— puhet (tr (et(D_D++uC)‘ ) . <€t(D+D_+uC’)‘ )) ‘
D(M,E+)P I(M,E~)P

More generally, if 1) : R>g— R is a smooth, rapidly decreasing function such that ¢ (0) = 1,
then

)p—>F(M,E*)p>

(dimV,)ind” (D) = tr (¢ (D™D +u(C = A1) |y peye ) -

tr (6 (DD +u(C = A\ )
Now, observe the general fact about operators A that commute with a G action. If K (z,y)
is the kernel of the operator A, then

/ny ) dvol (1)

Next, observe that the operation f (z) — = [, [ (zg) dg commutes with A
that

/M K (2.y) (Pf) (y) dvol (y) = /M P (2.y) f (4) dvol ()

. /M</GK(a;g,y) dg)f(y) dvol (y) .
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If f is an invariant section, then Pf = f, so that

An@ = [ ([ 5 ar) s awi.

Hence, ( /. o K (xg9,y) dg) is a kernel for A9, the operator A restricted to invariant sections.
Thus,

tr (A%) = MXGK (xg,x) dgdvol ().

Similarly, if «v is an irreducible representation of G with character y,, the operation f (x) —
(Pf)(z) == [, f(29) Xa(9) dg commutes with A, so that

/M K (z,y) (P*f) (y) dvol (y) = /M P}K (x,y) f (y) dvol (y)

[ ([ # w0 o) ds) 7 0) avol ),
M \Ja
If f is a section in I' (M, E)“, then P*f = f, so that

@ = [ ([ Ko vl i) 5 ) avol ).

Hence, ([, K (29,9) Xa (9) dg) is a kernel for A®, the operator A restricted to I' (M, E)*.
Thus,
tr (A%) = K (zg,x) Xa(g9) dgdvol ().
MxG
By applying this formula to the traces above, we have

(dimV,)ind” (D¥) = /M . e (KT (t,zg,2) — K~ (t,29,)) Xa (9) dgdvol (z)

= /M ) (K;bﬂr (zg,x) — K;)/)ﬁ (xg’q;)) Xa (g) dgdvol (z)

tr (¢ (DD* +u(C = A1)

‘F(M,E+)p> o

tr <w (D*D™ +u(C —\1)) ‘F(M,E—)”)
where K= (¢, z,vy) is the kernel for e H(DFDHuC) o (M, E*), and K}"* (x,y) is the kernel
for v (D~D* +u(C —\,1)) on I (M, EF).

5. LOCALIZATION THEOREM

Now we consider a more general situation, when (D,)* — D?* = (D +sZ)* — D* =
s(ZD+ DZ) + s*Z* is a first order operator. In general, the kernel of Dy does not nec-
essarily localize at the critical points of the zeroth order operator Z (the points where the
rank of Z drops) as s — oo. For example, let V' be an equivariant vector field, and let
Dy = D + sic(V); note that Z = ic(V) is a self-adjoint zeroth order operator. If V has
isolated, nondegenerate zeros, then ic (V) has isolated critical points. Note that Z2 = |V[*.
In this Section we prove the localization theorem for Dy,

In the following, let [/ - [[, , denote the Sobolev (k,2) norm.
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Lemma 5.1. (Transversally Elliptic Estimates) Let D be a first order, strongly transversally
elliptic operator that maps the space T (M, E)’ to itself, and suppose that the restriction of
D toT'(M, E)’ is formally self-adjoint. Then there exist positive constants cf,c5 such that
for every w € T' (M, E)”,

(1) [[(D* + 1)w||k,2 > b ||W||k+2,2 > ||W||k+1,2

(2) If the coefficients of the operator D depend on a real parameter s and are bounded by
a polynomial in s as s — oo, then the corresponding constants ¢{ and ¢ are bounded
by a polynomial in s as s — o0.

