QUANTUM FIELD THEORY

IGOR PROKHORENKOV AND LOREN SPICE

1. HAMILTONIAN MECHANICS

Newton’s Second Law of Motion.
F =ma

We apply this to k particles with fixed positions z1, ...,z € R3. The j** particle is acted on
by the force Fj (z1, ..., zy,t,...). Let © = (z1,..., 1) € R¥* F = (Fy, ..., F}),

m1[3 0

0 mk[;g

The differential initial value problem is

dt
dv
-~ —- F
M

z(0) = zo, v(0) =1 .

This yields a unique solution.
Assume that F is autonomous (independent of ¢) and conservative (¢ F - dz = 0 for every
c

closed curve C' ). This implies

F=-VV
for some potential function V. (Think of V' as potential energy.) The total energy is
E=T+V

with 7' the kinetic energy

T = %Zmz ’Ui‘2.

The total energy is conserved because of the second law, because

dE dv dx

= (ma—F)-v=0.

In Hamiltonian mechanics, momentum p = muw is used instead of v as a primary object.
The Hamiltonian is the total energy as a function of x and p:

1
H (z,p) = §m‘1p-p+ V(x).
1



2 IGOR PROKHORENKOV AND LOREN SPICE

The second law of Newton is equivalent to Hamilton’s Equations:

dx o0H
E = a_p = va
dp OH
- = —— =-V_H.
dt ox Ve
If f=f(x,p), then
af dx dp
a — Vel gty

= {f? H} Y
where the Poisson bracket is
{f.9} =Vaf Vypg = V,f - Vaug.
Note that {z;,z;} = {pi,p;} =0, and
{zi,pj} = dij.
The fundamental mathematical structure of Hamiltonian equations is a symplectic struc-

ture. Recall that a symplectic manifold is a C'* manifold M equiped with a differential
2-form €2 with the following properties:

dQ) = 0 (2 is closed), and
() is nondegenerate.

This means

Q(X,Y)=0
for all vector fields Y implies that X = 0. Note that this implies M has even dimension.
The smooth skew-symmetric map

Q:TM xTM — R

satisfies
QX,Y)=-Q(,X).

In local coordinates w4, ..., u, on MP we have
Q= Zai]‘ (U) duz AN de .

Nondegeneracy of {2 provides a canonical identification of 1-forms w with vector fields X,
via the equation
dQ(X,,Y)=w(Y)
for all vector fields Y. In particular if f € C* (M), let
X f = de s
so that
QXp,Y)=df (V) =Y.

The vector field X is called the Hamiltonian vector field associated to f.

The Poisson bracket {f, g} of two functions f,g € C*° (M) is defined to be

{f,9} = Q(Xf’Xg)
= ng:_ng-
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Exercise: Check the Jacobi identity

{f g, h}} +{nAf 93} +{9.{h. F}} = 0.

Note that (C*° (M) ,{-, -}) is a(n infinite-dimensional) Lie algebra. There is a Lie algebra
homomorphism

(C= (M), {-,}) — T(TM),~[, ]
f — Xf
Xipgph = —[X5, Xl b

Theorem 1.1. (Darbouz) If (M, Q) is symplectic, for every z € M, there exists a neighbor-
hood U, and local coordinates 1, ..., Ty, p1, ..., Pn tn U, such that

Q= dr; Ndp; .

These coordinates are called canonical, and the coordinates x; and p; are called canonically
conjugate.

In canonical coordinates,

Xy =

Z of o of o
Op; 0x; O, Op;

_ dg of 99 Of
A diffeomorphism ¢ : M — M that preserves () is called a symplectomorphism or a

canonical transformation. Suppose {®, : t € R} is a one-parameter group of symplecto-
morphisms, then its infinitessimal generator is the vector field X defined by

d
Xf = dt f O (I)t .
Since (2 is preserved by ®,, then
P — Q)
0 = lim — =: Lx()
t—0 t

(Lx is the Lie derivative.) But Cartan’s formula gives

LxQ=1ix (dQ)+d(ixQ),
where the interior product is defined on forms by

ixa=a(X,").
Then
LxQ=1ix(dQ)+d(ixQ) =d(ix).

