SEMINAR ON LIE GROUPS

1. Lie GROUPS

Definition 1.1. A Lie group G is a manifold and group for which the multiplication map
G x G — G is smooth.

Remark 1.2. It follows that the inverse map i : G — G defined by i(g) = g~ is also
smooth. Proof: implicit fcn theorem + diagram

pte)cGxG B

m ol /
G

Example 1.3. (R", +)
Example 1.4. St or T" = St x ... x St
Example 1.5. Gl (n,F) C F", where F =R or C

Example 1.6. E3 = isometries of R® (2 connected components) Let the orthogonal group
O3 < Ej3 be the subgroup that fizes the origin, and let the special orthogonal group SO (3) =
SO3 < Og be the orientation-preserving elements of Os.

Visualizing SO (3): Let u be a vector of length [ in R? corresponding to a rotation of
angle [ around the axis u. Redundancy: if | = |u| = 7, u gives the same rotation as —u, so
SO (3) is the ball of radius m with antipodal points identified = RP3.

1.1. Matrix groups.

Theorem 1.7. If G is a Lie group and H < G, then H is a Lie subgroup with the subspace
topology if and only if H s closed.

Example 1.8. Embed R as an irrational slope on R? /72 = T?; then this is a subgroup but
15 not a Lie subgroup.

Note that

Eg’é{(gl 11)) C Gl (4,R) suchthatAEOg}

(b is the translation vector)

Classical Lie (sub)groups: SI(n,F) (det=1), O (n) (99" = 1 , orthogonal group), SO (n)
(9¢" = 1, det=1, special orthogonal group ), U (n) ( gg* = 1, unitary group), SU (n)
( gg* = 1, det=1, special unitary group), Sp(n) = {g € Gl (n,H) : g¢g* = 1} (symplectic
group).

Why study general Lie groups? Well, a standard group could be embedded in a funny way.
( cosh (z) sinh (x)

. . 1 =z
For example, R can be embedded as (e*) as matrices, or as ( 0 1 ) oras| . . () cosh (z)
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Also, some examples are not matrix groups. For example, consider the following quotient of
the Heisenberg group N: Let

1 a b

N = 01 ¢ |:a,b,ceR
0 01
1 0 n

Z = 01 0 |:neZy,
0 01

Lt G = N/Z

These groups are important in quantum mechanics. Also, consider the following transfor-
mations of L? (R):

T.(f) (@) = f—a)
My () () = e (a)
Ue(f) (@) =€) ()

1 c
The group of operators of the form T, MU, corresponds exactly to | 0 b |. In quantum
0 1
mechanics, T, corresponds to a unitary involution of momentum, and S
U is phase.
Note that every Lie group is locally a matrix group. (Igor claims)
Low dimensional, connected examples:
(1) Dim 1: R, S?
(2) Dim 2: only nonabelian example is the space of affine transformations x — mx + b
of R.
(3) Dim 3: SO3, SLy (R), Ey, N (only new ones up to local isomorphism: G; and G
are locally isomorphic if there exist open neighborhoods around the identities that
are homeomorphic through multiplication-preserving homeo)

is the momentum,

2. RELATIONSHIPS BETWEEN LIE GROUPS
Observe that Uy = {g: gg* = 1}, SUs = {g € Uy : det g = 1}.

Foreveryg:<ocl Z)ESUQ,theng*:glz(_dc _ab):(

SO

ol
ISHIRS
~_

SU2 = {gGngdetgzl}

- {(—aE 2):a,be<c,|a\2+|b|2:1}:53
t+ + 21
- {(—y+zi ?—z‘x)‘(@%y,z)ESZ”}

= {q:t1+mi+yj+zl;’€]ﬂlz(t,x,y,z)653}

= Sp(1) = group of unit quaternions,
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where

<>
I
7N
=)
—_

satisfy the relations
2o Poir=_1
o= —fi=k jk=—kj=12 ki=—ik =1
This group forms a double cover of SO3 in two different ways:
(1) The map T : Sp (1) — SO (3) is defined as follows. View R? = ImH :span{i, 7, l%}

Then T (¢) (v) = quq gives a map from R? to itself; one must check that T' (¢q) preserves
ImH and that one gets an orientation-preserving isometry of R3. Let’s check why it
is a 2-1 map: Note that for u,v € H, Re (uv) = standard Euclidean inner product.
Then if u,v € ImH, v and v are orthogonal iff Re (uv) = 0 iff uv € ImH. Also,
observe that (t;,v;) € ReH x ImH for j = 1,2, then

(tl,Ul) . (tQ,UQ) = (tth — U1 vg,t1v2 —+ t2’01 + v X ’Uz) .

Computation: For g € Sp (1), then ¢ =t + xi + yj + zk = cos 0 + usin 6 for some
0 € [0,7], u € ImH, |u| = 1. The claim is that T (¢) = rotation about v € ImH by
an angle of 26.

Idea of proof of claim: use new coordinates for ImH = R3: Choose u to be a pure
imaginary vector of length 1 defined as above. Then choose v perpendicular to u
such that |v| = 1. Then w = uv € ImH and has norm 1. So the new basis {u, v, w}
works like the quaternions (ie also u> = —1, etc). Next, observe that T (q) fixes u:

T (q)u = (cos +usinf)u(cosf — usinf) = u.
Next, we check that T (¢) rotates the vw plane by 26. Consider
T (q) (vecosyy +wsiny) = (cosf + usind) (vcosy + wsin) (cosd — usin @)
= wvcos®fcosth + wcos? fsint) — uvsin® 0 cos — ulw sin® O sin )
= wvcos®fcosth + wcos fsine) + vsin? 6 cos) + wsin? Osiny
= wcos (¢ + 20) + wsin (¢ + 260).

(2) The map L : SU (2) — SO (3) is defined as follows. View R? as the skew-hermitian
2 x 2 matrices with zero trace. Then we let L (M) (v) = MvM~! (matrix multi-
plication). Omne again should check that L (M) leaves the traceless skew Hermitian
matrices invariant, and that one obtains an orthogonal action.

(3) For q1,q2 € Sp (1), view R* = H. We get the map

m:Sp(1) x Sp(1) — SOy,

which is a 2-1 cover defined similarly: 7 (q1,¢2) = ¢10Go.
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(4) Further, if we have two pairs (g1, ¢2) , (g3, q4) such that each pair is in the same image
of m above, then we may act on SO (3) by the action T' x T, using either pair, and
we get a double cover

SOy — S05 x SO;

Another way of understanding this map is as follows. The group SO, acts on R* by
isometries, and thus induces an action on A?2R* =2 R. But this may be decomposed
as self-dual and anti-self-dual forms, and the action preserves this grading. We have
A’R* = AR @ A2R* = R? @ R?, and the action induced on the two copies of R? is
the SO3 x SO;3 action.

(5) Extension of SU (2) — SO (3) double cover: there are double covers — from Clifford
algebra stuff

Pin(n) DO Spin(n)
! !
O(n) D 8O (n)
(6) Let the Lorentz group SO be defined by

SO;C3 ={g € SLy(R) : g preserves t* — 2% — y* — 2*

and doesn’t switch two sheets of hyperbola t* — 2® — y* — 2% = 1}

Then we have the double covers

SU((2) c SLy(C) D SLy(R)

! lm !
SO(3) c SOf, SOt

The spinor map 7 can be seen as follows: View R?* as

4 t+x y—iz

= {2 x 2 Hermitian matrices} .

Then g € SLy (C) acts by A — gAg™!, and det A = t? — 22 — y? — 22, so the action
preserves the quadratic form, and ker m = {£1}.
Alternative description of m above: Consider the stereographic projection ¥ = C U

a b ) € SL, (C), think

d
of this as the Mobius transformation z — %. These transformations contain the

rotations, and SU (2) C SLs (C) maps to the rotations (corresponding to the spinor
map). Observe that SLy (C) is a 2-1 cover of the set of Mébius transformations; both
a matrix and its negative map to the same transformation. Thus, PSL, (C) = SO,
can be identified as the group of Mobius transformations of C. Thus, the Mobius
transformations on ¥ are the same as the Lorentz transformations of R*, which is
the set of holomorphic bijections of P¢.

Picture of SLy (R): Observe first that SLy (R) C G Ly (C) is the set of Mobius transforma-

tions that fix the upper half plane. Next, SU; ; = {( % 2 ) Naf = b7 = 1} is conjugate

{oo} = PL. See that (z,y, 2) € S? maps to 2 € . For



LIE GROUPS 5

to SLy (R) in GL, (C). Observe that SU;; can be identified with the set of M&bius trans-

formations that preserves the unit disk. These two groups are conjugate via z — 2=, Thus,

z+1
. . a b . .

we can draw a picture of SU;; as S x D?, via ( e R (ﬁ, g), ie an open solid torus.

' a

The types of elements of SU;; (or SLy (R) ) are

e those with trace > 2 — the union of subgroups isomorphic to R (> 2 hyperbolic, = 2
parabolic)

e those with —2 < trace < 2 — the union of subgroups isomorphic to S* if you close
up this set (elliptic)

e those with trace < —2 — contains no 1-parameter subgroups (< —2 hyperbolic, = —2
parabolic)

Another way to look at it:

0
1
X
. . : 11
e Parabolic ones : matrix conjugate to 0 1

(1034
e Elliptic ones : matrix conjugate to < 60 62-a )

3. HOMOGENEOUS SPACES

Lie groups all arise as transformation groups on manifolds. For example, S* acts on the
sphere on S? by rotations. This is a group action that is not a transitive. A group action of
G on X is a transitive action such that for all x,y € X, there exists g € GG such that gz = y.

Definition 3.1. If G is a Lie group that acts transitively on a manifold X, then X is called
a homogeneous space.

Definition 3.2. For zq € X, the isotropy subgroup of G at xq is Gyy = {g € G : gxg = x0}.
Note that there is a map
G/ Gy 5 X
given by
9Gz, — g2o.

If the group action is transitive, then the map 1 is onto. By the definition of isotropy group,
1 is 1 — 1. A natural topology on X is given by the quotient topology on G /G, .

