Introduction to Group Actions

Examples of sets of matrices that have the structure of grguB < G impliesAB € G
andA € G impliesA™? € G):
O@3) = {Ae M3(R) : ATA= I} = {A e M3(R) : Apreserves geometfy

100 1 0 O 100 1 0 O
Gow = 010 | 0 -10 | 01 0 , 0-1 0
001 0 0 1 0 0 -1 0O 0 -1
cosf -sind 0O
St = sin@ cosd 0O . 0 €[0,2r]
0 0 1

U(R2) = {Ae Mz(C) : A"A=landdetA =1}

T{( z O>e|v|2(c:) :|z|1}.
0z

These sets are also smooth manifolds — we call them Lie gréigpexample, you can
think of O(3) as a set insid®? that satisfies a bunch of equations — a manifold of dimerjon
as it turns out. These groups act (multiplication with nicegerties) on spaces:

O(3) and subgroup&:,., andS* act onR 3, S

SU(2) and subgrouf act onC? R*, S°.

How do they “act™? By matrix multiplication. I is the group that acts on the spate
thenifg,h € G andx € X, we have

g(hx) = (gh)x
IX = X

An orbit of a pointx € Xis the set
Ox ={gx:ge G}.

For example, ifO(3) acts onS?, then the orbit of any point is all &. If S' acts onS” as
above, then the orbit of a point is the latitude circle caontej that point. Note that the north
and south pole€0, 0, 1) and(0,0,~1) are fixed by all ofS', so they are their own orbits. If
G2y acts onS?, then the orbit of a typical point will be the union of four pts, although there
are exceptions (for example, the orbit(efL, 0, 0) is itself, and the orbit of0, 0, 1) is
{(0,0,1),(0,0-1)} ).

Theisotropy subgroup or stabilizer subgroup Gy of a pointx € Xis the set

Gx = {9 : gX = X}

Let’s look at some examples. Consider the north piste= (0,0, 1) on S? with the action of
O(3). ThenifA € O(3) fixes (0, 0, 1), that means that
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so the last column o mustbe| 0 j Multiplying both sides byAT, we get
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also. This means that the last roonfs 00 1

abo
cdo
001

A

. . ab
SinceA € O(3), this means th{ q
c

the (x,y) coordinates that fix the origin. So

) € O(2) —the set of rotations and reflections in

0@3)p = O(2).

In general, the stabilizeD(3) xy2) is a subgroup oD(3) that is conjugate to the stabilizer

at theNP, the group of rotations/reflections that fixes that onenpoi

Let’s look at some other examples of isotropy subgroupsercase ofs' acting onS?,
the entire group fixes the north and south poles, and no eleofi¢he group fixes any other
point. Forz = +1,

S:(LX v,z) {I } '
and

Next, consider the group... acting onS?. The isotropy subgroup of each point in
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Mo = {(x,y,2) € > : z+ 0,y # 0} is Go = {(0,0)}, points of the set
M, = {(x,y,z) € S : z= 0,y # 0} have isotropy subgroup

100 100
G, = 010 |,|] o010 , points inM; = {(x,y,z) € > : y=0,z+ 0}
001 0 0 -1
100 1 0 O
have isotropy subgroupg; = 010 |,|] 0-10 , and points of
001 0 0 1

Ms = {(1,0,0),(-1,0,0)} have isotropy subgrougs; = Ga..
An important theorem in transformation group theory is

Proposition If M isa G-manifold, then for every x € M, the orbit O is diffeomor phic to the
homogeneous space G,/ G.

For example, if we defing : S> - O(3)/S' by

$(x.y,2) = gS',

whereg € O(3) is any element oD(3) that maps\P = (0,0, 1) to (x,y,z) € S (turns out it
doesn’t matter which one you pick), then this map is a diffeguhism. The general situation is
similar.

