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4. (a) The characteristic equation is
Q2—2)(6—21)+8=2%—8xr+20,

and the eigenvalues are A = 4 + 2i.

(b) Since the real part of the eigenvalues is positive. the origin is a spiral source.

(c) Since A = 4 + 2i, the natural period is 27 /2 = 7, and the natural frequency is 1 /7.

(d) At the point (1, 0). the tangent vector is (2, —4). Therefore, the solution curves spiral around
the origin in a clockwise fashion.

(e) Since dY /dt = (4,2) at Yo = (1, 1), both x(¢) and y(¢) increase initially. The distance be-
tween successive zeros is 7, and the amplitudes of both x(¢) and y(¢) are increasing.
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6. (a) The characteristic polynomial is
(—M(=1=2)+4=224+21+4,

so the eigenvalues are A = (—1 +i+/15)/2.
(b) The eigenvalues are complex and the real part is negative, so the origin is a spiral sink.
(¢) The natural period is 27/ (v/15/2) = 47 /+/15. The natural frequency 1s V15/(4m).

(d) The vector field at (1, 0) 1s (0, —2). Hence, solution curves spiral about the origin in a clock-
wise fashion.

(e) From the phase plane, we see that both x(z) and y(¢) are initially increasing. However. y(t)
quickly reaches a local maximum. Although both functions oscillate, each successive oscilla-
tion has a smaller amplitude.
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10. (a) According to Exercise 4, the eigenvalues are A = 4 + 2i. The eigenvectors (x, y) associated
to the eigenvalue 4 + 2i must satisfy the equation y = (1 + i)x. Hence. using the eigenvector
(1, 1 + i), we obtain the complex-valued solution

Y(t) = @20t 1 ) —e cos 2t- +ich sin2t. .
141 cos 2t — sin2t cos2t + sin 2t

From the real and imaginary parts of Y (¢), we obtain the general solution

cos 2t sin 2t
Y(t) = k¥ + kpet .
® 1 ( cos2t — sin2t ) 2 ( cos2t + sin2¢ )

(b) Using the initial condition, we have

(1)+(2)-(2)

and thus k; = 1 and ky = 0. The desired solution is

Y) = o cos 2t ‘
cos2t — sin2t
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12. (a) The eigenvalues are the roots of the characteristic polynomial

(=1 =) +4=22+r+4,
So A = (~1 + iv/15)/2. The eigenvectors (x,y) associated to the eigenvalue A =

(-1 + i4/15)/2 must satisfy the equation 4y = (—1 + iv/15)x. Hence, (4, —1 + i4/15)
1s an eigenvector for this eigenvalue, and we have the complex-valued solution

: 4
Y (1) = o-1+iVI5)/2
@) =e —1+i/15

=12 (cos (@ t) +isin
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_ 4cos( 3 t) .\
—cos(@t) —«/Esin(@t)

&

s 4sin (‘/E t)
le —sin (5/21—_5 t) + +/15 cos (’E t) .
By taking real and imaginary parts

4 cos (@ t) )

Yo (t) =e 2
( —cos(@t) — Jﬁsin(@t)

and
4sin (4B 1)
Yiu () =e*/? J
— sin (@ t) + /15 cos (@ t)
we form the general solution k1 Yre(2) + k2 Yim (2)-

(b) To find the particular solution with the initial condition (—1, 1) we set # = 0 in the general
solution and solve for k1 and k2. We get

4k =-1
—k + s/Bkz =1,
which yields k) = —1/4and ky = 3/ (v/154) = 4/15/20. The desired solution is

0 —cos (@ t) +3§sin (Jg t)
Y =€ .
O=e cos (lg t) +@sin (‘/2—1—5 t)
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22. Consider the point in the plane determined by the coordinates (kj, k). and let ¢» be an angle such
that K cos¢p = k) and K sin¢p = k. (Such an angle exists since (K cos ¢, K sin¢) parameterizes
the circle through (k1, k) centered at the origin. In fact, there are infinitely many such ¢. all differing
by integer multiples of 27r.) Then

X(t) = k1 cos Bt + kp sin St
= K cos¢cos Bt + K sin¢p sin ft
= K cos(ft — ¢).

The last equality comes from the trigonometric identity for the cosine of the difference of two an-
gles.



