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INTRODUCTION



A GENERAL CLASSIFICATION THEOREM

Theorem (“Many hands”)

The class of separable, simple, unital, nuclear and Z-stable
C*-algebras that satisfy the UCT is classified by K-theoretic
invariants.

- No traces: Kirchberg-Phillips (1990s).
- We focus only on the case T(A) # @.
- Classifying invariant:

EL(A) = (Ko(A), Ko(A)+, [1alo, Ki(A),

T(A), T(A) x Ko(A) — R)



Impossible to summarize decades of work in a slide.
Some recent components relevant here:

Classification of “model” algebras

- Gong-Lin-Niu "15: classified C*-algebras with a certain
internal tracial approximation structure.

- The class exhausts range of Ell(—).

Realizing the approximations

- Elliott-Gong-Lin-Niu "15: abstract conditions on a
C*-algebra = concrete tracial approximations of GLN.

- Tikuisis-White-Winter "17: the abstract conditions are the
ones stated in the classification theorem.



AN ABSTRACT APPROACH

We offer an alternate route to classification, in an abstract
setting.

While tracial approximations are not used in this approach, the
broad roadmap used in that setting will guide us.



AN ABSTRACT APPROACH

We offer an alternate route to classification, in an abstract
setting.

While tracial approximations are not used in this approach, the
broad roadmap used in that setting will guide us.

We will (mostly) ignore the difficulties that arise from
non-separability or the lack of a unit.



CLASSIFICATION OF MORPHISMS

Rough scheme: produce invariant (functor) inv(—) st.
- (existence)
a: inv(A) = inv(B) = 3 p: A— Bst inv(p) =q;
- (uniqueness)
©,p: A— Bandinv(p) =inv(p) = @ =, Y.

End result: inv(A) = inv(B) = A= B.
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Rough scheme: produce invariant (functor) inv(—) st.

- (existence)

a: inv(A) = inv(B) = 3 p: A— Bst inv(p) =q;
- (uniqueness)

©,p: A— Bandinv(p) =inv(p) = @ =, Y.

End result: inv(A) = inv(B) = A= B.

Would also want:

- Ell(A) = EL(B) yields inv(A) = inv(B).



FIRST EXAMPLE: AF ALGEBRAS

Existence and uniqueness for morphisms of AF algebras
A, B = (unital) AF algebras.

1 a: (KO(A)>K0(A)+a [,IA]O) — (KO(B)7K0(B)+> [15]0)
— Jx-hom. p: A = Bst. a=Ko(p).

2. 0,p: A= Band Ko(p) = Ko(v) = =y Y.



FIRST EXAMPLE: AF ALGEBRAS

Existence and uniqueness for morphisms of AF algebras
A, B = (unital) AF algebras.

1 a: (KO(A)>K0(A)+a [,IA](J) — (KO(B)7K0(B)+> [15]0)
— Jx-hom. p: A = Bst. a=Ko(p).

2. 0,p: A= Band Ko(p) = Ko(v) = =y Y.

Classification of AF Algebras

If 3 isomorphism

a: (Ko(A), Ko(A)+, [1a]) = (Ko(B), Ko(B), [18]o),
then 3 isomorphism ¢: A — B st Ko(p) = a.
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Thomsen-Nielsen (early 90s): different proof of Elliott’s
classification of simple unital AT algebras. Need refined inv.



SECOND EXAMPLE: AT ALGEBRAS

Thomsen-Nielsen (early 90s): different proof of Elliott’s
classification of simple unital AT algebras. Need refined inv.

Definition
K5S(A) := U (A)/CU®(A)

CU>(A) is the closure of the commutator subgroup of U>(A).



SECOND EXAMPLE: AT ALGEBRAS

Thomsen-Nielsen (early 90s): different proof of Elliott’s
classification of simple unital AT algebras. Need refined inv.

Definition
K5S(A) := U (A)/CU®(A)

CU>(A) is the closure of the commutator subgroup of U>(A).

ﬁlg(A) came up in Thomsen'’s work on the role of the
relationship between and K-theory and traces in classification
theory.