Proof. Since the restriction of D to T'(M, E)” is formally self-adjoint, [|(D? + 1)w\|§72 =
(D?w, D*w) + 2 (Dw, Dw) + {w,w), and thus we have

||(D2+ 1)wH0,2 = ”W”o,Q' (5.1)

Let {X1,..., X, } be an orthonormal basis of the Lie algebra of G. Let Lx, denote the
induced Lie derivative with respect to X on sections of E, and let C' = } . L, Lx, be
the Casimir operator on sections of E. Let )\, be the eigenvalue of C' corresponding to the
eigenspace I' (M, E)’. For any w € I'(M,E)’, (D*+1)w = (D*+u(C —\,1)+1)w for
any u > 0, and for sufficiently large u > 0, (D* 4+ u (C' — \,1) + 1) is elliptic on I" (M, E).
Thus, the ordinary elliptic estimates imply that

[(D? + 1) wl|,,, = m3 [lwllisz2 — M5 [Wllys - (5.2)

for some constants m§ > 0 and m§ > 0 for each k > 0, independent of w. Using and
(5.2) with & = 0, the proposed inequality holds for & = 0. If the coefficients of the operator
D depend on a real parameter s and are bounded by a polynomial in s, then it is clear from
the construction that the constants in the inequalities above are bounded by polynomials in
s. Thus, the conclusion of the lemma is true for k£ = 0.

Assume the conclusion is true for 0 < k < r. Then

1P+ el 2 @

r+1,2 <D2 + 1)2 w

by the definition of Sobolev norm
r—1,2

> ay H (D2 + 1) w”n2 by the induction hypothesis

> ag||wl| by the induction hypothesis, (5.3)

r+2,2

for positive constants ay, az, and az. The ordinary elliptic estimates for (D? + u (C' — A1)+ 1)
imply that
2
H (D + 1) w r+1,2

for constants c¢3 > 0 and ¢y > 0. By (5.3),

[(D* +1) er+1,2 2 (1 —T—30_2> lolly 3.2 -
as

The conclusion concerning the dependence on s is again clear. The result follows by induction
on k. U

> C3 ||WHT+3,2 — G2 ||W||r+2,2

With the notation as above, let ks (z,y) denote the kernel of the operator ¢ (Ds) on
[' (M, E)”, where ¢ is a positive, even Schwartz function such that ¢ (0) = 1 and the Fourier
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transform ¢ (€) is supported in the interval [—¢, ]. Let Crit (V) = {& € M |V (z) = 0}denote
the set of zeros of V.

Proposition 5.2. On the complement of a 2e-neighborhood of Crit(V'), the kernel ks (x,y)
of ¢ (Dy) restricted to T' (M, E)” satisfies ks (x,y) — 0 uniformly as s — oo. That is,
ks (x,y) — 0 uniformly for y in the complement of a 2e-neighborhood of Crit(V') and x € M.

Proof. This proof is the same as [42] with some modifications. Choose a constant C' so that
|V (z)]]| > C > 0 for all z in the complement of a e-neighborhood of Crit(V'). Then for every
section § € T' (M, E)” that is supported on such a neighborhood and for sufficiently large s,

C?s?
2

(D3B,8) =2 ——(8,8),D (5.4)

by formula (?7). Let H denote the L? closure of the set of sections in I' (M, E)” supported on
a e-neighborhood of Crit(V). Then D? is a positive, symmetric operator on a dense subset
of 'H, so it extends to a self-adjoint operator A on H satisfying the same inequality above.

Let w € T' (M, E)” be supported on the complement of a 2e -neighborhood of Crit (V),
and let

Wy = COS (tDS) w = (eitDS + e_itDs) w,

N | —

82
a2

operator D? with initial conditions wy = w, %wo = (0. The family of sections w; is the unique
solution to this generalized wave equation (see [26], [36], and [46]). Note that the formula
above implies that w; is an element of T' (M, E)”.