If Lx2 =0, then ix() is a closed one-form. Locally, this means that

ixQ = df (locally), i.e

X = X;.

We have just proved:

Proposition 1.2. Locally, Hamiltonian vector fields are precisely infinitessimal generators
of canonical transformations.
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Example: N” has cotangent bundle 7*N = N. Then T*N is canonically a symplectic
manifold, as follows. Note that 7*N has a canonical one-form w € I' (T* (T*N)), defined as
follows. For v € T (T*N),

w (V) = 6 (m0).
The canonical symplectic form is

Q) = dw.

In local coordinates in U C N, {x1, ..., z,}, T*U has local coordinates {z1, ..., z,, dx1, ..., dx, } =
{x1,....,xn, 1, ..., pn}, and then

w:ijdmj ,Q:dej/\dxj .

Physics applications:
e The state of the system: positions x and momenta p of all particles.
e Configuration space: N = manifold of all possible positions of particles.
e Position-velocity space is T'N.
e Position-momentum state space is a symplectic manifold 7T*N .
e Relation between T'N and T*N: p = mv = (v,-),, (Riemannian metric). That is,
mu - v is a positive definite quadratic form on R3*.

Continuing with the cotangent bundle. The Hamiltonian is a function on T*N given by
H (o) = (0, @), +V (7 (@)

Note that (-, -), is a pointwise inner product. Here, o € I' (T*N) and w : T*N — N. The
Hamilton’s equations (in canonical coordinates (g, p)) are

dq

- = H
dt Vi
dp

-~ = -V,H.
dt Va

One may think of this as follows. There is a diffecomorphism (Hamiltonian flow) ¢, : T*N —
T*N defined by (¢ (t),p(t)) — (¢(t+7),p(t+ 7)) through the solution to the Hamilton
equations. The associated infinitessimal generator is the Hamiltonian vector field. That is,
the equations say that the Hamiltonian field Xy satisfies

Xy = (V,H,~V,H).

Thus, time-translations are canonical transformations (preserve the symplectic form).

2. NOETHER'S THEOREM
Emi Noether proved the following result.

Theorem 2.1. Suppose that {15 : (M,Q) — (M,Q)} is a one-parameter group of canonical
transformations, and suppose that the function H is invariant. Suppose Xy is a Hamiltonian
vector field that is an infinitessimal generator of {1} (so that X;H =0). Then

O:XfH:—{f,H}:W’

so f is a conserved quantity.
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For example, if N = R3* and 1), is spatial translation in the direction of a fixed unit vector

u € R3. Then
Vs (z,p) = (1 + su, ..., x, + su) ,
which implies
Xy = (u,...,u,0,...,0),
flap) = (D1t +pa)-u

(part of angular momentum is conserved).

3. Two-BODY PROBLEM

Two interacting particles; N = RS.

2 2
H:%+%+V(xl—x2).
We let
M=mi;+ mqg,m= M
my + Mg
The symplectic form is
Q =dx Adp.
Then
X = Mntma: o

m1+m2

dx map1 — M1pP1

dx
P e M—: — _ =
gt PP p=mo My + ma

The transformation
(xlvx%plup?) — (X,.CE‘, P7p)

is canonical, and

1P[* | Ipl
H="—4+"—"—+4+V
2M + 2m +V (@)
The Hamilton equations are
ax _ podp_
d M dt
de.  p dp

The two-body problem turns into a one-body problem!
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4. THE ONE-DIMENSIONAL HARMONIC OSCILLATOR

There is a point mass m attached to a spring, which is in turn attached to a wall. The
force is given by

F = —kz.
We have
H =—+4 =

(p.a) = 5~ + ke

Then
Q=dxANdp
is the symplectic = area form. Let
= (km 1/4x,f5: _r

(km) (o) 7
Then w
with

We have polar coordinates:

(z,p) = (s,0)
1 1
s = 57’2 = 5 (]32 + %/2)
Then
H (s,0) = ws
The Hamilton equations are:
ds
2 =
dt
do
= = _—w
dt

So s is constant, # = 0y — wt.
In other words,

z(t) = \/?cos (wt —6p) .