Ko and traces

Briefly: [p]o € Ko(A) ~» the affine map T — 7(p) on T(A).
Write p,: Ko(A) — Aff T(A) for this function.



Thomsen-Nielsen provided existence and uniqueness
theorems for morphisms in the AT case using

(Ko(=). K'(=), AfFT(-))
as their invariant.

Examples show that ¢ =, @ might fail if ¢ and @ only agree on
Ko, Ky, and traces.
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MORE ON K. 5(A)

Thomsen's extension
Aff T(A —
0— 4 MR K28(A) — Ki(A) = 0
im P4

Thy is the inverse of an isomorphism

AffT(A)

imp,

ker (R?‘g(A) K (A)) o

defined using the de la Harpe-Skandalis determinant.



ONE MORE INGREDIENT: TOTAL K-THEORY

Definition
K(A) = Do Ko(AZ/nZ) & KA (A Z/nZ)

Can think of Kj(A;Z/nZ) as Ki(A® D
n)

n),
where Ko(Dp) = Z/nZ and K1(D,) = 0.



ONE MORE INGREDIENT: TOTAL K-THEORY

Definition
K(A) = @52 Ko(A; Z/NZ) & Ki(A; Z/nZ)

Can think of Kj(A;Z/nZ) as Kj(A ® Dy),
where Ko(Dp) = Z/nZ and K1(D,) = 0.
Slogan

Can check “closeness” of KK(¢) and KK(y) by checking that
K(p) and K(w) agree on large finite subsets of K(A).



THE INVARIANT

Definition

inv(A) := (K(A), K(A), AffT(A))
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THE INVARIANT

Definition

inv(A) := (K(A), K(A), AffT(A))

& (a,B,y): inv(A) — inv(E) consists of
a: K(A) = K(E), B: Ko *(A) > KG5(E), y: ATFT(A) — ATFT(E)
such that

KofA) s ATTT(A) 0 RS(A) — Ka(8)

lao ly lB loﬁ
Ko(E) 255 AFFT(E) "5 K5(E) —— Ki(E)
commutes.

10



AN APPROXIMATE UNIQUENESS THEOREM

Define By :=[]72,B/ > .72 B.
Theorem (C-Gabe-Schafhauser-Tikuisis-White)

- A:sep., exact, UCT

- B:sep., Z-stable, strict comparison, T(B) # @ & compact,
no unbounded traces

- ,p: A— By fullt nuclear x-hom’s

Then:
inv(p) =inv(y) = Q=Y
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AN APPROXIMATE UNIQUENESS THEOREM

Define By :=[]72,B/ > .72 B.
Theorem (C-Gabe-Schafhauser-Tikuisis-White)

- A:sep., exact, UCT

- B:sep., Z-stable, strict comparison, T(B) # @ & compact,
no unbounded traces

- ,p: A— By fullt nuclear x-hom’s
Then:
inv(p) =inv(y) = =Y

T (a) generates B, as an ideal Ya # 0.

n



AN APPROXIMATE EXISTENCE THEOREM

Theorem (CGSTW)

A and B as above.

(a,B,y): inv(A) — inv(Bs) : compatible triple that is “faithful
and amenable on traces”t (and unital* in unital case)

Then: 3 a full nuclear x-hom. @: A — By Sit.

inv(@) = (a,B,V)

(unital in unital case)
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AN APPROXIMATE EXISTENCE THEOREM

Theorem (CGSTW)
A and B as above.
(a,B,y): inv(A) — inv(Bs) : compatible triple that is “faithful

and amenable on traces” (and in unital case)
Then: 3 a full nuclear x-hom. @: A — By Sit.
inv(e) = (a,B,v)

(unital in unital case)

T y*(T(B)) C T(A) consists of faithful amenable traces
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AN APPROXIMATE EXISTENCE THEOREM

Theorem (CGSTW)

A and B as above.