Example 3.3. Consider the action on O (n) on the unit sphere S"~'. If we take the north
pole NP as xg, then O (n)yp = O (n—1).

Example 3.4. SLyR ~ Mobius transformations; it preserves H = {z € C : Imz > 0}. Then

(SLQR)i:{< - Z):a2+b2:1}:SO(2).

Thus
H = SLR, SO (2)

1s @ homogeneous space.
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Example 3.5. GL,R acts on P = {positive definite real symmetric matrices} by
(A, P)— APA".

The isotropy subgroup at the identity 1 s
GL,R=0(n).

Thus
P=GL,R/0(n).

Example 3.6. Grassmann variety X = Gry (R") = {k-dim subspaces of R"}. Then GL,R
acts on X in the obvious way. Let xo be the span of the first k basis vectors. Then

* % echelon
GLuRy, = {( 0 x )} B { matrices }

= GLk,nfk

So
GT’k (Rn> = GLH]R/GL]C,”_]C

Also O (n) acts on Gry (R™), and this time the isotropy subgroup is

)
_ {(S 2)}:O(k)><0(n—k),

Gry (R") =0 (n) /(O (k) x O(n—k)).

S0

Example 3.7. £ = the space of lattices in R? = subgroups of R? isomorphic to Z*. Let
L, = the set of unimodular lattices (ie such that the area of the fundamental parallelogram
is 1). Then GLoR acts on L. If xg = Z ® Z, then

GLQRxO = GLQZ, SO
Simalarly,
L =SL,R/SL,7.

Note that L, is homeomorphic to the complement of the trefoil knot in S® (Milnor). Also,
L is homeomorphic to the space of unordered triples of distinct points in R? with center of
mass at the origin.

3.1. Isotropy subgroups and metrics. Note that if a compact Lie group G acts smoothly
on a manifold M, the isotropy subgroups G, = {g € G : gx = x} satisfy, for all h € G

Gr: = {9€G:ghe=hx}
= {gEG:h‘lghx:m}
{g€G:h"gheqG,}
= hG.h "
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Thus, along an orbit of GG, the isotropy subgroups are all isomorphic. Also, by the results in
the last section, the orbit Gz of a point x € M is diffeomorphic to G H,. Given a closed
subgroup H of G, let [H| denote its conjugacy class, and let

M([H)={zeM:G, € [H]}.

This is called a stratum of the G-manifold M associated to the conjugacy class [H]; in fact
the G-manifold is a stratified space in the usual sense of the word. Note that all of the If G
and M are compact and connected, then there are finitely many such strata. Further, let

M (> [H]) = {x € M : G, is conjugate to a subgroup of [H]}
Let
M? ={x e M:hx=2xVhecH}
be the fixed point set of the subgroup H. Then we have the following:

Lemma 3.8. With notation as above,
GMY = M (= [H]).

That is, the union of orbits of points in the fized point set of H is the set of points x whose
isotropy subgroup G, is conjugate to a subgroup of H.

3.2. Invariant integration and invariant metrics on Lie groups. Let a be a differential
form on a G-manifold M, where GG is a compact Lie group. then we say that a is a left-
wvariant differential form if for every g € G

la = a,
where [, : M — M is the diffeomorphism associated to left-multiplication by ¢. Similarly, if
G acts on M on the right, one may speak of right-invariant differential forms. If M admits
a G-action from the right and left, one may speak of biinvariant differential forms. Note
that there are many examples of left-invariant differential forms on a Lie group G, by the
following recipe. Given any [, € /\k TYG, we may define the form 3 on G by

ﬁg = l;_1 (ﬁo) .
then this differential form is well-defined and smooth, and observe that for any h,k € G,
and any v € T,G,

(lh (B)) (v) =

Note that this implies that every Lie group is orientable (choose a nonzero 3y € /\dimG T:G).

Lemma 3.9. (existence of Haar measure) Let G be a compact Lie group. Then there ex-
1sts a bitnvariant volume form on G, and thus up to sign there exists a unique normalized
biinvariant Borel measure dg on G; that is fG dg = 1.

Proof. 1If n = dim G, let wy be any nonzero element of A" TyG. Then we define the n-form
w by

wg = l;—1 (wo) -
By the discussion above, w is left-invariant. Conversely, any two left-invariant volume forms
differ by a constant multiple, since dim A" TyG = 1. Next, observe that for any A in G,
since right multiplication r; commutes with left multiplication, we have that rjw is also left-
invariant, so it is a constant multiple of w. Since [,w = [, 7jw by the change of variables
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formula, that constant is 1. Thus w is biinvariant. Replacing w by ( fG w)fl w, the result
follows, using the Riesz Representation Theorem to get the Borel measure.

Proposition 3.10. Any compact Lie group G has a normalized biinvariant metric.

Proof. Choose any metric (-,-), on G; then we define the metric (-,-) on G by

(vg,wg> = / <lh1*rh2*vga lhl*th*w9>O,hlgh2 dhl th
GxG

Then divide this biinvariant metric by a constant so that the induced Riemannian density
is the Haar measure. 0

Proposition 3.11. Any Lie group G has a left-invariant metric.

Proof. Choose any inner product (-,-) on 73G. Then define the inner product (-,-) on G by

(Vg, Wg) = (ly-140g, lg-1.W,) .

O

Proposition 3.12. Let G be a compact Lie group with biinvariant metric, and let H be
a closed subgroup. Then there is a natural left-invariant metric on the homogeneous space

G/H.

Proof. For any h € H, right multiplication r, maps (through the differential) the normal
space at goho to the orbit gyH isometrically onto the normal space at gohoh to the orbit.
Thus, the transverse metric to the orbits of H in G is right H-invariant, and thus G — G H
is a Riemannian submersion, and the metric downstairs is induced from the metric upstairs,
by lifting vectors to their right H-invariant fields on the orbits. By the invariance upstairs,
the resulting metric is left-invariant downstairs.

Alternately, one could start with any metric on G H. Then by averaging over GG by left
multiplications, one produces a left-invariant metric on G,/ H. 0

Note that in general the averaging procedure works to produce an invariant metric on any
G-manifold, if G is a compact Lie group. Thus we may always assume that such a group
acts by isometries on the manifold. Conversely, we state without proof:

Proposition 3.13. The set of isometries of a compact Riemannian manifold is a compact
Lie group.

3.3. Symmetric Spaces. A (globally) (Riemannian) symmetric space is a connected Rie-
mannian manifold M such that at every point € M, there exists an isometry ¢ : M — M
that fixes x and reverses geodesics through x. That is, the differential d¢, : T,M — T,M
satisfies d¢, (v) = —v. A (Riemannian) locally symmetric space has a similar definition, but
the isometry ¢ need only be defined on a neighborhood of x. From now on I will assume the
adjective Riemannian.

Proposition 3.14. A connected Riemannian manifold M is locally symmetric if and only if
the sectional curvature is invariant under all parallel translations, which is true if and only
if the Riemann curvature tensor is covariantly constant.

Proposition 3.15. If a connected Riemannian manifold M is locally symmetric, simply
connected, and complete, then it is globally symmetric. In particular, the universal cover of
a closed locally symmetric space is globally symmetric.
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Proposition 3.16. Every globally symmetric space is complete and locally symmetric and
homogeneous.

Proof. Note that it is easy to see that the isometry group acts transitively. Fixing x and y
in the symmetric space, choose a geodesic from x to y, and then find the midpoint. Then
there is an isometry that fixes the midpoint and maps z to y. U

Example 3.17. A Riemann surface of genus > 1 and constant (negative) curvature is a
locally symmetric space but not a globally symmetric space.

Symmetric Spaces are classified since Lie groups are classified.
3.4. Fixed point sets of isometries and isotropy groups.

Proposition 3.18. Let S be a set of isometries of a Riemannian manifold M. Then the
fixed point set

M={xeM:¢(zx)=ux forall¢ € S}
1s a closed, totally geodesic submanifold of M.

Proof. First of all, the set M* is closed, because it is the intersection of inverse images of the
form ¢~! (diagonal in M x M). Next, it is a submanifold, because given a point z € M~

we have
exp, ((ﬂ ker (dqu)) N small ball)

peS
is a local trivialization of M (we use the fact that isometries fix geodesics), and thus M? is
a submanifold. Further, it follows that by considering all points € M* that M* is totally
geodesic. O

In what follows, we say that a group action on a space is effective if the only element of
the group that fixes the entire space is the identity.

Lemma 3.19. Let G be a compact Lie group that acts by isometries on a connected, complete
Riemannian manifold M. Then for every g € G, and for any x € M, the action of G on M
15 determined by gx and by the differential dg,.

Proof. Note that the exponential map exp, : T, M — M is onto on any such manifold.
Given any y € M, let v, € T, M be the initial velocity of a geodesic v from x to y such that
v(0) =z and v (1) = y. Since G maps geodesics to geodesics and preserves distances, we
have

gy = gexp, (vg)
= eng;t (dgfr (UIB))
O

Proposition 3.20. If a compact Lie group G acts effectively on a connected, smooth manifold
M of dimension n, then every isotropy subgroup is isomorphic to a subgroup of O (n).

Proof. Choose an invariant Riemannian metric. Then if x € M, h € H, acts effectively by
isometries by the differential dh, : T,M — T,M. Thus the transformations {dh, : h € H,}
form a subgroup of O (T,,M) = O (n). By the previous lemma, h + dh, is an isomorphism.

O
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Proposition 3.21. Let H be a Lie subgroup of isometries of a Riemannian manifold M,
and let M denote the fized point set of H. Then for every x € M, H acts (through dh.,)
by isometries on the normal space N, (MH) C T, M, and this action has no fixed points
other than the origin.