On any suctiz-manifold, the conjugacy class of the isotropy subgroupsghn orbit is
called theorbit type. On any suctis-manifold, there are a finite number of orbit types, and
there is a partial order on the set of orbit types. Given soigggH andK of G, we say that
[H] <[K]if H is conjugate to a subgroup f and we sayH | < [K]if [H] <[K]and[H] *
[K]. We may enumerate the conjugacy classes of isotropy supga®IGo ], ...,[G,_1] such
that[G;] < [G;]ifand only ifi < j. It is well-known that the union of the principal orbits
(those with typd Gy |) form an open dense subsét of the manifoldM, and the other orbits
are calledsingular. As a consequence, every isotropy subgrbiugatisfies Go] < [H]. LetM;
denote the set of points of of orbit type[G;] for eachj; the setV; is called thestratum
corresponding tdG; |. A stratumM; is called amost singular stratum if there does not exist a
stratumMy such thafG;] < [Gi]. It is known that each stratum is@&invariant submanifold
of M, and in fact a most singular stratum is a closed (but not saciysconnected)
submanifold. Also, for each the submanifold/.; == | J Myis a closedG-invariant

[GKI>[Gj]
submanifold. In the examples above, the notation is cangisd that in this paragraph. For
example, the torus action &3 in Example ref: torusAction yields three strata, wifly being
the principal stratum anill; andM, each being a most singular stratum.

If M; is a most singular stratum, I&t (M;) denote an open tubular neighborhoodvifof
radiuse > 0. If ¢ is sufficiently small, then all orbits ifi.(M;) \ M; are of type[G], where
[Gk] < [Gj].

Desingularization construction

With notation as in the previous section, we will construnoea G-manifold N that has a
single stratum (of typéG, ]) and that is a branched coveridf branched over the singular
strata. A distinguished fundamental domairivof in N is called the desingularization bf and

is denotedVl. The significance of this construction is that it appearth@equivariant index
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theorem in cite: BKR, and the analysis of transversallptid operators orvi may be replaced
by analysis oM, which is much easier to understand.

A sequence of constructions is used to constkiahdM < N. LetM; be a most singular
stratum. Lefl.(M;) denote a tubular neighborhood of radiuaroundV;, with ¢ chosen
sufficiently small so that all orbits ifi.(M;) \ M; are of type[Gy], where[Gy] < [Gj]. Let

N* = (M\ Te(M))) Uar,on)) M\ To(M)))

be the manifold constructed by gluing two copiesidgf\ T.(M;)) smoothly along the
boundary. Since th&. (M) is saturated (a union @-orbits), theG-action lifts toN*. Note
that the strata of th&-action onN* correspond to strata id \ T.(M;). If

My N (M \ T.(M;)) is nontrivial, then the stratum corresponding to isotrogme{ G, ] on N*
is

Ni = M (M Te(M)))) Umnnor,ovyy) (Micn (M To(M))).

Thus,N* is aG-manifold with one fewer stratum than, andM \ M; is diffeomorphic to one
~1
copy of (M \ T.(M;j)), denotedV in N*. In fact,N* is a branched double cover lf,

’~ Nl
branched ovel;. If N* has one orbit type, then we gét= N' andM = M . If N* has more
than one orbit type, we repeat the process withGhmanifold N* to produce a new
G-manifold N? with two fewer orbit types thai and that is ai-fold branched cover dfi.

~2 ~1
Again,M is a fundamental domain & \ {a most singular stratu}n, which is a

fundamental domain dfl with two strata removed. We continue umtil= N is a
G-manifold with all orbits of type G, ] and is a2"*-fold branched cover dfl, branched over

~ ~r-1
M\ Mo. We setM = i , Which is a fundamental domain bf, in N.
As mentioned earlier, i1 is equipped with &-equivariant, transversally elliptic
differential operator on sections of an equivariant vebtandle oveiV, then this data may be

pulled back to the desingularizati&ﬁ Given the bundle and operator ovér, simply form the
invertible double of the operator o, which is the double of the manifold with boundary
NI \ T.(2), whereX is a most singular stratum oti.

Further, one may independently desingulatizg, since this submanifold is itself a closed
G-manifold. If M+; has more than one connected component, we may desingdérize
components simultaneously. Note that the isotropy typd pbats ofK/I\;,- is [G;], and the
/I\W;j/ G is a smooth (open) manifold.

BKR J. Brining, F. W. Kamber, and K. Richardsainge eta invariant and equivariant
index of transversally elliptic operators, preprint in preparation.

PR 1. Prokhorenkov and K. Richardsadsgtural equivariant Dirac operators, preprint in
preparation.



