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Plan of the talk:

@ Introduction: Elementary differential geometry;
© Darbouxian umbilic points;

© Open problems.
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In this talk all the surfaces are regular (smooth).

That is, at each point of a surface it is well-defined a tangent
plane.
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Some surfaces: One—sheet hyperboloid, cylinder and sphere.
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The surfaces are orientable and they are oriented by the choice
of a unit normal vector field N.

Oriented surface.
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Euler is considered the founder of the curvature theory, defining
the normal curvature and principal directions.
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Normal section and principal directions.
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At each point on a surface, are well-defined two orthogonal
directions in the tangent plane of the surface at this point called
principal directions, except at the umbilic points where the
maximum and minimum normal curvatures (principal
curvatures) coincide.

Orthogonal principal directions.
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The lines of curvature of a surface are the integral curves of
the principal direction fields.

The lines of curvature define two orthogonal foliations
(principal foliations) with singularities on a surface, being
the singularities the umbilic points.
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Monge (1786) was the first to describe the global behavior of
the lines of curvature and umbilic points on a surface: the
triaxial ellipsoid (three different axes).

[d G. MONGE, Sur les lignes de courbure de la surface de
l'ellipsoide, Journ. de I'Ecole Polytech., Il cah., (1796).
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Lines of curvature and umbilic points on a triaxial ellipsoid.
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The principal configuration on the triaxial ellipsoid appears in
Monge’s proposal for the dome of the Legislative Palace for the
government of the French Revolution.

The lines of curvature are the guiding curves for the workers to

put the stones. The umbilic points, from which were to hang the
candle lights, would also be the reference points below which to
put the podiums for the speakers.

But, this dome was not built.
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C.EA. Leroy, Traité de Géométrie Descriptive, Paris, Mallet—-Bachelier, 1844.
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The study of some aspects of geometry by using the Qualitative
Theory of Ordinary Differential Equations started with Darboux.

Darboux studied the structure of the lines of curvature in a
neighborhood of a generic umbilic point using the theory
developed by Poincaré for equilibrium points.

[ G. DARBOUX, Sur la forme des lignes de courbure dans la
voisinage d’un ombilic, Note 07, Lecons sur la théorie de
surfaces, vol. IV, Gauthier Villars, Paris, 1896.
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Darbouxian umbilic points: Dy, D> and Ds.
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To finish this Introduction it is worth to mention the book

[@ I. PORTEOUS, Geometric Differentiation (for the intelligence
of curves and surfaces), Cambridge University Press, 1994.

It is noted in Porteous (page 271) that a detailed study of
umbilic points had been undertaken by the Swedish physician
Allvar Gullstrand starting in 1904, with the aim of understanding

the human eye.
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Porteous’ book, page 271.

[ A. GULLSTRAND, Zur Kenntnis der Kreispunkte, Acta
Math., 29 (1904), 59—100.
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Plan of the talk:

@ Introduction: Elementary differential geometry;
© Darbouxian umbilic points;

© Open problems.
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Let P € S be an isolated umbilic point, where S is a regular
oriented surface.

Without loss of generality, assume that the surface S is given in
a Monge chart:

@ P=(0,0,0);
@ The tangent plane of S at P is the xy—plane;

@ The surface S is locally the graph of a smooth function

z=a(x,y), (x,y)eUCR? (0,0)eU.
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Under our assumptions,

a

b b c
3,9 2 b 2, C3
6x +2x y+2xy +6y + O(4),

k
alx,y) = 5(x*+y%) +

where k = ki (P) = ko(P) is the principal curvature at the
umbilic point P.

By a rotation on the xy—plane it is possible to take b = 0.
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So, in the Monge chart the surface S is given by

X(X,y):(X,y,a(X,y)), (X,y)EU,
where

k a b C
alx.y) = 5 (¥ +y%) + gx3 +5xy° + gys +0(4). (1)
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Now we study the differential equation of the lines of curvature
in the above Monge chart:

(Ef — eF)dx? + (Eg — eG)dx dy + (Fg — fG)dy? =0, (2)

where

E:E(X’y)7 F:F(X’y)7 G:G(X,y),

e:e(x,y), f:f(X,y), g:g(X,y),

are the coefficients of the first and second fundamental forms of
S

| = Edx® + 2Fdx dy + Gdy?, Il = edx? + 2fdx dy + gdy?.
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The coefficients of the first fundamental form in the Monge
chart are given by:

E(va) = (XX(va)aXX(X7y)> =1+ 0(2)7
F(x,y) = (Xx(x,y), Xy(x,y)) = O(2),

G(X7y) = <X,V(X7y)7X.V(X7y)> =1+ 0(2)7
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The coefficients of the second fundamental form in the Monge
chart are given by:

k + ax+ O(2)

1+ ax®+ay?