5. LAGRANGIAN MECHANICS

Hamiltonian mechanics does not generalize to include relativity, but the Lagrangian me-
chanics formulation does.
Given a system of particles moving in potential V', then Hamiltonian is
1
H(z,p) = gm™'p-p+V(z).
The simple Lagrangian is

L(z,v) = mv-v— H(z,mv)

1
= §mv-v—V(x).
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More intrinsically,
L : TN —R
Here, j,, : TN — T*N is given via the metric, and (- , -) is the natural pairing of TN and
T*N. Then the second law of Newton is
d
T (V,L)=V_,L.

This is the Euler-Lagrange equation (from variational calculus) for the variational problem.
Problem: Minimize the action

S () ::/IL(m ()2 () dt,

to

and this is a function of the path from (tg,xzo = z (t9)) to (t1,21 = z (t1)) (both fixed). To

find the minimum, we consider variations z (t) + dz (t) with dx (ty) = dx (t1) = 0 and
S(x+6x) — S () =0 up to degree 1 in ox.
We get

t1

S(z+0z)—S(2) = /IL(x(t)+5x(t),x’(t)+(5a:)'(t)) dt—/ Lix(t).2 (1) di

to to

t1
— /to (g—i&: + g—i (5;3)’) dt + higher order

" /OL  d oL :
— /to (% + E%) (0x) dt + higher order

If we force this to be zero up through first order for all such variations dx, we get

oL dor
or  dtov » ©
d
— L) = L.
dt(v”) Ve

6. EXAMPLE: DERIVATION OF WAVE EQUATION

We will go from finite to infinite degrees of freedom. We have a long elastic rod or a long
air column, and we want to study longitudinal vibrations. Divide the rod into little bits,
and each bit for us is a small particle. Assume that the paticles are connected by springs
and have mass Am and separation Az. Let u; = displacement of j™ particle from its rest
position. The second law of Newton is

dZUj
e
by Hooke’s Law. Here, k is the spring constant, which depends on the average displacement
Azx. In fact,

A

=k (ujp1 —uy) — Kk (uj —ujq),

k(Az) Az —Y, Az — 0.
We see

Am d*u; (Ujp1 — 2uj + uj—q)
— = kAz—2* R 6.1
Az dp ! (Az)? (6.1)
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The Lagrangian is
L = T-V

Am ([ du; Ujp1 — 2
SE A (%) s (e
Then we take the limit as Az — 0.
1 du;\*> 1 Ujr1 — Uj
L=- 20} Ny (T
320 ( dt ) 32 ( Az )’
where p is the density, kAz — Y = Young’s modulus, and (6.1) becomes
D?u Y(92u

Ax.

Porr =7 922
Then the Lagrangian is

b1 /ou\® 1 ou\? b
L= /a‘ 5/,6 (a) — §Y (@) dr = /a L (Vtu, Vxlb) dz.
Here, £ is the Lagrangian density.

7. MATHEMATICAL FRAMEWORK OF QUANTUM MECHANICS

Given any physical system, there are states and observables. A state is a specific condition
of a system at a given time. An observable is a physical quantity (eg position, velocity, etc.)
that can be measured. The state space is the set of all possible states for a given system. In
Hamiltonian mechanics, a state space is a symplectic manifold (M, 2), and states are points
of M. Observables are Borel-measurable functions f : M — R. Among all observables,
there are True-False observables f : M — {0,1}. These are equivalent to the information
in the set {x € M : f (z) = 1} (ie a Borel subset). True-False statements (with conjunctions
or, and, not) correspond to (union, intersection, complement) — called Boolean algebra. In
quantum mechanics, True-False statements do not form a Boolean algebra. In particular,
the following law does not hold:

(A or B)and C is not the same as
(Aand C) or (Band C) .