Proof. The differential dh, fixes vectors tangent to the orbit Hx of x, so since H preserves
angles, it follows that dh, maps N, (M H ) to itself. If there is a vector v, € T,,M ~ {0} fixed
by all elements of H, then the geodesic t — exp (tv,) is also fixed by H, so v, € N, (MH) O

Proposition 3.22. If a compact Lie group G acts effectively on a connected G-manifold M
of dimension n, then

dima < Mt

Proof. We proceed by induction on the dimension of the manifold. The result is trivial if
the manifold has dimension 0. Next, suppose that the result has been shown for all such
manifolds of dimensions < n. Consider a point x of a connected G-manifold of dimension n.
The orbit of z is diffeomorphic to G /G, so the dimension of the orbit is dim G—dim G, < n.
On the other hand, the isotropy subgroup G, acts effectively on the unit sphere of T, M. By
the induction hypothesis, dim G, has maximum dimension (n=bn  Thus

5
dimG < dimG,+n
(n—1)n n(n+1)
< 7 T
> 5 +n 5

0

Note that the result is sharp in all dimensions, considering the action of SO (n + 1) on
the n-sphere.

4. MAXIMAL TORI

A maximal torus T of a compact Lie group G is a maximal connected abelian subgroup.
The word mazimal means that if T < 7" < G, where T" and 7" are both connected and
abelian, then 7' =T".

Proposition 4.1. The closure of a connected abelian subgroup of a Lie group is a closed
abelian Lie subgroup.

Proof. First, the closure of a subgroup of a Lie group is a closed Lie subgroup, because of
the continuity of the group operations. Similarly, since ab = ba for all a,b in the subgroup,
that property continues to be true for the closure. 0

Proposition 4.2. If the dimension of a Lie group is at least 1, then there exists a closed,
connected abelian Lie subgroup of positive dimension. In particular, if the Lie group is
compact this means that there is a maximal torus of positive dimension.

Proof. Let v € T1G; then {exp; (tv) : t € R} is a one-parameter subgroup that is abelian,
since exp, (tv) expy (sv) = exp; ((s +t) v). Thus, its closure is a connected Lie subgroup of
positive dimension. Then in the compact case the connected component of the centralizer
of this subgroup is a maximal torus. U

Lemma 4.3. Any connected abelian subgroup of a Lie group contains a maximal torus.



LIE GROUPS 11
Proof. Take the connected component of the centralizer of the closure of the subgroup. [

Lemma 4.4. Maximal tori in compact Lie groups are closed Lie subgroups.

Proof. The closure of the subgroup is also connected and abelian. O

Proposition 4.5. Fvery closed connected abelian subgroup of a compact Lie group is iso-
morphic to T™ = (S')".

Proof. The subgroup is itself a Lie group, and consider the exponential map at the identity.
The exponential map is onto, and by commutativity exp (v)exp (w) = exp (w)exp (v) =
exp (v + w), so the exponential map is a group homomorphism. It is a local diffeomor-
phism, so that it is a covering map. Thus the abelian subgroup is a quotient of R", so by
compactness, it is isomorphic to 1. [l

Theorem 4.6. (Mazimal torus theorem) Let G be a compact, connected Lie group. Then

(1) All mazimal tori are conjugate.

(2) Fiz a mazimal torus T'. Every element of G is contained in a mazimal torus and is
thus conjugate to an element of T.

(3) The codimension of a mazimal torus T in G is always even.

Proof. First of all, if GG is trivial, so is this theorem, so assume that G has positive dimension.
Given any element g of G, there is v € T1G such that g = exp (v). Then ¢ is contained in
the maximal torus containing the one-parameter subgroup {exp (tv) : t € R}. To complete
the proof, it suffices to show that

G = U gTg™*.

geG

That is given z € G, we must find g € G such that € ¢gT'¢g~!, or that zg € ¢T', or that
xgT = ¢gT'. Thus, it suffices to show that the diffeomorphism

l,:G/T —G/T

must have a fixed point. To see this, we show that the Euler characteristic of G /T must be
positive, which implies by the Lefschetz fixed point formula that [, must have a fixed point.
To show that G /T has positive Euler characteristic, let S* be a circle subgroup of 7', which
acts on G /T by left multiplication, and let V' be the vector field on G /T induced by this
action. Observe that V' has at least one fixed point ( 17" ), so by the formula for the Euler
characteristic in terms of such a vector field — ie a sum of positive numbers at each fixed
point or fixed submanifold, the Euler characteristic is positive. O

The dimension of a maximal torus in a compact Lie group is called the rank of the Lie
group.

Example 4.7. In U (n), the diagonal matrices form a mazimal torus (of dimension n).

Example 4.8. In SO (2n), given a set of mutually orthogonal 2-planes, the rotations in those
orthogonal 2-planes form a mazimal torus. Same in SO (2n+1). So the rank of SO (2n)
and of SO (2n + 1) is n.
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5. REPRESENTATIONS OF LIE GROUPS

Let G be a compact Lie group. A representation of GG is a finite dimensional complex
vector space V' and a Lie group homomorphism

7:G—GL(V).

Note that 7 is smooth, but continuity automatically makes it smooth. Also, we require that
7 is a group action. We abuse notation, sometimes using g in place of 7 (g).

An element T' € Hom (V, V’) between representation spaces V and V' is an ”intertwining
operator” if for all ¢ € GG, g1" = T'g. In other words, it is a morphism in the category of
G-spaces. The collection

Homg (V, V') = {intertwining operators V — V'} .
A G-isomorphism is an isomorphism in Homg (V, V7).
Example 5.1. The trivial representation (gv =v).
Example 5.2. SU (n) acts on C".
Example 5.3. SO (2n) acts on R™.
Example 5.4. Spin representations.

Example 5.5. SU (2) acts on V,, (C?) = homogeneous polynomials of degree n in 2 variables.
Ifn= ( Z; ) then we define (gp) (n) = p (9~"n)-

Example 5.6. O (n) acts on the space of harmonic polynomials of degree k.

New representations from old representations: If G acts on V and W, there are obvious
actions of G on Ve W, VW, /\k V, S¥V, Hom (V,W). Note that in the last case,
(gT) (v) = g (T (g7 'v)); also Hom (V, W) 2 V* @ W = Hom (V,C) @ W.

5.1. Irreducibility and Schur’s lemma. Let G be a compact Lie group acting on a finite-
dimensional V. We say that a subspace U C V is invariant if GU C U. We say that a
representation V is irreducible if it has no invariant subspaces other than 0 and V. This is
equivalent to V' being spanned by {gv : g € G} for any nonzero v € V.

Proposition 5.7. (Schur’s Lemma) If V. and W are finite-dimensional irreducible repre-
sentations of G (compact Lie group), then

1 if V and W are equivalent

dim Homg (V, W) = { 0 otherwise

Proof. Let T € Homg (V, W), and assume T' # 0. Consider ker T and Im7". Note that ker T’
and ImT are G-invariant. Thus kerT' = 0 and Im7T = W, or kerT' = V. Next, let Ty, T be
any nontrivial elements of Homg (V, W). Then consider T, ' acts on W and must have an
eigenvalue A. So

ker (TTy " — A1)
is nontrivial, so TT, ' = A1, or T = AT, O

Corollary 5.8. If V is irreducible, then Homg (V, V) = C1.
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Suppose that V is finite-dimensional inner product space. We say that G is unitary if G
acts by isometries.

Proposition 5.9. Given any representation of a compact Lie group G on V', there is an
inner product (-,-), with respect to which G is unitary.

Proof. Start with any inner product (-,-); then let

(v,0) ==/£(gv,g%“)dg-
O

We say that a representation G, V' is completely reducible if we can write V' as a direct
sum of irreducible representations. (Scott: a disappointing choice of language.)

Corollary 5.10. All finite-dimensional representations of compact Lie groups are completely
reducible.

Proof. Suppose V is reducible. There exists a nontrivial invariant W C V. Let (-,-) be
an invariant inner product on V. Then one can check that W+ C V is also invariant
({(gu,w) = {u, g7 'w) = 0 etc...). So V =W @ W+. Continue. Ask Dave how to finish the
proof. O

Any finite-dimensional representation can be written
V =nV;
where each V; is irreducible, where n; € Z>.
Corollary 5.11. We have V is irreducible if and only if Homg (V, V) = C1.

Thank you, Barbaral!

Note: we will not have uniqueness in the decomposition, because for example V & V can
be decomposed several ways.

Let [7] = [r : G — GL (E;)] be an isomorphism class of irreducible representations. Let

G ={[n}.

Then V5 be the largest subspace of V' that is a direct sum of irreducible subspaces isomorphic
to E,. This is called the m-isotypic component of V. The multiplicity of 7 in V'

dimV

dimHomg (E,, V) = I

Lemma 5.12. If Vi, V5 are subspaces of V' that are direct sums of subspaces isomorphic to
E., then Vi & Vy is a direct sum of subspaces isomorphic to E..

Proof. All W; isomorphic to E,; suppose Wi G Wo @ ... & W,,; then WiNn (W & ... & W,,) =
0,... O

Lemma 5.13. If U, W are irreducible representations in 'V and U is not equivalent to W,
then U 1is orthogonal to W'.
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The conclusion is:

V = PV P mEs

[rle@ [rle@
= P dim (Homg (E,,V)) E;.
[rle@

There is a G-isomorphism
Via) — Homg (Er, V) ® Ex
defined as the inverse of i, : (T,v) — T (v). Thus, there is a map

V @ Hom¢ (E,, V) ® E,
[x)eG

6. SCHUR ORTHOGONALITY

Choose G a compact Lie group with finite dimensional representation V. Let {v;} an
orthonormal basis with respect to a G-invariant inner product (-,-), and let {v} be the
corresponding dual basis. We obtain matrix coefficients.

(gvj, v7)y = i (gv;)
Think of each of these as a function from G to C. More generally, given u,v € V', define

V . G—Chy

w @ = (ou, v)y - (6.1)

Any function of this form is called a matriz coefficient. The set of all such functions is

MC (G).