By the finite propagation speed property of symmetric hyperbolic systems (see [23]), the
propagation speed of solutions to this equation is bounded from above by the supremum of
the operator norms of the principal symbol of D,, which is 1. Therefore, w; is identically
zero on the e-neighborhood of Crit (V) if |t| < e. This implies that D?w; = Aw; for |t| < &,
so that w; is the unique solution to the system

which is a solution to the generalized wave equation < + D?) w; = 0 corresponding to the

2
—w; +Aw; = 0; wy =w, —wy = 0.

ot? ot

Since A is self-adjoint, we may use the functional calculus to write w; = cos (t\/Z) w.

For each nonnegative integer m, define ¢,, by the formula
Sm(N) = (14 X°)*"(\);
note that each ¢,, satisfies the same properties as ¢; that is, ¢,, is a positive, even Schwartz

function such that ¢,, (0) = 1 and the Fourier transform 5; (€) is supported in the interval
[—e,€].
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For a section w € ' (M, E)” that is supported on the complement of the 2¢ -neighborhood
of Crit(V) ,

6n (D) = oo [ ) () d

= 2—/ b (t) (cos (tD,) w) dt since ¢y, is even
™ —&

= % /i . (t) (cos (t\/Z) w) dt
= om (\/Z) w. (5.5)

By (5.4)), the operator v/A is positive and has operator norm is bounded below by Cs for
s sufficiently large. Thus, the operator norm of ¢,, (\/Z) (as an operator from H to 1tself)

en () =sup {om 0]+ 2 2

It is clear that ¢, (s) is rapidly decreasing as s — co. By (5.5)),

[fm (Ds) wlly < cm (5) [[wll,

for every w € I' (M, E)” supported on the complement of a 2¢ -neighborhood of Crit (V).

Next, let LP = L? (I (M, E)’) denote the LP-norm closure of I' (M, E)’, and let W* =
W*H (T (M, E)?) denote the closure of the space of such sections under the Sobolev (k,2) -
norm. By the transversally elliptic estimates (Lemma7 the operator norm of (1 + Df)_1
Wk — W**2 is bounded by a polynomial in s. The ordinary Sobolev imbedding theorem
implies that (14 Dz)fl€ : L — L™ is a bounded map whose operator norm is bounded
by a polynomial in s if k > % . Using duality and essential self-adjointness of Dy, we see

is bounded above by

that (14 D‘f)*k : L' — L2 is also a bounded map whose operator norm is bounded by a
polynomial in s whenever £ > %. Note that all of the statements above hold for the operator

A as well as for D2. Now, given a section w € I' (M, E)” supported on the complement of a
2e-neighborhood of Crit (V') and k > %,

lo (D)l = |6 (VA) |

H L+ A (1+ A (VA) (1+ 4 (14 4) 7

HOO

<|a+a

earta]

L2— [

< H(1+A)_k‘ cx (5)

(1 +A)_’“‘

]l

L1—L2
<p(s)ex(s) wlly

where p (s) is a polynomial in s. Next, since ¢ is rapidly decreasing, ¢ (D) has a continuous
kernel kg (z,y) (Lemma ?77), and we have the inequality

H&@Nu§”$ﬁﬂjlfdawwwwm@wSp@%w)

L2
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from the above. Thus, as s — o0, ks (x,y) — 0 uniformly for y in the complement of a 2¢

-neighborhood of Crit(V) and x € M. O

6. LOCAL CALCULATIONS FOR THE EQUIVARIANT INDEX

6.1. Index of the reduced transversal Dirac operator. As in Section [2.3] suppose that
the compact Lie group G acts on the closed, connected Riemannian manifold M of dimension
n, where the dimensions of the orbits are not all the same. We assume that G acts by
isometries. Let {Vi, ..., Vi } be a set of vector fields on M induced from an orthonormal basis
of g. Let E be a graded, self-adjoint Cl (7'M ) module over M, and let ¢ : TM —Hom(E, E)
denote the Clifford multiplication. Let D : T' (M, E) — I" (M, E) be ordinary Dirac operator

associated to this data. We consider the reduced Dirac operator D

Next, let V' be a fundamental vector field on M induced by an element v € g. Let

p>

— D +isc(V).
Then
D*=D%+s (z’c(V)lA)+ilA)c(V)> + 2|V
Lemma 6.1. With notation as above,
f)2
¢(V)D+ De(V)
Proof. Let {FE, ..., E,} be a local framing of T M near a point = € M.