F(x.y) = (X (x.y). N(x,y)) = 2908

T+ ax®+a)?

e(X7y) = <XXX(Xay)7N(X>y)> =

k+bx+cy+ O(2
g(x,y) = <ny(X,}/),N(X,y)> = y ( )
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Therefore, the differential equation of the lines of curvature (2)
has the form

A(x,y) dx® + B(x, y) dx dy + C(x,y) dy? = 0, (3)

where
A(x,y) =by+0(2),
B(x,y) =(b-a)x+cy+ 0(2),

C(x,y) =—-by+ 0O(2).
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The discriminant of (3) is defined by

A(X7.y):Bz(va)*“'A(va)C(Xay)' (4)

By construction,

A(x,y) =0,
forall (x,y) € U and

if and only if (x, y) = (0,0).
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Taking p = dy/dx in the left hand side of (3) we obtain

F(x,y.p) = [-by + O(2)]p* + [(b— a)x + cy + O(2)] p+
[by + O(2)]. (5)

Consider the surface M = F~1(0) defined in U x RP".
It follows that

F(0,0,p) =0, Vp,

that is, the axis (0, 0, p), the projective line, is contained in M.

Luis Fernando Mello Umbilic points on smooth surfaces in R®



We have the following theorem.

Theorem 1

The following statements hold:

1. The surface M is a double covering of U\{(0,0)};

2. The surface M is regular on the projective line if and only if
b(b— a) # 0,

3. The projectionT: M — U, n(x,y,p) = (x,y) is a local
diffeomorphism out of the projective line.
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: Proof of Theorem 1

Proof of item 1. It is immediate since F is quadratic in the
variable p.

Proof of item 2. The gradient of F on the projective line is
given by

Fx(0,0,p) = (b—a)p, F,(0,0,p) = —bp?+cp+b, Fp(0,0,p) = 0.

It follows that the gradient of F on the projective line vanishes if
and only if the resultant of (b — a)p and —bp® + cp + b
vanishes, that is, if and only if

Res(Fx(0,0,p), F,(0,0,p)) = b(b — a)® = 0.

It completes the proof of item 2.
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: Proof of Theorem 1

Proof of item 3. The projection 7 : M — U, w(x,y,p) = (X, y)
is not a local diffeomorphism when

F(x,y,p)=0, Fp(x,y,p)=0.

But, the resultant of F and F, gives exactly the discriminant (4)
of F, that is

ReS(F7 FP) = A(va)a

which vanishes if and only if (x, y) = (0, 0).
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Assume that the surface M is regular on the projective line, that
is the condition T below is satisfied:

Definition 1

T:  b(b—a)#0.
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Definition 2

Define the Lie—Cartan vector field in U x RP' by

15) 0 0
X(Xayap):Fpafx‘i‘PFp@—(Fx‘l'PFy)afp, (6)

where

Fp:Fp(XJ’ap); FX:FX(X7.y7p)7 Fy:Fy(Xay7p)-
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We have the following theorem.

Theorem 2

The following statements hold:

1. The Lie—Cartan vector field is tangent to M;

2. The projections of the integral curves of the Lie—Cartan
vector field X on M give the lines of curvature on U.
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: Proof of Theorem 2

Proof of item 1. Taking the derivative of F in the direction of
the Lie—Cartan vector field we have

X F :<X(X,y,p),VF(x,y,p)>
= ((Fp, PFp, —(Fx + PFy)) , (Fx, Fy, Fp))

for all (x,y,p) € M.
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: Proof of Theorem 2

Proof of item 2. Consider the projection 7 : M — U,
m(x,y,p) = (x,y). Itis easy to see that the slope of

Dr(x,y,p)X(x,y,p) = (Fo(X,y,P). PFo(X.y,P))

is exactly p.
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The surface M and the projections of the integral curves of the Lie—Cartan
vector field.

points on smooth surfaces in



Now we study the equilibrium points of the Lie—Cartan vector
field on the projective line.

We have the following theorem.
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The hyperbolic equilibrium points of the Lie—Cartan vector field
on the projective line are given by:

1. One saddle if
c® +4b(2b— a) < 0;

2. One node and two saddles if

c®+4b(2b—a) >0, 1<a/b+#2

3. Three saddles if

a/b<1.
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: Proof of Theorem 3

| will prove only the first case of Theorem 3. The proofs of the
two other cases are similar. From now on, | will omit the symbol
O(k) for the high order terms.

Recall that the Lie—Cartan vector field (6) is given by
X(x,y.p) = (Fo(x,y.P), PFp(x,y.P), — (Fx(X.y.p) + pFy(X.y.P))) .
where

F(x,y.p) = [-by+0(2)]p* +[(b—a)x+cy+0(2)]p+[by+O(2)].
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: Proof of Theorem 3

So, we obtain

Fo(x,y,z) = —2pby + (b— a)x + cy,
PFo(x,y,2) = —2p°by + (b— a)px + cpy,

— (Fx(x,y,P) + pFy(x,y,p)) =p(bp®—cp+a—2b).