Theorem 6.1. MC (G) is a subalgebra of the algebra of smooth functions from G — C. If

vl is an orthonormal basis for E,, then {fﬁ“m ’ for all [7] € G, vi,vj} spans MC (G) (as
i07]

a vector space). In particular, MC (G) contains the constant functions.
Note that V & V’, so that (-, )y gy = (5 )y + (55 )y

Theorem 6.2. Let U,V be finite-dimensional irreducible unitary representations, and let
u1,us € U and vi,v9 € V. Then

(oo o) 0 fU2V
/(}(gu17u2)U (gvl,vg)vdg = { 1 Zf -/i—

dimV (ula Ul)V (“2>U2)V ZfU =V

Proof. Take u € U, v € V; define
Twy:U—V
by Tuw = (-, u),; v. Then through the representation 7, define

Tu,v:/gTu,vg_ldg'
G
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Then hii,/v = T:Uh for all h € G. If U and V are irreducible, then by Schur’s Lemma, if
U2V, T,,=0,andit U=V, T,, =cl. Then

/(9U1,U2)U(9U1,U2)Vd9 o /(gulaUQ)U (9_1U2,01)Vd9
G G
= /((QIUhUz)UQUz,Ul)VdQ
G

- \/G (gTuz,’Uzg_lulavl)Vdg

_ o0 U2V
= (T _{ clu,v) HU=V -

But taking traces of T, ,, = cI, we obtain

—_—~—

Cdlmv — / tr (gTug,'Ugg_l) dg =tr (TUZ,’U2>
G

tr (vg (v, uz))

(v9, ug) .

(v2,u2)
dimV ?

So ¢ = as required. O

7. CHARACTERS

Let G be a compact Lie group with biinvariant metric, and let V' be a finite dimensional
representation.
Characters are functions xy : G — C defined by

xv (g9) = tr(g).
Note this is not a homomorphism.
Theorem 7.1. We have
(1) xv € MC(G) (see 6.1): xv (9) = i7" (9eis )

If V=U, then xyv = xu-
xv (hgh™") = xv (9)

Xuev = XUXV
xve (9) =xv (g™
xc(g) =1

Theorem 7.2. We have

(1) Joxv(9)xw (9) dg = dim (Homg (V,W)) = dim (Homg (W, V). In particular if
they are irreducible then we get 1 or zero, and also fG xv (g9) dg = dim (VG).

(2) xv=xw iff V=W.

(3) We have V is irreducible iff Homg (V, V) = 1 iff [, Ixv]? = 1.
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Proof. Part 1: if V and W are irreducible, then pick o.n.-bases {v;} {w;}, we get

/XVX_W = Z/(gvi,vi)v(gwg’,w]’)w
1,J

_ {0 iV W
diIilV Zz] |(Uiavj)|2 =1 HVv=w

Next, write any representations as sum of irreducible ones: if V.= @ m,E,, W = @ n.E,

then
/XVX_W - Zmﬂ'nﬂl/XEWXTﬂ/:Zmﬂ'nﬂ'

= Y dimHomg (E,, Ex) = dim Homg (V, W) .

!

The second part of (1) follows by xc (g) = 1 and Homg (C, V) = VE.
Part 2: V is completely determined by m, = dim Homg (F,, V'), but this is

/XEWX_V-

Part 3: pretty clear 0

Application: Let G; and Gy be two compact Lie groups. Let V; and V5 be respective
representations of G; and (G5. Then there is a natural action of G; X G5 on V; ® V5.

Proposition 7.3. A finite dimensional representation W of G x Gg is irreducible iff W =
Vi ® Vi for finite-dimensional irreducible representations Vi of G1 and V5 of Gs.

| bl =1
G

To see that V] ® V5 is irreducible, observe that

/ venl? =/ s ()1 s (g2)I? dgn das
G1xGa G1xG2

= [ bl [ bl =1,
Gy Ga

Conversely, suppose that W is an irreducible representation of G; x G5. We identify G; =
G1 x {ea}, Go = {e1} x Go, both subgroups of G; x Gy. Write W as a direct sum of
(Go-irreducible representations:

W= @ Homg, (E,, W) ® E;.

[r]eC2

Proof. Since the V; are irreducible,

Note Homg, (Ex, W) is a G representation via left multiplication, so @z, Homg, (E£z, W)®
E, is naturally a G; x G5 representation. In fact, it is isomorphic to the original represen-
tation via T’ ® v — T (v):

(91,92) (T (v)) = 1T (g2v) -
Since G X Gy acts on each summand Homg, (Er, W) ® E,, there can be only one. Further,
Homg, (E,, W) must be an irreducible G representation. O
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8. PETER - WEYL THEOREMS

Main point: Every irreducible representation of a compact Lie group is finite-dimensional.

Assume that G is a compact Lie group and V' is a (complex) Hilbert space (dim V' < oo,
complete inner product space). Future results could be generalized to the case when G is
a locally compact topological group and V' is a topological vector space. Let GL (V') be
a space of bounded invertible 7" € Hom (V, V). (In Hilbert space, bounded is the same as
continuous - operator norm).

A representation (7, V) is a continuous homomorphism 7 : G — GL (V). If dimV < oo,
then the character x, € C'(G) of the representation (m, V') defined by

Xr (9) = trm (g) .

If dim V' = oo, the character may not be defined.
Note that (7, V) is irreducible iff it has no proper nonzero invariant closed subspaces.

Example 8.1. G = S' = {# e R 2r}. V = L*(SY), 7 (0) f(t) = f(t—0). All finite
dimensional unitary irreducible representations of S* has dimension 1 (follows from Schur’s
Lemma). In fact, every such representation is of the form

T (0) = ™ . C — C,
Then X, (0) = €™, and xx, (971) = Xan, (9). Also {xx,} is an orthonormal basis of L* (S').

Example 8.2. (generalization) G =compact abelian Lie group, the characters G= {all irreducible represen
{x} forms an o-n basis of L? (Q). If f € L*(G), then we have the Fourier expansion

Fl9) = awx(9),

xe@

where
o= [ F@xl) do
and we have the Plancherel formula
[1f@rdg =Y laf*
a pd
XEG

If G is abelian but only locally compact, the characters in G vary continuously with the
representation. We have the Fourier expansion formula

flg) = /@f(x)x(g) dx
Foo = /G £ (9)X(9) do.

Example 8.3. (second generalization) G is compact but not abelian. All irreducible repre-
sentations are finite-dimensional. L? (G) has an orthonormal basis in the matriz coefficients
of wrreducible representations. The characters of irreducible representations form an o-n basis
of the subspace of class functions in L* (G).

Theorem 8.4. (Peter and Weyl) Let H be a Hilbert space, and let G be a compact group. Let
m: G — GL(H) be a unitary representation. Then H is a direct sum of finite-dimensional
wrreducible representations.
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Aside: compact operators. A linear operator A : H — H is compact if it maps bounded
sequences to sequences with convergent subsequences. Equivalently, it sends bounded sets
to sets whose closures are compact; or it sends the unit ball to a compact set. Compact
operators form a two-sided ideal IC in the ring of bounded operators.

Example 8.5. All compact operators are operators of finite rank, limits of operators of finite
rank (in the norm topology).

Definition 8.6. A bounded operator A is self-adjoint if (Av,w) = (v, Aw) for all v,w € H.

Theorem 8.7. (Hilbert) Suppose that A : H — H is a self-adjoint compact operator on a
Hilbert space. Then

(1) H has an orthonormal basis consisting of eigenvectors of A.

(2) All nonzero eigenvalues of A have finite multiplicity.

(3) 0 is the only possible accumulation point of the spectrum of A (0 is always an accu-
mulation point if H is infinite dimensional ).

We restate:

Theorem 8.8. (Peter and Weyl) Let H be a Hilbert space, and let G be a compact group. Let
m: G — GL(H) be a unitary representation. Then H is a direct sum of finite-dimensional

irreducible representations. (That is, H = @V, where each V,, is irreducible “@W,” means
that each W, is closed, and each element in H is a limit of finite sums (over «) of elts in

W,.)

Proof. Let P be an orthogonal projection on an arbitrary finite-dimensional non-zero sub-
space of H. Observe that P = P* is compact. Let T = [, 7 (g9) P (9)""du(g), where dy is

the Haar measure , and 7 (g)”"" = 7 (g)*. The integral is to be understood as an operator
norm limit of finite integral sums. It is clear that

(7 (g) Pr (9) " u, u) > 0.
It follows that T is compact, self-adjoint, and positive, and invariant (ie 7w (h) T = T (h).)
Because T' is compact, it follows that there is a nonzero eigenvalue with finite-dimensional
eigenspace. This eigenspace is an invariant subspace of m. Then we can decompose the
subspace as a sum of irreducible representations. Let Y be the set of all sets of orthogonal
finite-dimensional irreducible invariant subspaces of H, linearly ordered by inclusion. (if
S € ¥ and UV €S, then if U # V, then ULV). By Zorn’s Lemma, ¥ has a maximal
element S’. Either S’ = H or S" # H. In the second case, find a larger element by applying
the argument to S't. O

Theorem 8.9. (Schur’s Lemma, revisited) Let (V, ) and (W, ") be unitary (possibly infinite-
dimensional) representations of a compact G on Hilbert spaces. If V' and W are irreducible,

then
1 ifw=v

0 otherwise

dim Homg (V, W) = {
It follows from Schur’s Lemma that

H = @[ﬂa]eéHomG (Br., H)RFE,,.

The quantity
HO{ g HOmG (Eﬂ'oﬂ H) ®E7Ta
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is called the m-isotypical component, i.e. maximal closed subspace in H on which 7 acts by
Ta-

8.1. Matrix coefficients. Let (7, V') be a representation of G, a compact group. A function
of the form ¢ (g) = L (7 (g9) v), where L € V* = Hom (V,C) (continuous linear functionals)
and v € V. For V| (- -) a Hilbert space, V = V*.

Definition 8.10. Let [ (g) orr(g) : C(G) — C(G) denote left and right translation. That
18,

Lg) f(z)=f (97" 2), r(9) f(x) = f(zg).

Note that [ (g) and r (g) are unitary representations on L? (G).
There are two interesting subrings of C' (G):

(1) Cag (G) = subring of matrix coefficients. ¢ € Cy, (G) if ¢ (g9) = A (7 (g)v), where
(m,V) is a finite-dimensional representation, v € V, A € V*.
(2) Cin (G) = subring of G-finite functions. f € Cg, (G) iff {l(g) f: g € G} spans a

finite dimensional vector space.
Theorem 8.11. C,, (G) = Chy (G).