D2 = (D — C (VJ) VV])
j=1

m=1 7=1
n k
= D*=> > c(En)c(Vg, V) Vy,
m=1 j=1
n k n k
"> e(En) (V) Ve, Vy, = > Y c(Vy)e(Vy,En) Vi,
m=1 j=1 m=1 j=1
k k k
= > (V) e(Bn ) Vv, Vi, + Zc ¢ (Vv, Vi) Vy;
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Simplifying,
N n k
D> = D*=)Y > c(En)c(Vg, V) Vy,
m=1 j=1
n k
S B Ve Ty, 30D ()€ (Vi) Vi,
m=1 j=1 m=1 j=1
n k k n k
=2 (V) e(BEn) Vi, Yy, =D > el Vi) = 9 e (Vi) e (Bn) R (En, V)
m=1 j=1 m=1 j=1 m=1 j=1
koK
+ > c(Vy)e(VyW) Vy,
=1 [=
]k kl
+3 Y e(V)e(V) Vi, Vy,
7j=1 [=1

Note that Vy, = Ly, + A;, where Ly, denotes the Lie derivative in direction V; and A; is an
endomorphism of . Also, Ly, commutes with the Dirac operator D. We substitute

=( C(Em)VEm—ZC(V})Ev]—ZC(VJ)AJ>
B K ]_2 i " 2
= D*+ (ZC(VJ)ﬁv;) + (ZC(VDAJ)
k k
—Z(C(VJ)DJFDOC(V]))LVJ.—Z(DOC(V)A +¢(V;) A;D)
k k
+2_ 2 (e e(LyW) At e (Vi) e (V) (Ly, A1)
j=1 1=1
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Thus

D - D2+<Zc<vj>cvj> +(Zc<vj>Aj>

k k
—Z c(Vj)D+Doc(Vj) Ly, =Y (Doc(V;)A;+c(V;) A;D)

k k

+ZZ e (Vi Vi) A+ e (Vi) e (Vi) (Ly, A1)

+3 N (V) e (Vi) A+ (V) Ae (Vi) Ly,

j=1 I=1
From the Appendix, ¢(V)o D+ Doc(V) = —=2Vy —div (V) + ¢(d(V*)), so that

¢(V)oD+Doc(V) = —2Vy +c(d(V")
= 2Ly —2Ay +c(d(V*))

if V is a fundamental vector field, and if Ay is the endomorphism defined by
Vv =Ly + Ay.

7o) +(Fws)

Thus,

=D (2L, =245+ cd (V) Ly, = ) (D oc(Vy) A +c(V;) 4;D)
£330 (V) eV, Vi) A+ e (Vi) e (Vi) (Lv, Ar)
+ZZ (c(V))e(Vi)) Ai+ ¢ (Vi) Aic (V;)) Ly,

7. APPENDIX
7.1. Proof of lemma ?77.
Proof. We have
(D)) = D*=s(ic(V)oD+iDoc(V)) + s*|V|.

Write V = ) Vje; in terms of a local orthonormal, isochronous frame ey, es, ... of the tangent
bundle, corresponding to geodesic normal coordinate vector fields e; = 0; at the origin of
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the coordinate system. At the origin of the coordinate system, we have

ZD+DZ = ic(V)yoD+iDoc(V) (7.1)
= Z Vic(ej)c(ex) Vi +1i Z c(ex) Vi oVic(e;), and since {e;} is isochronous
7.k
= ZVC (ej)c(ex) Vk—l—zZVc (ex) (ej)Vk+iZc(ek)c(ej)8k\/}
gk
= —2@ZVV ZZBV +ZZ (er) c(ej) OkVj, since {c(e;),c(ex)} = djk
J#k
= —uVy —i (div(V)—Z%Z(Vkej,ek > —l—ZZ ex) c(ej) OV
J k#j JF#k
= —2iVy —idiv(V —{—ZZ c(er) c(ej) 0xV; since {e;} is isochronous
J#k

