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The Exel-Loring formula

Theorem (Exel-Loring ’91)

Suppose u, v ∈ U(n) satisfy ‖uv − vu‖ < ε. Associate a
K0-element K(u, v) to (u, v) as follows:

regard this pair as an approximately multiplicative map
π : C ∗(Z2)→ Mn(C) (s 7→ u, t 7→ v etc.);

write K0(C ∗(Z2)) ∼= Z⊕ Zx and let q be a projection s.t.
[q]− 1 = x ∈ K0(C ∗(Z2));

set
K(u, v) = π](q)− π](1) ∈ K0(Mn(C)) ∼= Z

Then

K(u, v) =
1

2πi
Tr Log(uvu−1v−1).
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A result of Dadarlat

Some notation

M : compact connected orientable manifold with π1(M) = G

` ∈ KK (C,C (M)⊗ C ∗(G )) : element corresponding to
Mischenko line bundle

µ : KK (C (M),C)→ K0(`1(G )) : Lafforgue version of
assembly map

A : unital C ∗-algebra with trace τ

z ∈ KK (C (M),C)

Theorem (Dadarlat)

There are F ⊂⊂ G and δ > 0 s.t. if π : G → GL(A) is an
(F , δ)-morphism, then

τ(π](µ(z))) := 〈chτ ((1⊗ π)](`)), ch(z)〉.
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A special case

For the rest of the talk, M = 2 dimensional.

Dadarlat’s result in this case

ch: KK (C (M),C)→ H0(M,Z)⊕ H2(MZ) is a bijection, as is
the assembly map µ : KK (C (M),C)→ K0(C ∗(G )).

K0(M) is generated by a character ι : C (M)→ C and by its
fundamental class [M] ∈ K0(M) satisfying ch[M] = [M].

Therefore may write K0(C ∗(G )) ∼= Z⊕ Zµ[M].

The theorem says that

π](µ[M]) = 〈chτ (1⊗ π)](`), [M]〉.

Can we compute this?
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Example result

Riemann surface Mg

Mg = g -holed torus (compact connected orientable surface of
genus g ≥ 1)

Γg = π1(Mg ) ∼= 〈s1, t1, . . . , sn, tn :
∏g

i=1[si , ti ] = 1〉

Theorem (C-Dadarlat)

∃ ε s.t. ∀ {u1, v1, . . . , ug , vg} ⊂ U(A) satisfying

‖
g∏

i=1

[ui , vi ]− 1‖ < ε,

there is an almost-homomorphism π : Γg → U(A) [[definition of
π?]] with

τ(π](µ[Mg ])) =
1

2πi
τ(log(

g∏
i=1

[ui , vi ])).
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The Mischenko Line Bundle

EG ×G `
1(G )

BG

This is a bundle P over BG with
fibers all equal to `1(G ). Introduced
by Mischenko in ??.

Example to keep in mind

R2 ×Z2 `1(Z2)

T2

Quotient of R2 × `1(Z2) by diagonal
action of Z2

Will need more explicit description in terms of a convenient cover
of BG and gluing maps (transition functions).
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Notation, triangulations

Let M = BG . Add w/e notation is missing after explaining
Marius’s index thm

Λ : triangulation of M

Λ0 = {v0, . . . , vn} :
vertices of Λ

fix partial order on Λ0 such
that the vertices of each
simplex are totally ordered.

v0 v1 v2 v0

v0 v1 v2 v0

v3

v6

v3

v6

Triangulation of T2
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Dual cells and cell blocks

Dual cell blocks

σ = 〈v0, v1, v2〉
define the dual cell block

Uσ
i = {

∑2
l=0 tlvl ∈ σ : ti ≥ tl ∀ l}

and the dual cell to vi

Ui = ∪{Uσ
i : vi ∈ σ}

v0

v1

v2

Uσ
0

Uσ
1

Uσ
2

The Ui ’s “cover” M. Will describe P as the bundle obtained from
the disjoint union

⋃
Ui × `1(G ) by gluing along intersections

Ui ∩ Uj .
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Transitions functions for P

v0

s6,0 = t

v6

s5,3 = s

s8,0 = st

From edges to group elements

Our transition functions will be constant. To construct them:

Fix a spanning tree T of Λ.

An oriented edge vivj determines a loop γij based at v0.

Let sij = [γij ] ∈ π1(M) = G .
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José R. Carrión Invariants of almost-flat bundles Background and setup



Convenient description of P

The bundle

P ∼= the bundle obtained from the disjoint union
⋃

Ui × `1(G ) by
identifying (x , a) with (x , sija) whenever x ∈ Ui ∩ Uj .