Proof. Step 1: Cyig (G) C Chin (G). Let ¢ € Cayg (G), ie there exists a representation (m, V') of
G such that ¢ (g) = A (7 (g) v). By choosing an invariant inner product on V', we can assume
7 (g) is unitary for all ¢ € G. By identifying V with V*, we write ¢ (¢9) = (7 (g9) v,u) =
A (7 (g)v), where A (w) = (w,u). Observe that

L(h)o(g) = & (h'g) =(r(h7'g)v,u)

= (m(h) 7 (g)v,u)

= (m(g)v,m(h)u),
a matrix coefficient for v and u = 7 (h) u. This shows that [ (h) ¢ is a matrix coefficient for
(m,V). Since dim V' < oo, the dimension of the space of matrix coefficients is < (dim V)”.
Step 2: Chpn (G) C Cag (G). Let f # 0 € Chn (G); consider W = span{l(g) f : g € G},
dim W < oo. Then (I (g),W) is a unitary representation of G. Choose an orthonormal basis
{fi, .., fu} of W, where fi = f. Let l(g) fi = > M;; (9) f;- The matrix M = (M;; (g)) is
unitary. Note

flg) = (g Z g7 ') £ (1)
= ZMji 9)f

a matrix coefficient as a linear combination. [l

Theorem 8.12. (Peter and Weyl) Let G be a compact group. Then Cyg (G) is dense in
L (G).

Proof. Enough to show that Cyj, (G) is dense in C' (G). We will apply the Stone-Weierstrass
Theorem. (If K is a compact Hausdorff space and S is a subset of C' (K) that separates
points. Then any complex algebra with unit closed under conjugations and containing S is
dense in C'(K).) In our case K = G, and S = Cy, (G). By Greg, Cy, (G) is an algebra
with unit. To show that Cjy, (G) separates points, we show merely that gy # e can be
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separated from e. Consider [ (go) : L* (G) — L? (G). Clearly l(go) # I. Apply Peter-Weyl
1st Theorem to the representation [ (g):

L?(G) & @QV(X,

where each V, is a finite-dimensional irreducible component. Thus there exists V,,, s.t. [ (go)
restricted to V,, is not the identity. This means that

(I (90) u,v) 7 (u,v)
for some u,v € V,,. Define ¢ (g) = (I (g)u,v); this element of Cyg (G) separates e and
9o- O

Theorem 8.13. A compact Lie group G possesses a faithful representation, i.e. there exists
finite-dimensional representation (w, V') of G for which m is injective.

Proof. Let Go denote the identity component in G. Suppose first that G = Gy. Choose
any g1 # e in Gy. There exists a finite-dimensional representation (7, V;) of G such that
71 (g1) # e. Let G; = kermy. Since G is a closed subgroup of G, it is itself a compact Lie
group. Moreover, (G; does not contain a neighborhood of the identity; otherwise G; contains
Gy (by the exponential map). Thus the dimension of Gy is strictly less than the dimension
of G. Now, if Gy # {e}, choose g, € (G1), and repeat the procedure; find a representation
(mq, Va) of G with m (g2) # ™2 (€), ete. ete. To finish the proof for G not connected, imbed
G /Gy in a permutation group. 0

Apply the Peter-Weyl Theorem to the representation (I (g), L* (G)):

—

L?(G) = @[ﬂ]eéHomG (Er, L* (G)) ® Ex
Since Chy, (G) is an invariant (dense) subspace,
Cin (G) = @ Homg (Er, Chin (G)) ® E;
[rleG
Observe that there is an isomorphism
7 : Homg (Er, Can (G)) — (Er)"

defined by 7(T') = Ay, where Ay (v) = T (v) (1). The map 7 is an G-isomorphism, since
there is an inverse 77! (\) = T), where

(Tx () (h) = A (7 (k") v).
To show that 7 commutes with the action of GG, we need to check that
gAT = AgT,
where g- is the action of G on EX and )\, is the right action on Cg, (G).
(gAr) (v) = Ar(g~'v), and
Agr (v) = 7(g) (T'(v)) (e) =T (v) (9)
= A (g_lv) :
We can write
Cin (G) = P E; ® E-,
[

r)eG
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where the isomorphism is given by
AQv = f,
where f(g) = A(7 (¢~ ') v). Then
r (g) f)\®v (h) = fg)\®v (h) s
and

1(9) fagw (h) = Hogv (h).

Definition 8.14. Let G' be a compact group. A function f € C(G) is called a continuous
class function if f (ghg™) = f (k) for any g,h € G. (We can extend the definition to L? (GQ)

using the adjective a.e.)

Theorem 8.15. Let G be a compact group, and let {x.} be the set of all irreducible char-
acters. Then

(1) span{xr} e = Ci™ (G)
(2) If f € L*(G) and is a class function, then

f = Z <f>X7r>L2 X

[7]eG
Proof. Consider the diagonal embedding

G—GxG
given by g — (g,g). Then G acts on L? (G) (or Cg, (G)) by

f(h) & f (g~ hg)
so that f is a class function iff g - f = f. Then
Cin (G) = €P Hom (E,, E,),

[7] eq
SO

Cin=(G) = D Homa (Ex, Er)

[r]ed
= Pci.
[r]eG
Under this isomorphism,
Xr < IE,.
The theorem follows. O

9. LIE ALGEBRAS

9.1. The Lie algebra of a Lie group. Differential Geometry version: Let GG be a
(compact) Lie group, let [, denote left multiplication by ¢ ; I, () = gx. This a diffeomor-
phism, and

dly : T,G — Ty, G,
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and the Lie algebra £ (G) = g is by definition
g = {left-invariant vector fields}
= {X el (TG) : dl, (X,) = Xy}
Why is this an algebra? Note that g is clearly a real vector space, and the Lie bracket
(X, Y]=XY -YX
actually preserves g. There is a bijection
{left-invariant vector fields} «—— {7T.G}
given by
X — X,
and
veT.G—{dlyv:geG}el'(TG).
Note that if G is a compact Lie group, we have an embedding
G C GL(n,C) c C” = R>,

and thus, T.G is a subspace of this vector space.

Note that a tangent vector v in T.G can be regarded as an equivalence class of curves
with 7 (0) = e, and given any f € C®(G), vf () := L~ (f (t))|t:O. Using this idea, the
official definition of Lie algebra is as follows.

Definition 9.1. The Lie algebra g of G C GL (n,C) is defined as
g={(0):7(0)=17(-¢c) CG}.
This is an algebra, and in fact
(X, Y]=XY -YX,
an expression that may be evaluated as matrix multiplication. Note that
L(GL(n,C)) =gl(n,C)= M, (C).
Theorem 9.2. We have

(1) g is a real vector space.
(2) We have

(a) [X, Y] = [V, X]

(b) [[X,Y],Z]+ Y, Z],X] +[[Z,X],Y] =0 (Jacobi Identity)
(3) g is closed under [-,-].

Proof. We have
(1) Given X,Y € g corresponding to curves 7;,7. Let v (t) = v (ct) 2 (¢) ; then

d
o =eX 4Vl
dtv()tzo cX +

(2) Matrix computation
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(3) Asin (1), let o, (t) = 71 (s) 72 (t) 71 (s) . Then for each fixed s, we have a different
curves. Then o’ (0) are tangent vectors; which makes a curve in the tangent space,
so its derivative wrt s at s = 0 lives in g. Using the chain rule, we get

0. (0) = ()Y (s)"", and

s

d |, B
o) = Yl

s=0
which must be in g by the argument above.

9.2. The exponential map. Given G C GL (n,C), then X € g corresponds to
X (g) = dl,X.
By elementary differential geometry (ODEs), there exists a unique curve -, such that
vx (0) = I and
7% (0) = X.
This curve will be complete.

Theorem 9.3. (The exponential map is the exponential map.) We have

() = exp(tX)= e

[e. 9] n

— —X",
n.
n=0

and exp is a group homomorphism (in t).

Proof. First look in GL (n,C). Then extend X to all of GL (n,C). Consider ax (t) = e'X.
Then ax (0) = I and oy (0) = X, so it is an integral curve of the vector field X. Why is
ay (locally) a curve in G? Well, there is a locally unique integral curve of X on G, so ax
must locally restrict to that curve. Since e™X = (e"*)™, so in fact, ax globally restricts to
a curve v7x on GG. The homomorphism part is elementary. 0

Example 9.4. If G = S', g = iR, and exp (t (iz)) = .

Theorem 9.5. If G C GL (n,C),
(1) g={X € gl(n,C): X € G for all t € R}.
(2) exp is a local diffeomorphism.
(3) If G is connected, exp (g) = G.

Proof. (2) d(exp) X = X, so the inverse function theorem tells you that it is a local diffeo-
morphism.(3) onto a nbhd of identity is sufficient. O

9.3. Classical Lie Algebras. Note that
L(GL(n,C)) = gl(n,C) = M, (C).

(A nbhd of the identity in M, (C) is contained in GL (n,C), so the Lie algebra must be all
of M, (C).)
Next, SL (n,C) ={X € GL (n,C) : det (X) = 1}, so that
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sl(n,C) = {Y € M, (C):det(e") =1forall t}
{ATA™" € M, (C): T is upper triangular and det (ety) =1 for all t}
= {ATA™' € M, (C) : T is upper triangular and det (e'") =1 for all t}
= {ATA™' € M, (C): T is upper triangular and e""™") = 1 for all ¢}
= {YeM,(C):tr(Y)=0}.
Next, U (n,C) = {X € GL(n,C) : XX* =1}. Then
u(n,C) = {Y e M, (C): (ety)_l =e " =€ for all t}
= {YeM,(C):Y+Y"=0}.

Similarly, we see
o(n,R)={Y e M,(R):Y +Y"=0}.

One may also obtain these equations by taking derivatives of the defining group equations.

9.4. Lie algebra homomorphisms. Given two Lie algebras g and b, we call
¢p:h—g
a Lie algebra homomorphism if it is a linear transformation such that

[Pz, dy] = ¢ [, Y]

for all z,y € h. Given a Lie group homomorphism
v:H— G,
the map
dy :=dyy:h—g
is a Lie algebra homomorphism. Note that
d
a0 (%) = 4 (@),
Theorem 9.6. We have
(1) dy [X, Y] = [dy (X)), dy (Y)].

