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Plan of the talk
ÅGomapsumida to the actual organizers
ÅSmooth foliations and basic cohomology
ÅRiemannian foliations
ÅAdditional structure: bundle-like metrics
ÅThe standard basic Laplacian
ÅTwisted duality for basic cohomology
ÅDefinition of ordinary Dirac operator
ÅDefinition of basic Dirac operators
ÅInvariance of the spectrum of basic Dirac 

operators
ÅA modified differential
ÅPoincare duality for modified basic cohomology



Smooth foliations

ÅLet (M,F) be a smooth manifold along with a 
smooth foliation F. This means that F is a 
partition of M into immersed submanifolds
(leaves) such that the transition functions for 
the local product neighborhoods are smooth.

ÅLet TFdenote the tangent bundle to the 
foliation. At each point p of M, TpF is the 
tangent space to the leaf through p .



Basic forms

ÅBasic forms of (M,F) are forms that are 
smooth on M but that locally are forms which 
depend only on the variables of the leaf 
spaces, the quotient of the local product by 
the leaves. Let
denote the space of basic forms.

ÅInvariant definition: 

EÝM,FÞÐEÝMÞ

EÝM,FÞ:áG5EÝMÞ: iÝXÞG:0,

iÝXÞdG:0, -X 5TFâ



Basic cohomology
ÅNote that the exterior derivative d maps basic 

forms to basic forms, and thus we may define the 
basic cohomology as

with

ÅPhysics-y interpretation: we are doing calculus 
with the set of leaves (strings?). One can think of 
basic forms as forms on the space of leaves (a 
singular, possibly non-Hausdorff space) or of leaf 
closures, and basic cohomology is a smooth 
version of the cohomology of that space. But not 
really.

HkÝM,FÞ: kerdk

Im dk?1

dk :d :EkÝM,FÞ́ Ek+1ÝM,FÞ



Basic cohomology, continued

ÅBasic cohomology can be infinite dimensional. It 
can be really trivial.

ÅWe can also define basic cohomology of forms 
twisted by a vector bundle. If one does this, one 
can learn a lot about the topology of the leaf 
space of the foliation.

ÅBasic Cohomology does not satisfy Poincaré
duality. If there are additional restrictions, it may 
satisfy duality --- for example, if the manifold has 
a metric for which the leaves are equidistant and 
are minimal submanifolds.



Riemannian foliations

ÅRiemannian foliations are smooth foliations 
endowed with a holonomy-invariant metric on 
the quotient bundle .

ÅThis means that      has a metric       such that 

(        means Lie derivative with respect to   .)

ÅOne thinks of this as a metric on the (singular) 
space of leaves. But not really.

Q:TMlTF

Q gQ

OÝXÞ X

OÝXÞgQ :0, -X5TF



Additional structure: bundle-like 
metrics

ÅA bundle-like metric on a Riemannian foliation

is a metric on M such that its 
restriction to                        agrees with        
through the natural isomorphism                  .

ÅEvery Riemannian foliation admits bundle-like 
metrics, and there are many choices of 
bundle-like metrics that are compatible with a 
given                    structure. One may freely 
choose the metric on the leaves and also the 
transverse subbundle .

ÝM,F,gQÞ
NF:ÝTFÞe gQ

NFrQ

NF

ÝM,F,gQÞ



Bundle-like metrics, continued
ÅA bundle-like metric on a smooth foliation is 

exactly a metric on the manifold such that the 
leaves of the foliation are locally equidistant.

ÅThere are topological restrictions to the existence 
of bundle-like metrics (and thus Riemannian 
foliations). Important examples include:

ïThe leaf closures partition the manifold(are disjoint).

ïThe basic cohomology is finite-dimensional.

ïThe orthogonal projection 

maps the subspace of smooth forms onto the 
subspace of smooth basic forms.