= —2iVy —idiv (V) +ic(d(V*)),

where by ¢ (d (V*)) we imply that we have used the inverse of the symbol map ¢ to convert
the two-form d (V*) to a Clifford algebra element. For example, o (e1e2) = c(e1)c(ez) 1 =
(dxy N —dxq2) (dzg N —dxoa) 1 = dxy Adxy, so we define ¢ (dxy A dzy) = ¢ (e1ez) at the origin.
Now, since the last expression is coordinate-free, we conclude that

ZD+ DZ = —2iVy —idiv (V) +ic(d (V"))
at all points. O

7.2. Proof of lemma 77.

Proof. A Killing vector field X can be lifted to a vector field X on the frame bundle, so that
X covers X and is invariant under the SO (n) bundle. The vector field X lifts uniquely to a
vector field X on the principal spin bundle F. Thus it acts on any bundle associated to F
such as the spin bundle. Let X be an infinitesimal isometry. If g is the metric tensor, then
Lxg=0.1fY, Z are any two tensor fields of the same type, then

X(Y,Z) = (LxY,Z)+ (Y,LxZ)
(VxY, Z)+(Y,VxZ).

Thus Ax = Lx — Vx is skew-symmetric and of degree zero, since (AxY,Z) = — (Y, AxZ).
Hence its action on I' (T'M) comes from the endomorphism (also called Ax) of TM. Choose
a basis {e;} of T, M, and we may identify Ax with the element ay € o(n) by iden-
tifying T, M with R™ using the basis . Under this identification antisymmetric matrix
ax = ((ax);; Jcorresponds to an endomorphism Ax = ; Ly (ax);;eie; (see Lemma 4.8 in

[42] for calculatlons).

Let A : Spin(n) — SO (n) be the double cover, and let dX : spin(n) — o(n) be the
differential map on the Lie algebras. Observe that spin (n) = Cly (R™), and the Lie bracket
induced on Cly (R") is [a,b] = ab — ba (using Clifford multiplication). For all v € R"™ |
z € Spin (n),

dA (2) (v) = zv — vz,
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where z is thought of as an element of Cly (R™) and v is thought of as an element of Cl; (R™).

Hence
1 1
dX 1 Z (ax);eie; | (v) = 1 Z (ax)y; €iej, v
= axv,

so that .

AX = EX — VX = Z Z (ax)ij €i€j.
Next, given a Killing field X and vector field Y,

AxY = LxY -VxY

= —VyX.
Thus, given any vector field 7,
(AxY, Z) = — (Vy X, Z),
so Ay = — (VX)#. This implies
(aX)ij = — (Ve X, ¢€).

Thus,

1
AX = EX—VX:_ZZ<V€iX’ej>€i€j
1
= _Zzei(<V€iX7ej>€j)
1
= —Zzei(veiX)

1
= 3 Z e; (0;X;)e; if {e;} is isochronous

= —e(d(x)

We have therefore that

Ly =Vy-— }lc (d(X*)) (7.2)

if X is a Killing vector field. U

7.3. Proof of lemma 77?.

Proof. First we will write down all the formulas necessary in our calculations. Let {e;}be a
synchronous framing at p € M, then [V, ¢ (e;)] = 0 at p for each ¢. In this framing we have
the following well-known formulas:

[Lv,Vy| =Veiyy = Vi, (7.3)
Lve; =Y [Viej el ==Y (0:iVj)e; at p, (7.4)
J J

and
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In addition, we can combine the formula Doc (V) +c¢(V)o D = —2iLy + 4c(d(V*)) (see
(7?)) with (??) to obtain

1 1
ﬁvZEVv—Z(DOC(V)—FC(V)OD). (76)

