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This talk includes joint work with
Jochen Bruning, Franz Kamber, and
lgor Prokhorenkov — various
papers.




Plan of the talk

Again, Gomapsumida to the actual organizers
Manifolds and compact Lie group actions
Stratifications of G-manifolds
Desingularization construction

Equivariant index theorem

Natural equivariant Dirac operators

Further comments



Lie group actions: G-manifolds

G —compact Lie group that acts smoothly on
* M —smooth, connected, closed manifold

* Assume that the action is effective
(le{geG:gx=xforallx e M} =0 )

* Choose a Riemannian metric for which G acts
by isometries.

« Orbit: Oy = {gx : g € G}
* Isotropy subgroup: G, < G
Gy =40 G:.gXx =X}



Isotropy subgroups along an orbit

We have Gy = gGyg™

Thus, the conjugacy class of the isotropy
subgroup is fixed along the orbit.

The conjugacy class [Gy] = {gGxg™ : g € G}
is called the orbit type of the point or orbit.
On any G-manifold, there are a finite number

of orbit types, and there is a partial order on
the set of orbit types.



Partial order and stratification

Given subgroups H,K < G that occur as
isotropy subgroups on M, we say that

IH| <[K] if His conjugate to a subgroup of K,
and we say [H]| < |[K] if [H] <[K] and

[H] +[K].

Enumerate [Gol,...,[G/.1] such that
Gi] < [Gy] iff i<j.
Define the stratum

Mj = {x € M 1 [G«] = [Gj]}



(G-manifold stratification

* Mgyis the principal stratum, which is open and
dense in M. The isotropy subgroup class
corresponding to this stratum is the smallest
and is less than every other stratum. This is
called the set of regular points, and all other
strata are called singular strata.

 Each stratum M; is a G-invariant submanifold
of M.



Stratification, continued

* Typical partial ordering may look like this:

__[Gs]
=S 6, =

* |n the above case, the strata M;, M5, and Mg
are called most singular strata; the
corresponding isotropy subgroups are
contained in no larger subgroups. These strata
are always closed submanifolds.



Examples

e G =7,x7Z, actson M =S < R® py
(1,0)(X,y,2) — (X,—y,Z), (O,l)(X,y,Z) — (X1y1 _Z)

G = Stactson M = S? < R? by
e?(x,y,2) = (xcos(0) —ysin(@), xsin(@) + ycos(@),z)

G =S xStactson M = S® — R* by
e, e')(x,y,z,w) = ( xcos(0) —ysin(@),xsin(@) + ycos(9),

zcos(a) —wsin(a),zsin(e) + wcos(ear) )



Tubular neighborhood of a stratum

* If Mjisa most singular stratum, let T:.(M;)
denote an open tubular neighborhood of M;
radius ¢ > 0. If ¢ issufficiently small, then
each orbit in T:(M;) \ M;j is of some type
Gl, where [G¢] < [Gj].

* Let Msj = | M

[Gk]=[Gj]
Then this G-invariant submanifold is also
closed.



Desingularization construction

. Let M; be a most singular stratum.
Let T.(M;) denote an open tubular
neighborhood, as above.

. Let

J

. Let M = M\ T.(M;), afundamental
domain of M\ M;jin N1

. Repeatzwith |\1/| replaced by N'to get N2
and M = M\ {amost singular stratum }

N. ’=v1(|\/| \Tg(l\/lj)) UaTg(M-) (M \TS(Mj))

~ ~r—1

. Theendresultis M =M afterr — 1 steps.



Application: Equivariant Index
Theorem

Theorem (Briining, Kamber, R):

ind’(D) = Im/ AL(x) jdx|

+Zc,bj~ (-n(Dj**) +h(Dj™*) )AL, (x) [dX].

J,a,b

Here, D = {7;(VE +1Dj)} « DM




Natural Equivariant Dirac operators

Let Fo % M be the principal O(n)-bundle
of orthonormal frames.

The G-action on M induces the differential
action on the bundle of frames, for which the
iIsotropy groups are all trivial.

The resulting G-orbits on Fo form a
Riemannian fiber bundle (ie wrt Sasakian
metric), Fo — Fo,/G, and the base is a
compact O(n)-manifold.



Equivariant vector bundles

e Let E - Fobe a Hermitian vector bundle that
is equivariant wrt the G x O(n) -action.

*Llet p: G > U(V,)and ¢ : O(n) - U(W,) be
irreducible unitary representations.

e Define the bundles EC - M and T? = Fo./G
by Eg =T'(p1(x),E)°,

T = T (). E)’



Isomorphisms of subspaces of sections

Theorem (Prokhorenkov, R):
For any irreducible representations p,0 as
above, there is an explicit isomorphism

['(M,E°)? - T'(Fo./G,TP)°

that extends to an L?-isometry.




Equivariant Dirac operators

On F,, the foliation by G-orbits is a
Riemannian foliation, and thus we may define
a basic Dirac operator there |




Recall: Basic Dirac operators

* Given a Riemannian foliation ( M,F ) of
codim g with compatible bundle-like metric,
E a foliated vector bundle,

q
Dirs= ) ei-VEs,

=1

* References: Glazebrook-Kamber, S.D.Jun




New Equivariant Dirac operators

 We define operators
DS, : ['(M,E°) - T'(M,E°)
D! & :T(Fo/G,T?) > [(Fo/G,T?)
by restricting
Dy : I'y(Fo,E) - I'h(Fo,E)

to subspaces of sections.



More subspaces of sections

e let o :G->UWN,), B:G - UMW;)be
irreducible representations; let

(DY) :T(ME®)* - T'(M,E°)*
be the restriction of D(|\7/| and define

(DL o) i T(Fo/G,TP)P - T(Fo,/G,Tr)

similarly.



Transverse Ellipticity and Spectrum

Proposition (Prokhorenkov, R):
The operator Dy, is transversally elliptic and
(G-equivariant, and D,: Ze is elliptic and
O(n)-equivariant, and the closures of these
operators are self- adjoint. The operators
(Dg,)” and (D? /G) have identical
discrete spectrum, and the corresponding

eigenspaces are conjugate via Hilbert space
isomorphismes.



Further remarks

* [t turns out that questions about the
transversally elliptic operators Dy, can be
reduced to questions about the elliptic
operators D,@O/G.

* The operators Dy, play the same role for
equivariant analysis as the standard Dirac
operators do in index theory and analysis of
elliptic operators on closed manifolds.
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