Lie Groups

Example The orthogonal grou®(2) is the set o2 x 2 matricesA such thatA'A = |. The
special orthogonal groupQ(2) is the set of orthogonal matrices with determinant
Let’'s examine this. First, let’s think of these matrices gma of column vectors. So if

A € O(2), then
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with v = ( ! ) andw = ( ! ) as the two column vectors. So the equation
Vo Wa

A'A = | is equivalent to
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Thus,O(2) is the set o2 x 2 matrices where the column vectors form an orthonormal
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frame, an orthonormal basis 6. Note that is the result after rotating the
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vector( ! ) clockwise 90 degrees, and the determinant of the matrix is
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which is1if (v,w) is an oriented frame (ievis the result of a counterclockwise 90
degree rotation of)) and is—1 if (v,w) has the reverse orientation (ieis the result of a
clockwise 90 degree rotation @f. ThusS(Q(2) corresponds to the set of oriented
orthonormal frames.

Definition A Lie groupG is a manifold and group for which the multiplication map
u: GxG - Gis smooth.

Remark It follows that the inverse map: G — G defined byi(g) = g is also smooth.
Proof: implicit fcn theorem diagram



p. 2

ple)cGxG 5 G
Ty | /

Example (R",+)
Example StorT" = St x... xSt
Example GI(n,F) < F", whereF = Ror C

Example E; =isometries oR* (2 connected components) Let the orthogonal groyp< Es
be the subgroup that fixes the origin, and let the specidiagbnal group
SQ3) = SO; < O3 be the orientation-preserving element<of.

Visualizing SQ(3): Let u be avector of length | in R®, corresponding to arotation of angle
| around the axis u. Redundancy: if | = |u| = 7, u gives the same rotation as —u, so SO(3) is
the ball of radius = with antipodal points identified = RP2.

Matrix groups

Theorem If Gis a Lie group andH < G, thenH is a Lie subgroup with the subspace topology
if and only ifH is closed.

Example EmbedR as an irrational slope ofiR?,/Z? = T?; then this is a subgroup but is not a
Lie subgroup.

Note that
A Db
Es = {( 01 ) < Gl(4,R) suchthat A 03}

(b isthe translation vector)

Classica Lie (sub)groups: Sl(n,F) (det=1), O(n) (gg' = 1, orthogonal group), SQ(n)
(09" = 1, det=1, special orthogonal group ), U(n) (gg* = 1, unitary group), SU(n) (
00" = 1, det=1, special unitary group), Spn) = {g € Gl(n,H) : gg* = 1} (symplectic
group).

Why study general Lie groups? Well, a standard group could be embedded in a funny way.

. 1 x
For example, R can be embedded as (e*) as matrices, or as 01 ) or as

sinh(x) cosh(x)
the following quotient of the Heisenberg group N: Let

( cosh(x) sinh(x)

) . Also, some examples are not matrix groups. For example, consider
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LetG =N/Z

These groups are important in quantum mechanics. Also, consider the following
transformations of L?(R):

Ta(f)(x) = f(x— a)
My (F)(X) = €27P%f(x)
Uc(F)(X) = e¥f(x)

1l ac
The group of operators of theform T,MyU. correspondsexactlyto| 0 1 b |.In

001

guantum mechanics, T, corresponds to a unitary involution of momentum, and M is the
momentum, U is phase.
Note that every Lie group is locally amatrix group.
Low dimensional, connected examples:
Dim1: R, S
Dim 2: only nonabelian example is the space of affine transformations x » mx+ b of R.
Dim 3: SG;, SLy(R), E2, N (only new ones up to local isomorphism: G; and G arelocally
isomorphic if there exist open neighborhoods around the identities that are homeomorphic through
multiplication-preserving homeo)

Relationships between Lie groups
Observethat U, = {g : gg* = 1},SU, = {g € U, : detg = 1}.
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For every g = g e SU,, theng® =gt = =1
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SU, = {ge U, : detg = 1}

= {( a_ b ) :a,beC,|a|2+|b|2: 1} - S8
-b a

N {( t+|x. y+.2| ) L (4%Y,2) € 83}
-y+zi t-ix

= {q = t1+xT+yj+zT<e H: (tXxy,2) € 83}

= Sp(1),
where
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satisfy the relations