Then

LyoD—DoLy = Y Lyo(cle)Vi)—(cle)Vi)oLy
= Z [Lv,c(e;)]oVi+c(e;) Vi,e, by the formula 1|
= ; {(Vy - }lc(e]) (V; V)) c(e;) ] Vi + Z ei) Viye,

- ¥ 3 OV ele)eer) e ()] Vit Y cle) Ve
— Z (0;Vi) c(e;) Vi — Z (0;Vi) c €k)vz‘+zc(€i>v£vei

%,

- Z (0;Vi — O,V)) e,v+2c ) Ve,

i#]

:Z (0;Vi — V) e (ej) Vi — Zav
i#£]

:—Z (0;Vi + V) (ej) Vi — Zav
1#]

By the definition of the Killing field Ly (g) = 0. Thus

0 = Ly (gleiey))
= Ly (g)(ei,e;) +g(Lv(ei),e;) + g (e, Lyv(e;))
= g ([V> 6i] ’ej) +9 (eiv [V7 ej])
— 0V - OV

Thus for a Killing field at the origin of synchronous frame 9;,V; 4+ 9;V; = 0 and 9;V; = 0.
Now we see that

L‘VoD—DOEV:—Z (0;Vi +0,V;) ¢ (e;) Vi — Zav = 0.
i#]

Now let us check that £ commutes with ¢(V). In our computation we used the fact that
Lie derivative with respect to a Killing field could be lifted to a Lie derivative on the spin
bundle by Ly oc = co Ly. The operator Ly commutes with Hg because it commutes with

both D and ¢ (V). O
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7.4. Miscellaneous computations. Next, for future reference, we compute the commuta-
tors [D, Vy] and [¢(V), Vy]. Using the same coordinate system as above,

[D,Vy] = DoVy—VyoD

= Z c(ex) Vi o V;V,; = V;V,o0c(ex) Vi, so by isochronicity
gk

= Z (OxVj) ¢ (ex) Vi + Vic(er) ViV = Ve (ex) V; Vi
gk

= Z (0kV;) ¢ (ex) Vj + Ve (er) (ViV; — V;Vi)
gk

= Y (Vi) eler) Vi +c(VaK),
jk

where K is the curvature two-form. Also,

c(V),Vv] = ¢(V)Vy—Vyoc(V)
= Z ViVic(er) Vi — ViV 0 Vic (ex)

= =) Vi (9;Vi)clex)

Also, we compute D?: (same isochronous coordinate system)

D* = Zc(ek)vkoc(ej)vj
= Z (ex) ¢ (e;) ViV
= —ZV2+Z (ex) ¢ (&;) (ViV, — V; Vi)

k<j

= — Z V2 + Z er) vkv = V;Vi — v[ekﬁﬂ)
k<j

_ _Zv?+z c(ex) K (ex, ej)
k<j

= —ZV?ch
J

where K is the curvature two-form.

Suppose that V' is a Killing vector field. Then div (V) = 0, and Vi commutes with D
and with Z = ic (V). Thus, D? + s*Z% = D?> 4 s*|V|* and ZD 4 DZ are simultaneously
diagonalizable. So, given an eigenspace F, C I'E of ZD + DZ, the restriction of Dy to E),
localizes at the singularities of the vector field V.

In general, we can do this if ZD + DZ = A + B, where A is first order, B is zeroth
order, and [A, D] = [A, B] = [A,Z] = 0. Thus, the equations read [ZD + DZ — B, D] =
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[ZD+DZ— B,B|=[ZD+DZ — B,Z] =0, or

1]
2]
3]

[4]

23]

[24]

(ZD+DZ—B)D —D(ZD+DZ—B) = ZD>—D?Z—BD+DB=0
(ZD+DZ - B)B—B(ZD+DZ—B) = ZDB+DZB— BZD — BDZ =0
(ZD+DZ—-B)Z—Z(ZD+DZ—-B) = DZ?>— 7D —BZ+ ZB =0.
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