The projection

Let {χi} = partition of unity ≺ {Ui}. Identify P with the projection∑
eij ⊗ χ

1/2
i χ

1/2
j ⊗ sij ∈ Mn(C)⊗ C (M)⊗ `1(G )

(eij = standard matrix units).
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The push-forward of P

Let π : G → U(A) be an ({sij}, ε)-multiplicative map.

Example: G = Z2

Write Z2 = 〈s, t : sts−1t−1 = 1〉. Then
{sij} = {1, s, t, st, s−1, t−1, (st)−1}. If u, v ∈ U(A) with [u, v ]
almost = 1A, then π(s l tk) := ulvk , (l , k ≥ 0) and π(·−1) = π(·)∗
defines an almost-homomorphism.

The push forward

(1⊗ π)(P) =
∑

eij ⊗ χ
1/2
i χ

1/2
j ⊗ π(sij)

is nearly a projection in Mn(C)⊗ C (M)⊗ A. Perturb it to a
projection χ((1⊗ π)(P)) using functional calculus. Define

π](P) = the K0 class of χ((1⊗ π)(P)).

José R. Carrión Invariants of almost-flat bundles Push-forwards and associated bundles



The push-forward of P

Let π : G → U(A) be an ({sij}, ε)-multiplicative map.

Example: G = Z2

Write Z2 = 〈s, t : sts−1t−1 = 1〉. Then
{sij} = {1, s, t, st, s−1, t−1, (st)−1}. If u, v ∈ U(A) with [u, v ]
almost = 1A, then π(s l tk) := ulvk , (l , k ≥ 0) and π(·−1) = π(·)∗
defines an almost-homomorphism.

The push forward

(1⊗ π)(P) =
∑

eij ⊗ χ
1/2
i χ

1/2
j ⊗ π(sij)

is nearly a projection in Mn(C)⊗ C (M)⊗ A. Perturb it to a
projection χ((1⊗ π)(P)) using functional calculus. Define

π](P) = the K0 class of χ((1⊗ π)(P)).
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The bundle corresponding to π](P)

Definition

A Hilbert A-module bundle E over M is a topological space E with
a projection E → X s.t. the fiber over each point has the structure
of a Hilbert A-module V , and with local trivializations
φ : E |U

∼−→ U × V that are fiberwise Hilbert A-module
isomorphisms.

K0(C (M,A)) ∼= the K -theory group of (finitely generated
projective) Hilbert A-module bundles over M.

What is the Hilbert A-module bundle corresponding to π](P)?

Idea: once we have bundle corresponding to π](P), can try to
apply Chern-Weil theory to compute the appropriate Chern
character.
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Almost flat bundles

Smooth structure

A f.g.p. Hilbert A-module bundle E over M admits a unique
smooth structure.

There is a notion of a connection (covariant derivative) on E .

A connection ∇ has an associated curvature Ω.

For us, the fibers of E are all ∼= A. So Ω is an A-valued 2-form:

Ω ∈ Ω2(M,A) = Γ(Λ2T ∗M ⊗ A).

Definition

A Hilbert A-module bundle is α-flat if there is a unitary connection
∇ s.t. ‖Ω‖ < α.
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Almost-flat bundles and almost-representations

Bundles  representations

Connes-Gromov-Moscovici ’90: cyclic cohomology approach to
the Novikov conjecture. Studied homotopy invariants of
almost flat bundles.

One idea used: associate almost representation π of π1(M) to
an almost flat bundle E over M. (Here A = Mk(C).)

Briefly: fix unitary connection ∇,
base point v0 ∈ M. For each
element of π1(M), choose loop γ
based at v0 representing it. Then
π “=” parallel transport along γ.
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Almost homomorphisms  almost-flat bundles

We start with our almost homomorphism π and construct an
almost flat bundle Eπ. The two constructions end up being inverse
to each other.

Related to computation of “topological charge” of lattice gauge
fields and some work in theory of topological insulators (e.g. A.
Phillips-Stone ’90).

How to construct Eπ?

Have a cover {Ui}. Will define transition functions
cij : Ui ∩ Uj → GL(A) with cij(x) very close to sij .

Because the cij ’s will be almost constant, the bundle will be
almost flat.
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How not to construct Eπ

Try to define transition functions cij naively: cij(x)
?
= π(sij).

