Homework # 19 { Solutons)

2. (a) We have r4(¢) = ua()y(t — a), where (b)
y(t) = kt. Now ra(t)

k
LIyl = kL[] = 2 ramp function

so using the rules of Laplace transform,

k
Llra] = Llua)y(t—a)] = s_ze—ﬂs_

~

6. Using partial fractions, we write _
4 A B

s(s+3) s +s+3'

Hence, we musthave As+3A+ Bs = 4 which can be written as (A+ B)s+3A4 =+ So, A+ B =0,
and3A = 4. This givesus A =4/3 and B = —4/3, so

443 43
sE+3) s s+3
Applying the rules
e—Zv
LU ()] = —
s
e 32y €
Llua(t)e 1= 513

the desired function is

4 4e—3(t—2)
(1) = ua(t) 3" 73

4 _3(-2)
y() = 5112()7) (l—e )

or

7. Using partial fractions, we get
14 A B
Gs+D6-d 352 s-a4
Hence, we must have As — 44 +3Bs + 2B = 14, which can be written as
(A+3B)s + (—4A +2B) = 14,
Therefore, A+ 3B = 0,and —4A + 28 = 14. Solving for A and B yields A = —3 and B = 1, s0

14 1 3.1 1
Bs+2)(s~4)  5s—-4 35+2 s_43 s+2/3

Applying the rules
)
Llug ety = £
s—4
and B
Ly (e300 = _2__
fi1(1)e ] Py

the desired function is :
Y(1) = u () (e"(’"“ — e‘T(’“”).



11. Taking the Laplace transform of both sides of the equation, we obtain

’ —2(—
L [—d)t,] = L[—y] + LIuz(t)e 20-2)7,
which is equivalent to
e—2s
Lyl = y(0) = —L[y] + —

(using linearity of the Laplace transform and the formula
If L[ f]1= F(s) then L[u,(t) f(t — a)l = e~ ¥ F(s)
where f(t) = ¢~ anda = 2.)
Substituting the initial condition yields
=2
N—1=-L _—
syl [yl+ s 12

so that
~25

1 e
L[yl = .
=T 6306+

By partial fractions, we know that
1 1 1
s+1 s4+2 (s+D+2)°

so we have

e % _25< 1 1 ) eTE  E

c+tDe+2 ¢ G¥i 5+2) T s+1 s+2

Taking the inverse of the Laplace transform yields

y(1) = e~ +uy)e” P —uy(1)e 2P

=t +up(2) (e'("'z) — e_z('_Z)) .

To check our answer, we compute

d d
d_i’ -t % (e—(x—z) _ e—z(:—z)) +ur(t) (_e—(:—z) i 28—2(1—2)) ’

and since dup /dt = 0 except at ¢ = 2 (where it is undefined),
= +y=—e"+ut) (—e‘(”z’ + 2e‘2<"2)) +e fur(t) (e‘("Z) - e‘z“‘z))

= uy (e D,

Hence, our y(¢) satisfies the differential equation except when ¢ = 2. (We cannot expect y(¢) to
satisfy the differential equation at t = 2 because the differential equation is not continuous there.)
Note that y(¢) also satisfies the initial condition y(0) = 1.



13. Taking the Laplace transform of both sides of the equation, we obtain

dy
L l:d_:] = —L[y]l + Llu(t)(t — 1],

which is equivalent to
-5

e
sLLyl— y(O) = —Ly]+ T
Substituting the initial condition yields

)

sLIyl -2 = — LIy + es—z

so that s
e~ 2
D=gsmtar
Using the technique of partial fractions, we write
1 A B o

264D s 2T IT

Putting the right-hand side over a common denominator gives us As(s + 1) + B(s + 1)+ Cs2 = 1
which can be written as (A + C)s?2+ (A+ B)s+B=1.S0A+C = 0,A+B=0,and B = 1.
Thus A= —1andC =1, and

1 -1 1 1

s2(s+ 1) -5 +s_2 s+ 1
Taking the inverse of the Laplace transform gives us

. e—s b 2
Y=L l:sz(s+l):]+£ [s+1:|

e e’ e s 2
=_£—l . -1{= -1 uc—l
R b R P P

= —up () + 11 (1) (¢ — 1) +uy ()70 4 20~
= u1(1) ((I —2)+ e‘(“”) + 27,

To check our answer, we compute
dy du
dr  dr

and since duy /dt = O except at ¢ = 1 (where it is undefined),

(e-2+ ) 4y (1 em0D) — 267,

dy
= — =1 _ 5, ~t _ —(—1) —t
T +y un(t)(l e ) 2e +141(t)((t 2)+e )+2e

=ui()+u@)(t -2)
=u ()¢ -1).

Hence, our y(/) satisfies the differential equation except when r = 1. (We cannot expect y(1) to
satisfy the differential equation at ¢ = 1 because the differential equation is not continuous there.)
Note that y(7) also satisfies the initial condition y (0) = 2.