(2) 1 oexp = expodi)
(3) If Yy and 1y are two Lie group homomorphisms from H to G, if H is connected and

dipy = dipa, then Py = 1o,

Corollary 9.7. If Gy, Gy are isomorphic Lie groups, then g1, g2 are isomorphic as Lie alge-
bras.

As a consequence, the Lie algebra structure from G C GL (n,C) is independent of the
embedding.
One of the standard homomorphisms is the conjugation homomorphism (for g € G)

cg:G—G
given by ¢, (h) = ghg™!, which takes the identity to itself. We define the adjoint representa-

tion Ad of G on g as
Ady =dcy 1 g — g,
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but we can also think of this as

Ad: G — GL(g).

This is actually a Lie group homomorphism, which may be calculated explicitly. Note that
(with G € GL (n,C) )
d
Ad(g) (X) = dey(X) = 2 ¢ (¢7)]

= gXg "

Note that Ad(I) = 1.
Then we define ad : g — gl(g) by

ad = dAd : g — gl(g) = End (g) .
Note that (with G € GL (n,C) )

d
ad(X)Y = EAd(etX)Y\t:O
_ ietxye—txltzo

dt
— [X,Y].

9.5. Lie subgroups and subalgebras. Let G be a compact complex Lie group. We often
assume G C M, (C) = R>*"”. Why is this nice? Recall that

g="T.G.

Through the isomorphism,
[A, B] = AB — BA.
Recall that if ¢ : H — G be a Lie group homomorphism, then d¢ : h — g is a Lie algebra
homomorphism.

Theorem 9.8. With G C GL (n,C), there is a bijection between the set of connected Lie
subgroups of G and the set of Lie subalgebras of g. If H is a connected Lie subgroup of G,
then the corresponding subalgebra is a Lie subalgebra for H.

Proof. Hard part is to start off with Lie subalgebra and exponentiate to get to the group.
It is not obvious that it does not generate a larger subgroup. Uses Frobenius theorem; need
to show that the span the left-invariant vector fields form an involutive distribution, exactly
the Lie subalgebra condition. O

9.6. Covering homomorphisms.

Theorem 9.9. Let H and G be connected Lie subgroups of GL (n,C), and let ¢ : H — G
be a Lie group homomorphism. Then ¢ is a covering iff d¢ is an isomorphism.

Proof. 1f ¢ is a covering, it is clear that d¢ is an isomorphism.

On the other hand, if d¢ is an isomorphism. Then ¢ is a local diffeomorphism by the inverse
function theorem. So there is a neighborhood Uy of e € H that gets mapped diffeomorphically
to a neighborhood V) of e € GG. Find smaller neighborhoods such that the neighborhoods
are connected and such that VV=r C Vo, U = ¢~ (V) NU,. It is easy to show that ¢ is
surjective, because the image ¢ (U) contains a neighborhood of e. Next, note that ¢! (V) =
Uker ¢. Need to see that ¢—! (V) is a disjoint union of sets isomorphic to U. Suppose that
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u1y1 = Uy, with u; € U, v; € ker¢. This implies vy, = uy'u; € Uy Nkerg = {e}.
Thus 1 = 72, u1 = uz. So ¢ is a covering over e. For g € G, g = ¢ (h). Consider gV and
¢ 1 (g) V = hU ker ¢. the connected components are hU+, which are disjoint since h acts as
a diffeo on H. U

Here is an application.

Theorem 9.10. Let H and G be connected Lie subgroups of GL (n,C), and suppose H is
simply connected. Further, suppose that ¢ : h — g is a Lie algebra homomorphism. Then
there is a unique homomorphism of Lie groups ¢ : H — G such that d¢ = 1.

Remark 9.11. Simple connectivity is important, because for example there is no Lie group
homomorphism ¢ : S' — R that induces the identity on Lie algebras.

Proof. Consider H x G C GL(2n,C). The Lie algebra of H x G is h & g. Let a =
{X+¢vX:X ebh} Chdg Thisis a Lie algebra. We check

X +¢X,)Y +9Y] = [X,Y]+ X, Y]
= [X,Y]+¢[X,Y].

Now, a C h @ g, so it generates a Lie subgroup A of H x (G. Consider the projections
7o, 7y H X G — G or H. Then

dry (X +9X) = X,
drg (X +¢YX) = X

Then dry is an isomorphism, it gives us a covering homomorphism 7y : A — H. Since
H is simply connected, 7wy is an isomorphism. So 7g o 7@1 induces the desired Lie algebra
isomorphism. O

10. ABELIAN LIE SUBGROUPS AND STRUCTURE THEOREMS

10.1. Overview.

e In the unitary group U (n), each element g is conjugate to a diagonal matrix.

e The diagonal matrices in U (n) form a torus 7' = T", which is a maximal abelian
subgroup in U (n).

e In fact, any abelian subgroup of U (n) is conjugate to a subgroup of T'. (Commuting
matrices can be simultaneously diagonalized.)

e No such statements can be made about GI (n,C) (without making a certain Russian
professor very angry).

e However, similar statements are true for any compact Lie group G. In particular,
one can always choose a maximal torus 7' = T" in G, and then the following theorem
is true.

Theorem 10.1. If G is a connected compact Lie group, then

(1) every element of G is conjugate to an element of T', and
(2) any connected abelian subgroup of G is conjugate to a subgroup of T'. In particular,
any two maximal tori are conjugate.

Remark 10.2. The word “connected” cannot be omitted. Not every maximal abelian sub-
group is a torus, as the following example shows. Consider SO (3) with maximal torus
SO (2). But the subgroup of diagonal matrices form a subgroup of order 4 that is not iso-
morphic to any subgroup of SO (2).
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Proof. Conceptual proof of theorem:

Note that (2) follows from (1), because any compact connected abelian group A contains an
element g whose powers are dense in A. Then 27 'gz € T = o 'Ax C T.

To prove (1) by algebraic topology: to find z € G such that z7'gx € T is equivalent to
finding the fixed point of the map f, : G/T — G/T defined by f, (zT') = g«T'. Note that f,
depends continuously on ¢, g € G, so f, is homotopic to f.. Theorem from topology: If X is
a compact space with nonzero Euler number, then every continuous map f : X — X which
is homotopic to the identity has a fixed point. (proof: Lefschetz number of f is nonzero)
Note that the Euler characteristic of G/T is nonzero. Note that x (G/T) = order of the
Weyl group of G, which is N (T') /T. O

10.2. Lie algebra approach.

Theorem 10.3. Let G be a Lie subgroup of Gl (n,C) (true for any Lie group)

(1) For X,Y € g, [X,Y] =0 iff " and e?¥ commute. In this case, eX T = eXeY.
(2) If A is a connected Lie subgroup of G, then A is abelian iff a is abelian.

Proof. (1) implies (2).

Proof of (1). It is enough to show e!X*+Y) = etXetY for all t. Take the derivative: LHS=
(X +Y) X+ RHS= XXt +etXYe =(X +Y) e ¥et. By existence-uniqueness the-
orem for ODEs for linear systems, the equation holds. O

11. WEYL GROUP

Let G be a compact, connected Lie group (real or complex). We want to

e classify such G
e Find irreps for G and calculate their characters

The idea is to relate the irreps of G to the irreps of its maximal torus 7™ = St x ... x S1,
which are all one-dimensional and labelled by m-tuples of integers. That is, X(n,,...n.) (0) =
et n;0;5)

It is necessary to study the coset space G /T, which is a homogeneous space with transitive
G-action. It is actually a Kahler manifold and a projective algebraic variety.

Example 11.1. Suppose G is the unitary group U (n). Then T = {diag [eiel, o ew"] }, and

G/T is a flag manifold. What is a flag manifold? Let G = GL (n,K) (K =R or C) acting
onV =K". A flag f inV is a collection of subspaces

f=0=U0,cU;C..CcU,=V).
One can characterize f by a choice of basis
u € Up,up € UNUy,...,u; € UNU;_q, ....

Now it is clear that GL (n,K) acts transitively on the flag manifold F. Let fy be a spe-
cific flag determined by an orthonormal basis ey, ...,e,. The subgroup of GL (n,K) which
fizes fo is B =group of upper triangular matrices. Thus the flag is isomorphic to F =
GL (n,K) /B (n,K). Next, by applying Gramm-Schmidt to columns of A € GL (n,C), we
can write A as A = UB, where U is unitary and B is upper triangular. Moreover, observe
that U (n) N B (n,C) =T. Thus, we have the homeomorphism

F~GL(n,K)/B0nK)=U(Mn) /T
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Why is F a projective algebraic variety? Let uy,...,u, be a basis of V defining a flag f.
Notice that uy A ... N u; depends (up to a nonzero scalar multiple) only on U;, and hence the
tensor product

U @ (U Aug) @ ... @ (U1 Ao Auy) € VANV ®...0 A"V
= F

where V' has the standard basis ey, ...,e,. The expression above depends only on the flag F.
Hence if P (E) is the projective space of E, then we have a mapping

¢:F — P(E)

given by f —image of the map above in P (E). Note that ¢ is injective and X = ¢ (F) is a
closed subvariety of P (F).

A maximal torus T' C GG comes with the action of a Weyl group on it.

Definition 11.2. Given a maximal torus T in a compact, connected Lie group G, the nor-
malizer N (T) of T is the subgroup of G defined by

N(T)={geG:gTg ' =T}.
The subgroup T is a normal subgroup of N (T'), and the quotient
W (G, T)=N(T)/T
18 called the Weyl group.

Remark 11.3. There are many different mazimal tori but are all conjugate, so different
choices of T lead to isomorphic W (G, T).

Remark 11.4. W (G, T) acts on T by conjugation.

Remark 11.5. In addition, for every t € T, we can consider N (t) = {g € G : gtg™' = t}.
If dim N (t) = dim T, then t is called reqular. If dim N (t) > dim T, t is said to be singular.

Example 11.6. Let G = U (n), T =diag(e",...,¢"). Then W (G,T) = S,, acting by
permuting (61, ...,0,). Regular elements correspond to those where the 0;’s are distinct; the
other elements of T are singular.