The Lie—Cartan vector field on the projective line has the form

X(0,0,p) = (o,o,p (bp2 —cp+ a—zb)) .
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: Proof of Theorem 3

Therefore, the equilibrium points of the Lie—Cartan vector field
on the projective line are given by (0,0, p) where p is a real root
of the cubic polynomial

p(bp? — cp + a— 2b).

7(p)

The discriminant of the polynomial -y is given by

6 =c?+4b(2b—a) < 0,
by the assumption in the first case of the theorem. So, pg = 0 is
the unique real root of the above cubic polynomial.

This implies that (0, 0, 0) the unique equilibrium point of the
Lie—Cartan vector field on the projective line.
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: Proof of Theorem 3

The Jacobian matrix of the Lie—Cartan vector field at the
equilibrium (0, 0, 0) is given by

b—a c 0
DXx(0,0,0) = 0 0 0
0 0 a—2b

The eigenvalues of the above matrix are

A1 =0, )\Q:b—a;«éo, )\328—2[)750.
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: Proof of Theorem 3

We need to study the signs of A\, and As.

By assumption, ¢ + 4b(2b — a) < 0. So,

2
® 4 4b(2b—a) < 0= 4b(2b— a) < —c® = b(2b— a) < &

1
Thus
c2 c?
—b(2b — a) > Viing b(a—2b) > T > 0.
Therefore,
b(a—2b) > 0.

We have two possibilities:
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: Proof of Theorem 3

@ b>0anda—2b > 0.
From the second inequality we obtain a > 2b > b. Thus

X2-A3=(b—a)(a—2b) <0.
N e —
<0 >0

Thus A\» and A3 have opposite signs.

@ b<0Oanda—-2b<0.
From the second inequality we obtain a < 2b < b. Thus

Ao A3 = (b—a)(a—2b) < 0.
—— — —
>0 <0

Thus X\» and A3 have opposite signs.
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: Proof of Theorem 3

From the above analysis, the equilibrium point (0, 0, 0) of the
Lie—Cartan vector field is a saddle.

By an easy calculation, the eigenvectors associated to the
eigenvalues )\, and A3 are, respectively

V. =(1,0,0), V3=(0,0,1).

So, one separatrix is contained in the projective line and the
other is transversal to it.

The integral curves of the Lie—Cartan vector field in a
neighborhood of the projective line is depicted in the next figure.

In short, Theorem 3 is proved.
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Resolution of the Lie—Cartan vector field near the projective line: one saddle.
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Resolution of the Lie—Cartan vector field near the projective line: one node
and two saddle.
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Resolution of the Lie—Cartan vector field near the projective line: three
saddles.
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Darbouxian umbilic points: Dy, D> and Ds.
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Definition 3

In a Monge chart, we define Darbouxian umbilic points by:
a) Transversality condition (T):  b(b — a) # 0.

b) Darbouxian condition (D;, i =1,2,3):

@ Dy: (22)2+2 < %;

. C 2 a .
o Ds. <2T>) +2>7>1, ar2b;

< 1.

a
b
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Planar distribution of Darbouxian umbilic points.
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Definition 4

In a general chart, we define Darbouxian umbilic points by:

a) Transversality condition (T): The surface M c U x RP! is
regular on the projective line.

b) Darbouxian condition (D;, i =1,2,3):

@ D : The Lie—Cartan vector field has one saddle on the
projective line;

@ D,: The Lie—Cartan vector field has one node and two
saddles on the projective line;

@ Dj: The Lie—Cartan vector field has three saddles on the
projective line.
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Consider the differential equation of the lines of curvature (3)

A(x, y)dx? + B(x, y)dx dy + C(x, y)dy? = 0,
where
A=Ef—-eF, B=Eg—eG, C=Fg-f1G

Suppose that (x, y) = (0,0) is an isolated umbilic point of S,
p = dy/dx and
F(x,y,p) = C(x,y)P* + B(X,y)P + A(X, y).

Let H= H(x,y), K = K(x, y) be the mean and Gaussian
curvature of S.

We have the following theorem.
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The following statements are equivalent:
1. The surface M = F~1(0) is regular on the projective line;

2. The discriminant function (4) given by
A(x,y) = B3(x,y) — 4A(x, y)C(x, y) has a Morse
singularity at (x,y) = (0,0);

3. The function U(x, y) = H?(x,y) — K(x, y), whose zeros
give the umbilic points, has a Morse singularity at

(Xay) = (0’ 0)’

4. The curves A~'(0) and B~1(0), whose intersections give
the umbilic points, are regular and have transversal
intersection at (x, y) = (0,0).
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An ovaloid is a compact and convex surface.