Here is the examples. If an electron beam with two slits A and B is projected on a screen
C. The first statement corresponds to an interference pattern. The second statement yields
no interference pattern.

The quantum-mechanical model for states and observables is ; the state space is a pro-
jective Hilbert space denoted PH. (H is a complete inner product space, usually infinite-
dimensional.) PH: we identify u with cu, for all scalars ¢ (usually € C*), v € H. Unit
vectors are the normalized states. True-False statements or observables correspond to closed
linear subspaces V C H. So H = V @ V*+. These closed linear subspaces are identified
with orthogonal projectors onto V' ( Py, where P2 = Py, P;; = Py). The logical operations
correspond to :

and << N
or <> closed linear span

not <+ orthogonal complement
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If the system is in the state u € H (||u]| = 1), and P is a True-False question, then
U = Uy + uq,

where g € ker P, u; € Range (P), We have 1 = |Ju||* = |luo||* + |Ju1||>. These components
|u;j||” are the probabilities.

Example: True or False: Is the quantum-mechanical system which is in the state v € H
also in the state u? Answer: P, (o) = (e, u)u is the projector. Note P, (u) = u, P, (v) =
(v,u) u. (answer is between yes and no) So a quantum mechanical particle can be in several
states at the same time. (Note that question is a function.) The probability that the state
v is also in the state u is |(v, u)|*. This is called transitional probability in physics.

What about a general observable? An observable O is given. Let E be a Borel subset of
R. The statement ”observable O is in E” corresponds to P (E) (projector). There are three
properties of projectors:

(1) P(2)=0
P(R) =14
(2) P(Ey) P(FEy)=0if EyNEy=@.
(3) P(E1)+ P(E,y) = P(E, U E,) (extend to countable disjoint unions)

These three things define a projection-valued measure. We could make a probability

distribution out of it as follows.

P, (B) = (P (E)u,u)*,

the probability that the state u has observable value E.
Big theorem (Spectral Theorem):

Theorem 7.1. Projection-valued measures are in one-to-one correspondence with self-adjoint
operators.

Suppose A is a self-adjoint operator; then one may obtain f (A) (for f a bounded Borel
function) using the functional calculus. Then

Py (E):=xg(A).

On the other hand, given a projection-valued measure P, one may associate a linear operator

by
+o00
A= [ e
=
(Au,u)y = / t d(Pu,u)

This a Riemann sum ) ¢, P ([tx+1,tx]). That’s all, folks!

8. UNBOUNDED SELF-ADJOINT OPERATORS

Let (H, (e,®)) be a complex Hilbert space and A : Dy — H, with D4 C H, be a linear
operator. The domain D, is a dense linear subspace of H. For bounded A, D4 = H.
The spectrum of A (denoted o (A) ) is defined as

o(A) ={X € C:A— A\ is not invertible, bounded} .
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).

That is, A € o (A) iff (A—X)~" : H — H does not exist. We have o (4) = o (A
t (4, D )

say (A, D,) is symmetric if (Au,v} = (u, Av) for all u,v € Dy. We say that
self-adjoint if A* = A, in particular Da~ = Dy, 0 (A) € R.

For bounded A, symmetric = self-adjoint, and D4 = D4+ = H. In quantum mechanics,
observables correspond to projector=projection-valued measures Pg on R, which correspond
exactly to self-adjoint operators. Note that o (A) is the set of all allowed values of the
observable A.

For example, 1 = {2 (C) = {(z1, ..., 2n, ...) 1 2, |2, < co}. Let

A1
A2 0

0 An

Then o (A) = {\; :i=1,2,...} = {eigenvalues}U{limit points of eigenvalues}. Then P_ 5 =orthogon
projection to eigenspaces to A; < A. ("Fourier series” case). This is the case where the ob-
servable takes discrete values.
Another example: H = L* (R) or L?[a, b].
/ fg dx.
(Af) (2) = a(z) f (z),

where a (x) is a Borel measurable function. Then the spectrum of A is

o(A)={a(z):z e R}
If a () is nonconstant and continuous, then there are no eigenfunctions. In this case, we say
that o (A) consists of continuous spectrum. Here the projection is

Plocon (#) = xa(2)

Let

This corresponds to the case of ”"Fourier transform”.