(a,B,y): inv(A) — inv(Bs) : compatible triple that is “faithful
and amenable on traces”t (and unital* in unital case)

Then: 3 a full nuclear x-hom. @: A — By Sit.

inv(@) = (a,B,V)

(unital in unital case)

T y*(T(B)) C T(A) consists of faithful amenable traces
a0 ([1alo) = [M8.0]o

12



A QUICK APPLICATION (DUE TO C. SCHAFHAUSER)
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A QUICK APPLICATION (DUE TO C. SCHAFHAUSER)

: amenable group; T:canonical trace on Ci(I)

- Higson-Kasparov: I satisfies Baum-Connes.
- Luck: range of Ko(T) is contained in Q = Ko(Q).
- Tu: C¥(I') satisfies UCT.

Not too hard to produce compatible triple inv (C;(I)) — inv(Q)
from Ko(T).
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A QUICK APPLICATION (DUE TO C. SCHAFHAUSER)

I : amenable group; T:canonical trace on Ci(IN)

- Higson-Kasparov: T satisfies Baum-Connes.
- Luck: range of Ko(T) is contained in Q = Ko(Q).
- Tu: C¥(I') satisfies UCT.

Not too hard to produce compatible triple inv (C;(I)) — inv(Q)
from Ko(T).

Punchline:

3 trace-preservin ; - i
- p g & T is amenable < d trace-preserving
G —= Q9 LlFr >R

13



STRATEGY




THE TRACE-KERNEL EXTENSION

The trace-kernel ideal is

Jg = {(Xn) € B : nl'_@o [Xnll2,u = 0}7
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THE TRACE-KERNEL EXTENSION

The trace-kernel ideal is
Jo = {(Xn) € Boo : im [}tz = 0},

where ||x|lo.u = sup T(x*x)"/2.
TET(B)
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The trace-kernel ideal is
Jg = {(Xn) € B : ﬂll—@o IXnll2,u = 0}7

where ||x|lo.u = sup T(x*x)"/2.
TET(B)

The trace-kernel extension is

0—Jg— Bs — B — 0.
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THE TRACE-KERNEL EXTENSION

The trace-kernel ideal is
Jg = {(Xn) € B : ﬂll—@o IXnll2,u = 0}7

where ||x|lo.u = sup T(x*x)"/2.
TET(B)

The trace-kernel extension is

0—Jg— Bs — B — 0.

Analogy with TAF case: B® ~ “tracially large corner”
Jg ~ “tracially small corner”

14



APPROXIMATE CLASSIFICATION OF MORPHISMS: MAJOR STEPS

0 Ig B B* —— 0
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1. Classify morphisms into B*®
2. Classify lifts of morphisms to B,
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APPROXIMATE CLASSIFICATION OF MORPHISMS: MAJOR STEPS

A —
NBOO

0 B B* —— 0

1. Classify morphisms into B*®
2. Classify lifts of morphisms to B,
3. Adjust the K-theory, exploiting Jg

15



TECHNIQUES, STEP BY STEP



CLASSIFICATION INTO B>

Think of B* as a ll; factor—a tracial ultrapower of m¢(B)".



CLASSIFICATION INTO B>

Think of B* as a ll; factor—a tracial ultrapower of m¢(B)".
(It's not.)
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White & Winter on complemented partitions of unity (CPoU) to
deal with B*.
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We rely on very recent work of Castillejos, Evington, Tikuisis,
White & Winter on complemented partitions of unity (CPoU) to
deal with B®°.

Theorem
- A: separable, exact

- B: CPoU, T(B) # @ & compact, no unbounded traces

© @, : A— B> nuclear x-hom’s

W and @ agree on traces = Y ~y .

Moreover:
f: T(B>*) = Tamen(A) = I nuclear 8: A — B> s.t. T(0) =f



CLASSIFICATION OF LIFTS

Adapt Schafhauser’s approach to the TWW theorem:
think in terms of extensions, KK-theory.
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CLASSIFICATION OF LIFTS

Adapt Schafhauser’s approach to the TWW theorem:
think in terms of extensions, KK-theory.