12. REPRESENTATION RING

Let 7 : G — GL (V,C) be a representation. Note that [r] is characterized up to isomor-
phism by its character x. (g) = Tr(m(g)). Note that x is constant on conjugacy classes,
and

Xm@ra = Xm T Xmas
Xm@mre = Xmp * Xma-
The character ring R (G) is a free abelian group generated by irreducible characters of

complex representations of G (with multiplication). Elements of R (G) are virtual characters
(formal differences of characters).
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13. WEYL INTEGRATION FORMULA

Let G be a compact, connected Lie group. Recall that G has a unique (up to a constant
multiple) regular Borel measure dg that is invariant under left translations and such that it
is nonstupid (ie g (U) > 0 for open nonempty sets U). This dg is called a Haar measure
and is automatically right-invariant.

[ 7@ dg
G

We would like to compute
for integrable f. If f is a class function, i.e. f(hgh™') = f(g) for all g,h € G, then one can
express this integral as an integral over a maximal torus 7" in G, since every element of g is
conjugate to an element of 7. This formula is called the Weyl integration formula.

Theorem 13.1. (Weyl Integration Formula) If f is a class function and if dg and dt are
normalized Haar measures on G and T, then

/G f(9) dgzﬁ /T Ftydet ([Ad () - 1]],) de.

Here W is the Weyl group of GG, that is
W =N(T) /T,

a finite group, and |W| is the order of the Weyl group. The adjoint representation Ad is
defined as follows. Recall that G acts on itself by conjugation. For every h € G,

cn (9) = hgh™
is an isomorphism. The adjoint representation of GG on its Lie algebra g is
d
Ad(R)Y : =dc (V)= —| he™h!
dr =0

= WYh'if G C GL(n,C).

Note that since G is compact, there is an Ad-invariant inner product on g, so this may
be made to be a unitary representation. Now, let t C g denote the Lie algebra of T', and
let ¢ = t+, so that g = t @ p is an orthogonal direct sum. Since Ad (t) maps t to t, the
unitary-ness means that Ad (t) maps p to p.

Example 13.2. G =U (n). Then T = {diag (t1,...,t,)}. Then

2 2 de d@
2 1
Lol ol 2

1<j

where t; = = ¢, Note that
u(n) = {XGM(n,C):X+F:o}.

Note that
t = u(n) N {diagonal matrices} .

An Ad-invariant inner product

(X,Y) = tr (XW) .
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Trick: expand computations to CRrp C Ceru(n). Now C@gu(n) = M (n,C), since every
matriz A may be written
A—AT A+ AT

> T
and both parts are skew Hermitian. Let E;; be the matriz with 1 in the ij place and 0
otherwise. Then

A:

Corp = (C®pt)
= span{E;; 1 i # j}.
Note that E;; are eigenvectors of Ad. Note that
Ad (™) E; = t Byt
= t;'t,E;.
The determinant is
det ([aa () - 1][,) = [T, -1)
i#j
= [T -0 ()
i<j

= [[t-t) & -6

i<j
= JI1L—-t
i<j
We need the following for the proof of the integration formula.

Proposition 13.3. N (T') is a closed subgroup of G. The connected component N (T'), in
N (T) is T, and the Weyl group W = N (T) /T is finite.

Proof. N (T) is closed since T is closed. We have a well-defined homomorphism ¢ : N (T') —

Aut (T') defined by

c(g)t=gtg™"

If we think of 7" = R" /Z", then Aut(7T) = GL (n,Z). Thus, any connected group of
automorphisms of 7' must act trivially. Thus, if &~ € N (T)°, then h commutes with each

element of T. If N (T)° # T, it must contain a one-parameter subgroup n (t). The closure
of the group generated by T' and n (t) properly contains T" and is abelian, a contradiction.

Thus, N (T)° = T. The quotient W = N (T) /T is a Lie group, the quotient of a compact
Lie group by its connected component of the identity, so it is finite. 0J

Proposition 13.4. The centralizer C (T) of a mazimal torus T is T

Proof. Since C (T)) € N (T), T is of finite index in C'(T') by the last proposition. Thus, if
x € C(T). Thus, if x € C(T), we have 2" € T for some n. Let ty be a generator T'. Since
the n'" power map T — T is surjective, there exists ¢t € T such that 2"t" = (xt)" = t;. Now,
xt is in some maximal torus 7" which contains ty. By maximality, T'=T", so z € T. ([l

Proposition 13.5. There exists a dense open subset Q@ C T such that the |W| elements
wtw™t for w € W are all distinct for each t € Q.
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Proof. For any w € W, define Q,, = {t € T : wtw™! # t}. Clearly, Q, is open. If w # 1 and
t is a generator of T', then t € €,,. Thus {2, contains all generators of the torus, ie the set
{(t1,....,tn) € T : {t1,...,t,} lin indep over Q} .

Kronecker’s theorem implies that the set of generators is dense in 7". Thus, €2, is dense and

open, so Q= () €, is dense and open. O
1#weW

Proof. (of Weyl Integration Formula)
Let X = G /T, which is a manifold. Now consider the map
p: X xT -G

defined by ¢ (2T, t) = xtz~!, which is well-defined. We will use this as a “change of coor-
dinates”. Observe that X x T and G are orientable manifolds of the same dimension. We
choose volume elements on g and on t so that the Jacobians of the exponential maps g — G
and t — 7" are 1. We now compute the Jacobian J;. Parametrize a neighborhood of 7" in
X by a chart based on the neighborhood of the origin of p.

p DU +— 2T,
Let t € T. We parametrize a neighborhood of t € T' by
toV —te.
We parametrize any element of G by
(U,V) — (2e"T,te") e X xT

zeVteVe Vg™t
We translate on the left by t~'z~! and on the right by x:
(U, V) — (zeVT,te") e X x T
lfb
t~1eVteVe U = eAd(t_l)UteVe*U
The differential d¢ of this map is
UxVi (Ad(t7) —I)pUx |%

The theorem follows after realizing that ¢ is a |WW|-fold cover on the nice part of 7. O

14. WEIGHT AND ROOT SYSTEMS
Let G be a compact, connected Lie group of dimension d. Let T C G be a maximal torus.
Let k = dim T =: rank (G). Recall that

(1) Each g € G is conjugate to some element of T'.

(2) If ¢ : G — GL(V) is a complex representation, the corresponding character x, =
tr(¢) : G — C, a class function.

(3) Two representations are equivalent (7) iff the corresponding characters are equal.

Lemma 14.1. If ¢, ¢ are representations on V', then ¢™¢ iff ¢|p ™ ¥|.
Proof. ¢~ iff Xo = Xo iff X¢>|T = Xw‘T iff ¢|T ) w’T [
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Since T is abelian, irreducible representations are 1-dimensional, so ¢|; = ¢1 @ ¢a... B @,
with n = dim V. This leads to a bookkeeping device.

Given ¢ : G — GL (V) complex representation, ¢|; = ¢1 & ¢a... ® ¢y, Let t =2 RF = the
Lie algebra of T'. Thus we have

7k — A

! !
tRE R
lexp lexp

T % U@acc

Definition 14.2. The weight system Q (¢) of a representation ¢ is the set {dgbj :RF — R} €
t*. In fact, do, (Z"“‘) C 7.

Notation 14.3. 2 (¢) =weight system. For w € Q(¢), m (w, ¢) = multiplicity of w in ¢.

Note that the weight system of a real representation is the corresponding weight system
of its complexification.
Application to adjoint representation:

c : GxdG—-d
(g,2) — gzg'=c(g)x

For fixed g € G, ¢(g,) : G — G maps the identity to itself, and so it induces a map on the
Lie algebra, so one obtains the differential Ad(g):g — g, or

Ad : G — Aut(g) C GL(g) = GL (R?) — GL (CY).

Definition 14.4. The root system of G is the system of nonzero weights of the (complezified)
adjoint representation, or the nonzero weights of Ad ® C, notated A (G).

Facts:
e multiplicity of 0 is k£ = dim T
e Thm coming up later implies that nonzero weights have multiplicity 1.

Explicitly, if T = (Sl)k, exp (T1, ..., vx) = (2™ .. e*™) we have the weights are

k
doj (z1,...,x) = Znixi, n; € 7,
i=1

k

¢j (627r7,a:1’ . 627”5%) _ | | 627rznia:i

i=1
Remark 14.5. The weight system Q (¢) is a complete invariant of the complex representation
O, as is Xo-

Remark 14.6. These invariants are related by the following. Fort € t, X4, (exp(t)) = €2 4% 1.
Thus,

Xo(exp(t)) = Z g2 lt) (with multiplicity)
we(e)

Remark 14.7. Facts about characters:
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(1) Xeaw = Xo + Xo = QL(0 DY) =Q(9) UQ (¥)
(2) Xoey = XoXo = QL(9@ V) =Q(¢) + Q2 (V)
(3) X+ =Xo = (") = =02 (9)

Remark 14.8. The zero weight has multiplicity k in 2 (Ad @ C). Note that Ad is trivial on
the torus, so the multiplicity must be at least k.

c: G x G — G conjugation

Ad : G x g — g Adjoint representation

Ad|, : T x g — g Adjoint representation, restricted to T'. Let t denote Lie algebra of T in
g, which is contained in the fized point set of Ad|, in g. Neat, take the orthogonal comple-
ment v with respect to an Ad-invariant metric on g, so that g = t®w. The claim is that T
fizes no nonzero w in vo. If T fivres (w) C w. Applie exp, so that T x G — G has a T-fized
1-parameter subgroup ¢ : R — G. Since T fizes all of the subgroup, and T C (T, ¢ (1)), which
implies ¢ (t) € T for all t, which implies by maximality that ¢’ (0) = w € t, a contradiction.
Next, when we tensor with C, the adjoint action fived vo and ivo, and the same proof applies.

Thus A (G) consists of d — k nonzero weights.

Example 14.9. Consider U (n) acting on C*. pu:U (n) — GL(C"), d=n?, k=n,
T = diag (62”91, s 62”9") ,

SO |y = 1 B 2 D ... B ¢, with ¢; acting on the j™ component of R", so dg; (§) = 6;. So
Q) = {6,:1<j<n)

_ 2mi6 ;
Xu|T = E:e .

j=1
Then
Q) = {-0;:1<j<n}
XM* |T — Z €—2m‘0j
j=1
Finally,

Adymy @ C=p@p".