The example in quantum mechanics: A free quantum particle localized on the interval
[a,b]. The state space H = L?[a, b] (sort of — actually projectivized). Then f € H implies
that | f|* is the probability distribution for the location of the particle. The operator of note
is classically energy. The observable is
d2
dx?’

Observe that A is unbounded. We choose

Dy =77
Then the adjoint operator would be defined using:
Lemma 8.1. (Riesz Lemma) H' = H.
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That is, if J : X — C is a linear bounded functional, then J (¢) = (e, v) for some v € H.
Now, given A : Dy — H, where D, is dense in H. The domain D 4« is defined as

Dy ={veH: (Ae,v)=7,(e): Dy — C is bounded} .

Extend J, (o) : D4y — C to X — C. Then J, (e) = (e, w) for some w, by the Lemma. By
definition,

A*v = w.

Note that A is by definition self-adjoint if D« = D4 and (Au,v) = (u, Av) for all u,v € D 4.
(Bad) Examples:

(1) Ay = —%, Dy, = C§° [a,b]. This is certainly symmetric, since

<_fH7 g> = <f7 _g//> :

reason is that (A; — AI) cannot be invertible, since
(A = AI) f, ") =0,

if k2 = X. Not only that, there are no eigenfunctions! So Dy, is too small.

(2) Ay = —%, D4, = C*a,b]. This operator is not even symmetric. The spectrum of
this operator is again everything, and it consists entirely of eigenvalues.

(3) Ay = —-L D, is defined as follows. We have

(=" 9) = {f,=9") = =F () g(2) + f (v) ¢ (v).
We choose:
Dy ={f € C®[a,t]: f (a) = f (b) = 0}

Then Aj is symmetric, and

7 (Ag) = {% =12,

This operator is essentially self-adjoint, which means that we may close the operator.
Consider

I'={(x,Az) € Dy x H},

and the closure T yields a self-adjoint operator. The true self-adjoint operator is
lf);; ={f€eL’: f, f" exist and are in L*, f (a) = f (b) =0} .

Other possibilities are:

C f (@) kf(a)=0,f (b)+kf(b)=0
Dag = fla)=f(),f (a)=f(b).

The latter is called periodic boundary conditions.

2

Example: —-L; on L? (R), o ( d” ) =R.

T dx?
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9. PROJECTIVE REPRESENTATIONS

Recall Classical-to-Quantum terminology:

e The Hamiltonian space M becomes the quantum state space PH

e The true-false observables {M — {0,1}} = 2™ becomes the set of closed subspaces
of H

e The full observable space becomes Gr (H) the space of (possibly unbounded) self-
adjoint operators on H

For V € Gr (H), the question ”is u € V'?” for u € H is a projective question, so states (ele-
ments of PH) are in particular, observables (the projection to the closed subspace containing
the state P,v = E“Z; w).

Symmetries of our quantum system correspond to automorphisms of PH. This means that
angle-preserving bijections of PH to itself, ie f: PH — PH so that

(fu, fv) _ (wo)

V(fu, fu) (fo. fo) (u, u) (v,0)

Wigner showed that any such map lifts to a bijection{ — H that is unitary or conjugate
unitary ( (fu, fv) = (v,u) ). We want to study groups of symmetries, ie subgroups of
Aut (PH) = space of automorphisms of PH. Since Aut (PH) = PU (H) U PU (H), which is
the union of connected components in the strong operator topology, so a connected group of
symmetries would be a subgroup of PU (H). Each of those symmetries can lift, but only a
pointwise lift. Instead of thinking of ‘abstract’ subgroups, we’ll think of homomorphisms of
G — Aut (PH), where G is a topological group. If G is connected, we can factor

G — PU (H) — Aut (PH).

