Scame free actions of cyclic groups on spheres

J. Milnor, December 1963

Iet p > 5 be prime and let n 2:5 be odd. This ncote will

ghow that the cyelic group 1T of order p can act differentiably on

the n-sphere, without fixed points, EE infinitely many different ways.

These actions are "different" in the sense that the corresponding quo-
tient manifolds M = sn/n can be distinguished by their Reldemeister-
Franz-~de Rham torsion invarients, Hence two such "different" manifolds
M, M! cannot have the same simple homotopy type, cannot be piecewise=-
linearly homeomorphic, and cennot be diffeomorphie, (It is not known
whether or not M and M! can be homeomorphic, )
First let me review the basic properties of the torsion in-

variant, following [3], [41, Tet K be a finite, connected CW-complex

and let N1 denote the fundamental group of K, Iet
£f: z[0] —— ¢

be a ring homomorphism from the integral group ring to the complex
nunbers., If the homology groups Hi(K; ¢,) are all zero (homology
with local coefficients twisted by £) then the torsion invariant
ALK e eo/i fI is defined. (Here K denotes the universal covering

;

conplex, EO the multiplicetive group of non-zero complex numbers,
and + £ I the subgroup generated by £(M) and +1 .) To simplify

the notation we will henceforth leave off the tilde, and write simply

£? K.
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Similarly, given a pair K, L with H(K, I; cf) = 0 the

torsion AT(K’ L) is defined., This satisfies the identity
(1) 2(K, L) = AX/AL,

providing that the three terms are defined. (If two out of three are
defined, then the third is automatically defined,)

If W is a triangulated manifold of dimension n with boun-
dary bW, then the following duality theorem holds. We must assume

that [£(t)| =1 for t el = (W), Then
(2) A(0H) = (AfW)(ZfW)S(n)

vhere A Qenotes the complex conjugate and g{n) = (-1)% . We will
also need the following veriant form, If M is a triangulated mani-

Told without boundary of dimension n - 1 then

(3) st = (agne®)

Now consider en h-cobordism (W; M, M!)., That is, assume that
W 1s a smooth menifold with boundary M + M' , and that both M and
M' are deformation retrasets of W. Choosing a Cl-triangulation of

(W; M, M') we will assume that the torsion

AM € Cyf+ T
is defined,
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Lemma 1, Then AM!  1is defined, and equal to

(aght) ay(W, W) (Zy(w, 1)E(m)

Proof. Since M is g deformation retract of w it is elear
that Af(w, M) is defined. Thus A is defined, and similarly

A*.E‘M' is defined, Consider the duality statement
Ap(BW) = (aW)(E,0)E(®)
£ Apt \lp .

Since Af(bw) = (AfM)(AfM') and since AN = (AfM) af(w, M) , this

can be rewritten ss

(gt = (ag) a,(, W)@ SE)(E, (0, uy)s(a) |

Now dividing through by

AfM = (EfM)e(n)

we obtaln the required formula

A = (agh) aglW, WE,(v, u))S() |

Henceforth we will assume that the dimension n of W is

even, Thus Lemma 1 can be rewritten in the form

(%) At = (o) A, w2,

Suppose that we are given the manifold M with fundamental

group I, end wish to construct the h-cobordism (W; M, M!'),
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Lenma 2 (Stallings), If dim(M) > 5 then the h-ccobordism

(w; M, Mt) can be constructed 80 that A (w,
image, in ¢ of 1

M) is equal to the

» Of any unit of the ring z[nj .

Proof. Stallings actually observes that the h-cobordism

can be constructed so that the Whitehead torsion invariant T(W M)

is any desired element of the Whitehesd group

WA(Il) = QL(e, Z{H])/(Commutators, + 1),

(See Staellings [6,§21. ) In particular if ¥ is a unit of Z{N] then

W can be chosen so thet (W, M) is the element of wh(m) correspon-

ding to the metrix

1 € GL{«w, 2[n]) ,

It is then clear that Af(w, M) 1is equal to the image of u in

co/i fI. (Compare Cockeroft [1], or {3, pg. 5891.) This completes

the proor,

Thus in order to construct examples of h-cobordisms, ve

need only lock for units in Z[M] . To be more specific, let us now

assume that I 1g cyelic of order p with generator t

2zl —s ¢ by £(t) = exp(2mi/p),

Define

Lemma 3 (Higman), If p>5 is an integer of the form 6k +1

then Zz[N] containg gunit u with |f(u)| A1 .
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Proof, This follows easily from Higman [2], Alternatively,

here is a direct proof., Let

u:'t-i-t-l-l

so that f{u} = 2 cos(2r/p) =L £+ 1 . To see that u is a unit

it is only necessary for the reader to verify the identity

u(l+t-t3-th+t6+t7-—++... -—+tp"}")-= 1

for p =1 (mod 6); or

2 6

++""o-o"-+‘tp-3+tp~2)=l

w(e L+ 85+ 10 -t” -t
for p = -1 (mecd 6). This completes the proof.

Now combining the three leﬁmas we have the following.

Theorem. Iet M be a smooth manifold of odd dimension > 5

vhose fundemental group is cyelic of order p = bk +1, »p>5. Then

there exist infinitely many manifolds M, M, M3, ess Waoich are

h-cobordent to M, but such that no two have the same simple homotopy

type.

Proof, TFor esch integer m we can choose the h-cobordism

(Wm; M, M) so that

gl 0] = [£™)]
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Then AM = (AfM)If(u)fam.

Since [f(u)] # 0,1 the real numbers lagM | are all distinct,

This dces not yet prove that the Mﬁ all have distinet simple
homotopy typés, gsince the invariant IAmel dépends on the choice

of £, But there are only finitely meny homomorphisms from 2[I]

to @, so out of the infiﬁite sequence M, M,, ... one can certainly
extract an infinite subsequence consisting of pairwise distinct mani-

folds., This completes the proof,

In particular let us spply this theorem to s Iens spsce

L = sgk'l/n .
The resulting heccobordant manifolds Ll’ I?, ees will 21l have

universsl covering spaces diffecmorphic to the sphere, (See Smale

[5].) Thus we have infinitely meny distinct free actions of the

cyclic group TT on g2kl . But there are only finitely many

orthogonal actions of T on Sek-l « Thus we have:

Corollary. For 2k - 1>5 and p prime > 5 there exist

infinitely many smooth fixed point free actions of the cyelic group

of order p on g?=1 hich are not smoothly equivalent %o

orthogonal actions,

It would be interesting to know whether any corresponding

phenomencn cccurs in dimension 3,
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