Theorem (Existence for lifts)

0: A — B> full nuclear x-hom and k € KKnuc(A, Boo)
= J full nuclear lift p: A = Bs Of 0 S.t. [P]kkyue = K-

(Very) roughly:

- 8 determines a pullback extension eg whose class in
Extnuc(A, Jg) vanishes.
- [eg] =0 = egyd(trivial extension) ~ a split extension.
- Weyl-von Neumann type absorption theorems
—  epd(trivial extension) ~ eg.



What if we have two lifts ¢ and g of 67

A 6
oo N\
0 IB Boo B*® ——— 0

Want to guarantee (a strong form of) uniqueness with a
condition that can be verified by comparing invariants.

19



Think of Voiculescu’s Theorem:

A 0
Al N\
(H) —— QH) ——

O — K —— B

If @, w are “admissible” (faithful, nondegenerate, and
P(A)NK = {0} = w(A)NK), then © ~, .

0

20



Think of Voiculescu’s Theorem:

u\

0 — K —— B(H — 0

If @, w are “admissible” (faithful, nondegenerate, and
P(A)NK = {0} = w(A) NK), then ¢ =~ Y.

More can be said:

Theorem (Dadarlat-Eilers '01)

Suppose: Ais sep.; o, p: A — B(H) are admissible lifts of 6.

Then:

[0, ] =0 € KK(A,K) = @ =~y @ via unitaries in KK+ Cly .

20



A 6
ofle N
Theorem (Uniqueness for lifts)
A: sep., exact;
B: sep., Z-stable, strict comparison, T(B) # @ & compact;
©, w: full nuclear lifts of 6.

[0, W] =0 € KLnuc(A,Jg) = ~, W via unitaries in Jg .

21



ADJUSTING K-THEORY: ROTATION MAPS

Need to get a handle on [, W] € KLnyc(A, Jp).
For instance, when does it vanish?
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ADJUSTING K-THEORY: ROTATION MAPS

Need to get a handle on [, W] € KLnyc(A, Jp).
For instance, when does it vanish?

We'll answer this in terms of K(—) and Ealg(—).

22



3 morphism
Jut Klnuc(A,Jg) — Homy (K(4), K(Boc) )
[0, W] = K(p) — K(p)

induced by J: Jg — Bso.
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3 morphism
Ju: KLouc(A,J8) = Homy (K(A), K(Bw) )

[0, W] = K(p) — K(w)

induced by J: Jg — Bso.

Subtle obstruction: even if p(u) ~p, w(u) is true for u € U(A),
the path ¢ connecting them might have nonzero “winding
number”.
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3 morphism
Ju: KLouc(A,J8) = Homy (K(A), K(Bw) )

[0, W] = K(p) — K(w)

induced by J: Jg — Bso.

Subtle obstruction: even if @(u) ~, w(u) is true for u € U(A),
the path ¢ connecting them might have nonzero “winding
number”.

This leads to a rotation map R,y Which (roughly) assigns the

function : : -
t _
o [, T(Cgr s o

on T(Bx) to [u]s € Kq(A).

23



Can define an abstract rotation map R on kerj, C KLnyc(A,)).
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— |
R(l. w]) and Ky*(w) — K3 (w).
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Can define an abstract rotation map R on kerj, C KLnyc(A,)).

When ¢ & w agree on K(A) and traces, we can (explicitly) relate
— |
R(l. w]) and Ky*(w) — K3 (w).

Punchline: assuming K(¢) = K(y),

K0)-Kw) =0 — R(p,y])=0 — [p,y]=0.

This let us use the classification theorem for lifts.

2%



A NON-UNITAL APPLICATION




NON-UNITAL CLASSIFICATION

Let
ELF(8) = (Ko(A), Ko(A)+ 2, Ka(A), TH(A), 1} )

Theorem
Suppose A and B are non-unital, simple, separable, nuclear,
Z-stable C*-algebras satisfying the UCT, with

THA) # @ # TH(B).
Any isomorphism EI*(A) = EILY(B) lifts to an isomorphism
A B.

25



THANK YOU!
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