ITERATED INTEGRALS
CALCULUS III
SPRING 2013

In class, we computed the integral

3 x+1
/ / (22%(y — 1)7% + 2y)dydx
2 Jo

by first computing the inner integral:

x+1
/ (222(y — 1) + 2y)dy
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_ —z+1
=(—2°(y— )"+ )|

(—22*((z+1) = 1)~ —ij(x +1)%) = (=222((2) = 1)+ (2)?)
= (—2¢%27 + (a® + 22+ 1)) — (—22°17" +4)
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and then plugging it into the outer integral:

3 z+1
/ / (22%(y — 1) + 2y)dydz
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3
:/ (32% — 3)dx
2

= (2* = 32)[12,

= ((3)* =3(3)) = ((2)* - 3(2)
= (27— 9) — (8 — 6) = 16.

We interpret this as an integral over the region that is both between
y =2 and y = x + 1 (the pale blue region below) and between = = 2

and x = 3 (the pale red region below),
1
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that is, the purple region below:

In order to switch the order of integration, we chopped the purple
region above into two pieces, the yellow and teal regions below:

We view the yellow region as the region that is both between x = 2 and
x = 3 (the pale red region below) and between y = 2 and y = 3 (the
pale green region below):
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and we view the teal region as the region that is both between x = y—1
and = = 3 (the pale blue region below) and between y = 3 and y = 4
(the pale green region below):

1 2 3 4

Since we had to chop up our region, we will have to chop up the integral,
too, when we switch the order of integration:

3 3 4 3
/ / (22%(y — 1) + 2y)da dy + / / (22%(y — 1)72 + 2y)dz dy.
2 J2 3 Jy-1

Note that the variable upper limit on the original y integral has become
a variable lower limit on the new x integral; this kind of change is
typical.
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To evaluate the switched integral, we first compute the inner inte-
grals:

(e[
- <§(3)3(y — 1)+ 2y(3)> — <§(2)3(y -1+ 2y(2)>
= (18(y — 1) + 6y) — (1—5(@/ — 1)+ 4y)

38

/_I(sz(y — 1) +2y)dx

r=3

2
= <§$3(y — 1) +2y- [E)
2

= (367 -7 +203) - (- 10— D7 + 20 - 1))

r=y—1

_ 2
= (18(y — 1) +69) — (5o~ 1) + 25>~ 2)
22 2
=18(y—1)" -2+ YT 3

and then plug them in to the outer integrals:

/23 /23(2x2(y —1)7% 4+ 2y)daz dy

= /23 <?(y — 1)+ 2y>dy

= (——(y -7+ y2> -

y=2
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nd
4 3
/ / (22%(y — 1) + 2y)dx dy
3 y—1

4 22 2
= / (18(y — D)7 =2+ =y + —>dy
3

a

3 3
= <—18(y — 1)t - §y3 + %yz + gy) Zj
- (_18((4) S §<4)3 + %(41)2 + §(4>)

(1) - ) - S0+ S0+ 50)
- <—6—1—§8+13£+§> (—9-18+33+2)
4
i

The astonishing thing is that, though we did very different interme-
diate work along the way, we wind up with the same answer:

3 z+1
/ / (22%(y — 1) + 2y)dy dz = 16
2 J2

and
3 3 4 03
/ / (22%(y — 1) 7> + 2y)dz dy + / / (22%(y — 1)7* + 2y)dz dy
2 2 3 y—1
34

=2 4 =16.
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