Odense Campus Sculpture: Peter Tybjerg.

Luis Fernando Mello Umbilic points on smooth surfaces i



Examples of ovaloids:
@ Sphere: all the points are umbilic points;

@ Ellipsoid of revolution: two umbilic points at the poles;

@ Triaxial ellipsoid (Monge): four umbilic points.
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Conjecture 1 (Carathéodory Conjecture)

All ovaloid has at least two umbilic points.
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At an isolated umbilic point it is well-defined the index of the
principal foliations at this singular point, which has the form
n/2,neZ.

The Euler characteristic of an ovaloid is 2 (diffeomorphic to S?).

By the Poincaré—Hopf theorem an ovaloid has at least one
umbilic point and the sum of its indices must be equal 2, if the
number of umbilic points is finite.
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So an affirmative answer to Carathéodory Conjecture follows
from an affirmative answer to the following conjecture.

Conjecture 2 (Loewner Conjecture)

The index of an isolated umbilic point is at most 1.
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The index of an isolated umbilic point p, /(p), can be calculated
by (Bendixson formula)

ip) =1+ 22,

where

@ #eis the number of elliptic sectors;
@ #his the number of hyperbolic sectors

of one principal foliation in a neighborhood of an isolated
umbilic point p.
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So an affirmative answer to Loewner Conjecture follows from
an affirmative answer to the following conjecture.

Conjecture 3 (Elliptic Sector Conjecture)

At an isolated umbilic in a smooth surface in R® the principal
foliations cannot have an elliptic sector.
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Some references on the Carathéodory and Loewner
conjectures:

[§ H. HAMBURGER, Beweis einer Carathéodoryschen
Vermditung I, Ann. of Math., 41 (1940), 63—-86; I/l and ll,
Acta Math., 73 (1941), 174-332.

8 G. BoL, Uber Nabelpunkte auf einer Eifliche, Math Z., 49
(1943/1944), 389-410.

[§ T. KLoTZ, On Bol’s proof of Carathéodory’s conjecture,
Comm. Pure Appl. Math., 12 (1959), 277-311.

[§ C.J. TiTus, A proof of a conjecture of Loewner and of the
conjecture of Carathéodory on umbilic points, Acta Math.,
131 (1973), 43-77.
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[ H. SCHERBEL, A new proof of Hamburger’s Index Theorem
on umbilical points, Dissertation number 10281, ETH,
Zurich, 1993.

3 J. SOTOMAYOR AND L.F. MELLO, A note on some
developments on Carathéodory conjecture on umbilic
points, Exposition. Math., 17 (1999), 49-58.

[@ V.V. IVANOV, The analytic Carathéodory conjecture,
Siberian Math. J., 43 (2002), 251-322.

[4 B. GUILFOYLE AND W. KLINGENBERG, From global to local:
an index bound for umbilic points on smooth convex
surfaces, arXiv:1207.5994 [math.DG], 2012.
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1. Surfaces with singularities:

[1 R. GARCIA, C. GUTIERREZ AND J. SOTOMAYOR, Lines of
principal curvature around umbilics and Whitney umbrellas,
Tohoku Math. J., 52 (2000), 163—172.

[§ F. TARI, On pairs of geometric foliations on a cross—cap,
Tohoku Math. J., 59 (2007), 233—-258.

[1 R. GARCIA AND J. SOTOMAYOR, Lines of curvature near
singular points of implicit surfaces, Bull. Sci. Math., 117
(1993), 313-331.
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2. Surfaces and hypersurfaces in R*:

[d R. GARCIA, Principal curvature lines near partially umbilic
points in hypersurfaces immersed in R*, Comp. Appl.
Math., 20 (2001), 121—-148.

[1 R. GARCIA AND J. SOTOMAYOR, Lines of axial curvature on
surfaces immersed in R*, Differential Geom. Appl., 12
(2000), 253—-269.

[§ L.F. MELLO, Mean directionally curved lines on surfaces
immersed in R*, Publ. Mat., 47 (2003), 415—440.

[1 R. GARCIA AND J. SOTOMAYOR, Lines of curvature on
quadric hypersurfaces of R*, Lobachevskii Journal of
Mathematics, 37 (2016), 288—-306.
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3. Index and Loewner conjecture:

[§ B. SMYTH AND F. XAVIER, A sharp geometric estimate for
the index of an umbilbic point on smooth surface, Bull.
London Math. Soc., 24 (1992), 176—180.

[ F. XAVIER, An index formula for Loewner vector fields,
Math. Res. Lett., 14 (2007), 865-873.

[ F. FONTENELE AND F. XAVIER, The index of isolated
umbilics on surfaces of non—positive curvature, Enseign.
Math., 61 (2015), 139—-149.
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