P : L2ÝEÝMÞÞ́ L2ÝEÝM,FÞÞ



Riemannian foliations, continued

Historical note:

Riemannian foliations were introduced by B. 
Reinhart in 1959. Good references for 
Riemannian foliations and bundle-like metrics 
can be found in the books and papers by B. 
Reinhart, F. Kamber, Ph. Tondeur, P. Molino.



The basic Laplacian

ÅOn a Riemannian foliation with bundle-like 
metric, one can define a basic Laplacian that 
maps basic forms to basic forms:

where      is the L2-adjoint of the restriction of 
d to basic forms:                  is the ordinary 
adjoint of d followed by the orthogonal 
projection to the space of basic forms.

ÅThis operator and its spectrum depend on the 
choice of bundle-like metric.

=b :dJb+Jbd :EÝM,FÞ́ EÝM,FÞ
Jb

Jb :PJ



Basic Laplacian, continued
ÅThe basic Laplacian can be used to define transversal 

heat flow on Riemannian foliations with bundle-like 
metrics. Such a flow corresponds to assuming that the 
leaves of the foliation are perfect conductors of heat.

ÅIt turns out that the basic Laplacian is the restriction of 
a non-symmetric second order elliptic operator on all 
forms. Only in special cases is it the same as the 
ordinary Laplacian.
ÅIt is also not the same as the formal Laplacian defined 

on the local quotient (or transversal). This transversal 
Laplacian is in general not symmetric on the space of 
basic forms, but it does preserve the basic forms.
ÅThe basic heat flow asymptotics are more complicated 

than that of the standard heat kernel, but there is a fair 
amount known (Transactions AMS paper to appear).



The basic adjoint

Properties of the adjoint of the restriction of 
d to basic forms (see Park-R paper in Amer J Math):

Here,      is the pointwise transversal Hodge star 
operator, and          denotes interior product 
with the projection of the mean curvature 
one-form onto basic forms, and       is the 
formal adjoint of d on the local transversals.

Jb

Jb :PJ

:­DdD+QbÕ

:JT+QbÕ,

Jb

D
QbÕ

JT



The mean curvature form
ÅLet                                      , where                          is 

the bundle projection, and                      is a local 
orthonormal frame of TF. This is the mean 
curvature vector field, and its dual one-form is

. The projection                    is the basic 
one-form on the previous slide.

ÅThe operator         is the (pointwise) adjoint of the 
operator           . Clearly, it depends on the choice 
of bundle-like metric.

Å is a closed form whose cohomology 
class in                     is independent of the choice of 
bundle-like metric (see Álvarez-López )

H :>
i:1
p ZÝ4f i

Mf iÞ
áf iâi:1,`,p

Q:HÊ Qb :PQ

QbÕ
QbT

Qb :PQ
H1ÝM,FÞ

Z: TM´NF



Twisted duality for basic cohomology

ÅEven for Riemannian foliations, Poincaré
duality does not hold for basic cohomology. 

ÅHowever, note that                    is also a 
differential which defines a cohomology of 
basic forms, and                                    , etc.

ÅConclusion (Kamber/Tondeur/Park/R): if q is 
the codimension of the Riemannian foliation, 
then

d?QbT

Hd
DÝM,FÞrHd?QbT

q?D ÝM,FÞ

DJb :­Ýd?QbTÞD



The ordinary Dirac-type operator

ÅEuclidean space:

Å3 dimensions: 

ÅIn general:

ÅPhysics: eigensections correspond
to particles with spin at different 
energy levels.