Must check: cijcjk = cik on Ui ∩ Uj ∩ Uk

c8,6 = π(s8,6) = π(s) = u

c6,0 = π(t) = v

c8,0 = π(st) = uv

c8,6c6,0 = uv = c8,0

c8,0 = π(st) = uv

c3,0 = π(s) = u
c8,3 = π(st) = v

c8,3c3,0 = vu 6= uv = c8,0

José R. Carrión Invariants of almost-flat bundles Push-forwards and associated bundles



How not to construct Eπ

Try to define transition functions cij naively: cij(x)
?
= π(sij).

Must check: cijcjk = cik on Ui ∩ Uj ∩ Uk

c8,6 = π(s8,6) = π(s) = u

c6,0 = π(t) = v

c8,0 = π(st) = uv

c8,6c6,0 = uv = c8,0

c8,0 = π(st) = uv

c3,0 = π(s) = u
c8,3 = π(st) = v

c8,3c3,0 = vu 6= uv = c8,0
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José R. Carrión Invariants of almost-flat bundles Push-forwards and associated bundles



How not to construct Eπ

Try to define transition functions cij naively: cij(x)
?
= π(sij).

Must check: cijcjk = cik on Ui ∩ Uj ∩ Uk

c8,6 = π(s8,6) = π(s) = u

c6,0 = π(t) = v

c8,0 = π(st) = uv

c8,6c6,0 = uv = c8,0

c8,0 = π(st) = uv

c3,0 = π(s) = u

c8,3 = π(st) = v

c8,3c3,0 = vu 6= uv = c8,0
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Define the transition functions

π(s1,2)π(s0,1)

path π(s0,2) π(s0,1)π(s1,2)

v0

v1

v2

Let σ = 〈v0, v1, v2〉 (written in increasing order).

Notice that Uσ
0 ∩ Uσ

2 : a segment

Definition: cσij : Uσ
i ∩ Uσ

j → GL(A)

cσ0,1 ≡ π(s0,1)

cσ1,2 ≡ π(s1,2)

cσ0,2(t) = (1− t)π(s0,2) + tπ(s0,1)π(s1,2), 0 ≤ t ≤ 1.
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The almost flat bundle Eπ

For fixed i , j , the cσij ’s define a map cij : Ui ∩ Uj → GL(A). The
cij ’s form a family of transition functions.

Definition: Eπ

Eπ = the bundle obtained from
⋃

Ui × A by identifying (x , a) with
(x , cij(x)a) whenever x ∈ Ui ∩ Uj .

Proposition

[Eπ]0 ∈ K0(C (M,A)) is the same as π](P).
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The de la Harpe-Skandalis determinant

Recall one of the invariants in Exel-Loring: Tr Log([u, v ]).
Replacement: the de la Harpe-Skandalis determinant (’84).

Definition: ∆̃τ

Fix τ ∈ T (A). For a C 1 path ξ : [t1, t2]→ GL∞(A) define

∆̃τ (ξ) =
1

2πi
τ

(∫ t2

t1

ξ′(t)ξ(t)−1dt

)

‖ξ(t)− 1‖ < 1⇒ 2πi∆̃τ (ξ) = τ(Log(t2))− τ(Log(t1)).

∆̃τ defines a homomorphism ∆τ : GL0
∞(A)→ C/τ(K0(A)),

the de la Harpe-Skandalis determinant.
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Main theorem

Theorem (C-Dadarlat)

Recall setup:

G : discrete countable group with M = BG compact
orientable surface

A : unital C ∗-algebra with trace τ

sij : group element corresponding to edge vivj

π : G → U(A) : an ({sij}, ε)-homomorphism

P : Mischenko line bundle; Eπ : bundle corresponding to
π](P) ∈ K0(C (M,A))

For a simplex σ = 〈xi , xj , xk〉 (written in increasing order), let ξσ
be the linear path π(sij)π(sjk) π(sik) in GL(A). Then

1

2πi
〈τ(π](P)), [M]〉 =

1

2πi

∫
M

chτ (Eπ) =
∑
σ

∆̃τ (ξσ).
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Main application

state result with Mg
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G = Z2

Recall: Z2 generated by s, t; let u, v ∈ U(A) almost commute.
π : Z2 → U(A) is an almost homomorphism s.t. π(s) = u,
π(t) = v , π(st) = uv .

∆̃τ (vu  uv) = τ(Log([v , u]))

π(s) = u

π(1) = 1

π(s) = u

∆̃τ (u · 1 u) = 0

∆̃τ ( ) = 0
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G = Γ2

Γ2 = 〈α, β, γ, δ | [α, β][γ, δ] = 1〉.
BΓ2 = M2 = double torus.

figure with octagon (similar to last one on prev. slide)
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