Natural question: Does this lift to a map G — U (H)? Obviously, there is a pointwise lift,
but it might not be a group homomorphism. Weaker: is there a continuous lift? Maybe yes,
maybe no, but if G is simply connected, then the answer is definitely yes. Can we choose it
to be a group homomorphism? Take any lift p and test if it is a homomorphism, ie if
p(x)p(y) = play)?or
1 = [p@)py)] " play)?
Maybe or maybe not. The good news: the right hand side is a lift to U (H) of

[0 (@) p ()] p(wy) = 1.
Thus,
wp () = [P(2) p(y)] " plxy) € S
For z,y, 2 € GG, we have

Owp (x,y,2) + =uws(y,2) (xy, 2)ws(z,yz) wp (2, y)
(

Wp
2)p(y) P ()] P (ayz) wy (@, y2) wy (w,9) " = 1.
This is a cocycle condition, so
&uﬁ =0—=
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wy represents an element of H? (G, S'), and this element does not depend on the choice of
lift:
w, € H? (G, Sl) .
Our point of view: w, represents the obstruction to lifting p to a group homomorphism.
Why? p does lift to
G, =GxS !
with group law
(9, A) (B, 1) = (gh,wp (g, 1) M) -
This only depends on w,, up to isomorphism. The associator is exactly the coboundary
above. The lift is

p(9:A) = A5 (9) -
Note that p already lifts to G iff the exact sequence

1-5" =G, >G—1

splits. In fact, w, may be recovered from the abstract group G,,,: [(g,1), (h,1)] = (1,ws (g, h)).

(Some physics stuff ... want one-parameter groups of symmetries to correspond to observ-
ables. Recall that an observable is a self-adjoint operator A on H, which corresponds to a
one-parameter group of symmetries 4. Do all one-parameter subgroups arise this way?
What is such a subgroup? R — PU (#H), ie a projective representation of the Lie group
R. Bargmann: For simply connected Lie groups, we can ”take logarithms”: The group lift-
ing obstruction : H?(G,S') — H?(g,R) (the Lie-algebra lifting obstruction). Great news:
H? (R,R) = 0 implies all 1-parameters groups of symmetries lift to unitary groups.)

10. QUANTI”S” ATION

Idea: Replace classical observables
f:M—R

(M is the symplectic manifold) by quantum observables A € SA (H) — self-adjoint opera-
tors. Here, H is a separable Hilbert space. The operators correspond to projection-valued
measures on R.

”Quanti’s’ation” is like a map f — Ay that is linear and preserves the Borel Bor (M, M)
module structure (ie Ayr = ¢ (Af) ) and preserve the Poisson bracket. The Poisson bracket
is an antisymmetric pairing that satisfies the Jacobi identity. That is,

Afpg = (i) [Af, Ay

This A measures the quantum-ness, so as i goes to 0 one should recover the classical system.
In particular, corresponding to classical observables position z; and momentum p; are the
quantum observables X; = A;, and P; = A, . These should satisfy

[Xi, X;] = 0= [P, Pj]
because the lower case guys commute. Since
{zi,pi} = dij ,
we have



14 IGOR PROKHORENKOV AND LOREN SPICE

Problem: if X, P are self adjoint and satisfy [X, P] = ih, then we use the identity
[X,AB] = [X,A] B+ A[X, B|
to prove inductively that
[X, P"] = nih P!,
which implies
2|X|IPI" = NI[X, Pl = nk| P
= ofi|P|",
so that || X|| and/or || P]| is infinite. Thus we must use unbounded operators. But then
(X, P] =ih

can hold on the domain (cause the domain is too small) for stupid reasons. The ”solution”
is to view the three families of equations above as a Lie algebra. We define a Lie algebra by
its structure constants in such a way that the desired relations are satisfied. (ie the quotient
of the free 2n-dim real Lie algebra modulo the relations). For example, the analogous
construction for the relations

[X,P|=H,[H X]|=2X, [H P]=2P

is 5[2.
What is this Lie algebra? Answer: the Heisenberg Lie algebra. Let V' be a symplectic
vector space over R and define h (V') := V @ R as a vector space with Lie bracket

vt v et =0 (v,0),

where (v,') is the symplectic pairing. This is the Lie algebra of H (V) := V x R as a set
with multiplication