D:>ei 6//xi
, ei 6ej 6+ej 6ei 6:?2Jij 1

e16:
0 1

?1 0
, e26:

0 i

i 0
, e36:

i 0

0 ?i

D:>ei 64i



Examples of Dirac 
operators

Åά¢ƘŜέ ǎǇƛƴ-c Dirac operator

ÅThe de Rham operator

ÅThe signature operator

Here,

ÅThe Dolbeault operator 

d+J:EevenÝMÞ́ EoddÝMÞ

d+J:E+ÝMÞ́ E?ÝMÞ
l:­D, l2 :1

E­ÝMÞ:áF5EDÝMÞ:lF:­Fâ

/+/:E0,evenÝMÞ́ E0,oddÝMÞ



More on the de Rham operator

ÅThe Laplacian is

ÅWe have

Å!ƴŘ ΧΦ

Ýd+JÞ2 :=

kerÝd+JÞ: harmonic forms

indexÝd+JÞ|Eeven

:dimkerÝd+JÞ|Eeven ?dimker Ýd+JÞ|Eeven

D

:aÝMÞ



Basic Dirac operators
ÅGiven a Riemannian foliation ( M,F ) of 

codim q with compatible bundle-like metric, 
Ea foliated vector bundle,

ÅReferences: Glazebrook-Kamber, S.D.Jung

Dtr s:>
i:1

q

ei 64ei

E s ,

Dbs:1
2
ÝDtr +Dtr

DÞs:>
i:1

q

ei 64ei

E s?1
2
Qb
Ì6s



Example: basic de Rham operator

ÅWe have
Dtr :d+JT :d+Jb?QbÕ:EevenÝM,FÞ́ EoddÝM,FÞ

Db :1
2
ÝDtr +Dtr

DÞs:d+Jb ?QbÕ?1
2
Qb
Ì6

:d+Jb ?QbÕ?1
2
ÝQb T?QbÕÞ

:d+Jb ?1
2
QbÕ?1

2
Qb T.



The spectrum of a basic Dirac operator

Theorem (Habib-R) Fix a Riemannian foliation. For 
any bundle-like metric and basic Dirac operator 
compatible with the Riemannian structure, the 
spectrum of this basic Dirac operator is 
independent of the choice of bundle-like metric.

a Riemannian foliation 수정합니다. 어떤 번들로
들어 - 미터법과 기본처럼 Dirac 연산자는
Riemannian 구조,이 기본 Dirac 연산자의
스펙트럼과 호환 번들의 선택과 독립적입니다
- 미터법처럼.



Idea of proof

ÅOne can show that every different choice of 
bundle-like metric changes the L2-inner 
product by multiplication by a specific 
smooth, positive basic function. 

ÅThis changes the basic Dirac operator by a 
zeroth order operator that is Clifford 
multiplication by an exact basic one-form.

ÅThis new operator is conjugate to the original 
one.



Consequences

ÅD. Dominguez showed that every Riemannian 
foliation admits a bundle-like metric for which 
the mean curvature form is basic.
ÅFurther, March/MinOo/Ruh and A. Mason 

showed that the bundle-like metric may be 
chosen so that the mean curvature is basic-
harmonic for that metric.
ÅTherefore, in calculating or estimating the 

eigenvalues of the basic Dirac operator, one may 
choose the bundle-like metric so that the mean 
curvature is basic-harmonic.
ÅImmediately we may obtain stronger inequalities 

for eigenvalue estimates.



A modified differential
ÅRecall the basic de Rham operator is

where 

ÅThese are differentials and codifferentials on 
basic forms.

Å.ƻƴǳǎΥ                           Χ ŜǘŎΦ

ÅThus the basic signature operator can be 
defined!

Db :d+Jb ?1
2
QbÕ?1

2
Qb T

:
æ
d+
æ
J

æ
d :d?1

2
QbT,

æ
J:Jb?1

2
QbÕ

æ
JD:­D

æ
d



New basic Laplacian and basic 
cohomology

ÅLet                             . Then the eigenvalues of 
this operator depend only on the Riemannian 
foliation structure.

ÅThe new basic cohomology satisfies Poincaré
duality and basic Hodge theory, and the 
isomorphism is:

ÅEven though the differential depends on the 
choice of bundle-like metric, the cohomology 
groups are independent of that choice. 

=:
æ
d+
æ
J

2

D: Hæ
d

DÝM,FÞ
r
í Hæ

d

q?DÝM,FÞ



Thank you for your 
ŀǘǘŜƴǘƛƻƴΧΦ