1
(v,t)- (V' t) = <v+v’,t+t’+ 3 (v,v’)) :
This is just the twist of V' by the 2-cocycle given by (-,-). H (V) is a 2-step nilpotent Lie
group. Since the group commutator satisfies [(v, ) , (v/, )] = (0, (v,v")), we have [H (V) , H (V)] =
R=Z(H(V)). If A CV is a Lagrangian (i.e. a maximal self-annihilating subspace), then
A imbeds in H (V'), and A then imbeds in h (V). The subspaces Span (X;) and Span (P;)

arise in this way.
In our case, we take V' =R" & R" with symplectic pairing

(z@y, 2 ®y)=x-y —2' -y

In a natural way, regard Span (X;) as R" @0 and Span (P;) as 0 R". According to Folland,
a "good” way to choose the operators X; and P; on H is to find a unitary representation p
of H, := H (R" @ R") and identify X; with dp (X;) and P; with dp (F;).

By quantization of the classical picture, we saw that we want self-adjoint operators X;,P;
such that

(X, X;] = 0,[X;,P]=0,i#
[P, P]] = 0, [Xj7 PJ] =ih
(Here, we are studying the thingy of n particles moving freely in 3-space; we put n = 3k and

i, j range from 1 ton.) AsIgor said: these operators cannot all be bounded, and commutators
of unbounded operators have small domains. Magically, the appropriate domain condition
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is encoded by requiring that the representation of the Heisenberg algebra exponentiates to
the Heisenberg group.
Specifically, a family of such operators gives a representation of

b, =R, @R} O R
(as a set) with the bracket
[(x@pat)a(x/®p/at/)] = [0@07$p/ _p'x/]v

where - is the usual Euclidean inner product. This is called the Heisenberg algebra, which
has a matricial realization:

0 =z ¢
b, = 0 p|:x,peR"teR
0

This is the Lie algebra of the Heisenberg group:
H,=R,®oR; &R
with operation

(z@®pt) (2" ®pt)
1
= ((CUHC’)@(p+p’),t+t’+§(x'p/—p-l”))

So we want our operators X;, P; to arise as dp (basis vectors) for some unitary p : H,, —
U (H). If this happens, then we must have that the action of Z (H,,) = R exponentiates the
action of 3 (h,) = R. Since the commutation relations force t € 3 (h,,) to act by iht, we must
have t € Z (H,,) acting by multiplication by e™.

Incidentally, if

1 .
/ 1
A = —— (X, —iP)

J \/2_ﬁ

are called the creation and annihilation operators, which are adjoint to each other.
So we want a representation p of H, such that Z (H,) acts by the nontrivial character
xn i t — e Stone-von Neumann: There’s only one (irreducible, up to isomorphism). What

does it look like? :-)
By Frobenius reciprocity,

0 # Homyg, (p, x») = Homy, (p, Indy"xs) -
For us, the induced representation I ndIZ{: i = L? (RZ &5, ]Rg) , with H,,-action
[(zo + po. to) f] (z & p)
= Xn2 (T -po—x0-p) Xn(to) f (v + 20D p+po).

The real picture:
Indjrxn ={f: Hy = C: f(zh) = xa () f (h)}
with H, acting by right translations.
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Problem: This representation / ndlzfg X# is reducible. We take a quotient:

?(1‘):Anx_n/2(x-p)f(x@p)dp-

Then, f € L? (R?), and
[(z0 @ po, to) f1(x) = xu (2 - po) Xns2 (Zo - Po) Xn (to) f (z + x0) .

Specifically,

(@500 f]() = Flata)

(0@ po,0) f1(x) = xn(x-po) f(2).
Once we are in L? (R?), we can take Fourier transforms: If ¢ € L? (R?),

and

Similarly,

—_— -~

(0®po,0)d(p) = ¢(p+po)
= [(%EBU,O)(E] (p) -

In other words, if w is the symplectomorphism of R} @& R} given by o & po — po & —o,
then the Fourier transform intertwines p and p o w.
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