. 210 ; —2mif o 2mi(0;—6})
vaec, = (Z ) (Set) =ns Demow
J

so AU (n)) = {0;—6,:1<j#k<n}.
Example 14.10. Let G = S3, which double covers SO (3) as follows. S* = {unit quaternions}.
S? x H — H
. R C H is invariant, and the action decomposes as H = R & ImH. The

Root system:

via (g,h) — ghg™

action
5% x ImH — ImH

can be described as follows. For g = cos@ +usin®, with v € {x € ImH : |x| = 1}, the action
is rotation about u with angle 20. Consequence: the adjoint action S x S® — S3 is the
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restriction of this action. Choose the mazimal torus T = C C H. For € € T, the orbit
18 {ge"@g*l} is a 2-sphere of radius |sinf|. Thus the conjugacy class of ¥ is a 2-sphere of
radius |sin 0| with the real part cos6.

Now S* acts on homogeneous polynomials Py, = C [z1, 23], of degree k. The action: for

a,be C, a+bj € H. ~
. 21\ _ [ a —=b
ween(3)-(3 3)
gives the action on Py, and it naturally extends to Py: ¢y : S3 — GL (Py), dimension k + 1.
The weight system: ¢i|p acts by ¢y, (ei ) 2 = e, ¢ ( ) 29 = e 2. Thus the monomials

of degree k are eigenvectors for the action : 2F, ¥ 'z, ..., 25 corresponding to eigenvalues

et eilh=2)0 e=k0  Thys

Zk:‘?lk 2/)0 sin((k%—l)@)‘

X ( sin (0)

7=0
The weight system: € (gbk) ={k,k—2,...,—k}.
Claim: {¢} is G =53 We first check irreducibility:

/SB Xor (9) Xor, (9) dg =17

Note that Vol (S?) = 272, so if dV is standard volume and dg is the Haar measure, then

dg = 271r2dV So
- 1 o
/ Xon (9) X0 (9) dg = 55 | Xow(9)Xar(9) AV
53 7T S3
L[ 0\ —— (i .
= o0 ; Xox (€) Xor (€”) 4 (sin 0)* df
since each conjugacy class of €?is a sphere of radius sin@. So
Lt (4100,
Xon dg = 4 0)” do
/S Xow (9)Xer (9) dg 57 /0 ) 7 (sin 6)
= 1

Thus each ¢y is irreducible. Now we check completeness: If 1) is an irreducible complex
representation of dimension k + 1, want to show ¢~ ¢. Suppose not; then

/SS Xor (9) Xw (9) dg = 0.

But then
1 [ ‘ . _
/ Xow (9) Xo (9) dg = - Xow (GZG)W(BZG) 47 (sin 9)2 do
SS 271- 0

_ z/oﬂsin((k+1)6)x_¢(ew) (sin ) do = 0

™

for every k. Since Xy ( ) sin @ is constant on conjugacy classes, it is an even function of 6.

Thus, not all Fourier coefficients could be zero. Contradiction. So G = {on}-
In particular, Ad ® C is some multiple of ¢o. (In fact, it is the same as ¢o.) Thus,

Q(Ad® C) = {-2,0,2},
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so A(S?) = {£2}.

—

Example 14.11. (Consequence of previous example). We can obtain SO (3) by using the
double cover S* — SO (3).
{£1} - 5* 5 50 (3) - GL (V)

So any irreducible representation of SO (3) induces an irreducible representation of S* that

+1 maps to the trivial representation. (This is a 1-1 correspondence.) So the irreducible

representations of SO (3) are the same as those {¢y : ¢ (—1) = 1}. So this is all the ¢y

with k even (ie only odd dimensional representations). To compute the weights ( k even),
{unit complex numbers e"} = S' =T c $* =T C SO (3),

can be realized as
1 0 0

e | 0 cos(2t) —sin(2t)
0 sin(2t) cos(2t)

The maps on the Lie algebra R is multiplication by k,k — 2, ..., —k, so we will get weights
(since degy, = dm o diy, = 2dify. ).

k k—2 k
d={EE22, 8]
Thus, the root system of SO (3) is
A (SO (3)) = {£1}.

14.1. Classification of Rank 1 Compact, Connected Lie Groups. Let G be such a
group. We will show that G = S* or SO (3) or S3. Let S! @ T C G be a maximal torus.

Adl, = 101 @Y P ...

g = toR () @R () @ ...

The map is

et ( cos (n;t) —sin (n,t) )

sin (n;t)  cos (n,t)
Put the integers in increasing order
ny S %) S

We may assume n; > 0 (up to conjugation — so up to equivalent representations). Examples:
ifG:S?), Ad|T: 1@7#1, ny =2. IfG= 50(3), Ad|T: 1@¢1, ny = 1.
Claim: g; = R® R? (1)) C g is a Lie subalgebra.
Proof: Assume n; > 0. Choose H™1 € R, X,Y € R? (¢;) such that
Ad(Exp (tH)) X = cos(nit) X +sin(nt)Y
Ad(Exp (tH))Y = —sin(nit) X +cos(nit)Y
We differentiate at ¢ = 0 to obtain
[H,X] = nY
H,Y] = —mX.
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Further, by using the Jacobi identity
[H, [X, Y]] = [[H,X], Y]+ [X,[H, Y]] =0,

so H = c¢[X, Y] (otherwise there would be a 2-dim torus). Thus g; is a Lie subalgebra.
Claim: ¢ > 0. Ad(Exp (tX)) preserves angles and is orthogonal, so

(Ad (Exp (tX)) Y, Ad (Exp (tX)) H) = (Y, H).

Differentiating,

(X, Y], H) + (Y, [X, H]) = 0,
SO

c|H" = = (Y, [X,H)) =m [V,
so ¢ > 0.

Claim: g; is isomorphic to the Lie algebra of SO (3).

Claim:only 3 possibilities.

Casel: if G is commutative, then G = S*.

We now assume G is not commutative. Use g; C g (isomorphic to S?, simply connected).
Lie’s theorem implies that there exists a Lie group homomorphism

d:9 -G
with
dd, : g1 — g.
What is the image of &7
SS
N\
Imd c G

Note m = Lie group mod a cover map. What is ker 77 It must be a discrete normal subgroup,
which implies ker 7 C Z (S5%). (Since gNg~' = N is true for all g, therefore, since g can be
chosen sufficiently small, it maps gng=! = n, so n commutes with a neighborhood of the
identity). Since Z (S®) = {1}, S? “kerm = S* or SO (3). So we just need to show ® is
onto. If ®(S3) = Gy # G, look at V = @ R? (¢;) = gi. Then S* = T acts on V (by ¢).
j>1
Look at the weight system Q (¢ ® C) = Q(¢|, @ C) = |J Q (¢, ® C).
j>1
Two cases:
e G; = SO(3) = any irred representation contains the zero weight, but the zero

weight does not appear in |J Q2 (v; ® C).
i>1

oGy =5 = n =2 (A ={£2}),s0n; > 2forall j. Then |JQ(¢,;®C) =
j>1
U {£n;}, no zero or +1 appears. But for any irreducible representation of S,

Jj>1

Q={k,k—2,...,—k} must contain 0 or £1.
Thus the only rank 1 connected compact Lie groups are S, SO (3), S3.
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14.2. Multiplicity Theorem. The group G acts on g via the adjoint representation.

Theorem 14.12. The multiplicity of each nonzero weight in Q (Adg ® C) is one. Moreover,
if 0 # a € A(G), then ka € A(G) iff k = £1. (The multiplicity of the zero weight is the
rank of G.)

Proof. Let T C G be a maximal torus with Lie algebra t.
Adlp, = 1D @@ ...

g = to ZR2 W’j)(ia)

as a direct sum of Ad| -invariant subspaces. (Subscript denotes weight.) {+a} runs through
all pairs of nonzero weights in 2 (Adg ® C) with multiplicity. For H € t, the action of
Ad (exp H) on R? (%) (2a) 18

cos (2rae (H)) —sin (2na (H))

sin (2ra (H)) cos (2ma (H))
We want each « to appear exactly once. Fix such an a. Let t, = ker (a: t — R). Then
let T, C T be a codimension 1 subtorus with t, as its Lie algebra. Let G, = Z2(T,) =

the connected component of the centralizer of T, in G. Let G, = G,/T,. (Remark:
Za (Ty,) is actually connected in the first place.) Let g, be the Lie algebra of G,. Note that
9o = F'(T,,g) is the fixed point set of T}, in g. Then we write

b =F(To,g) =t® > R (¥5) (45)
0#8,tg=ta
Thus,
0o =0/ ta=t/ta® Y R(),-

0#B,tz=to

Thus, t/t, = S! is a max torus in G,. Thus, by previous work, G, = S*, SO (3), or S3. So
there is only one element in the summation. But since tg = t, iff 3 = ca or ¢ = «, each
weight must have multiplicity 1. 0

15. LIE ALGEBRAS AND THEIR ROOT SYSTEMS
Some definitions:
Definition 15.1. A Lie group is called stmple if all its normal subgroups are discrete.

All simple, simply connected, compact Lie groups are known. They come in four families
and five exceptional groups. (See the table in any Lie group book.) We restrict ourselves to
compact, connected Lie groups.

Theorem 15.2. Fvery compact, connected Lie group has the form G = K /H, where K 1is
a finite product of SO (2)’s and the groups listed in the table, and H is a discrete subgroup
of Z (K) (the center of K ).

Recall:

Theorem 15.3. We have

(1) For any real Lie algebra g, there exists a Lie group G such that L(G) = g, and this
group is unique up to a local isomorphism.
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(2) Among all connected Lie groups G such that L (G) = g, there is exactly one that is
simply connected Lie group G. B
(3) Ewvery other group is G /H, where H is in the center of G.

Definition 15.4. A Lie group is called semisimple if the corresponding Lie algebra is
semisimple.

Remark 15.5. A compact, connected G is semisimple if and only if Z (G) is finite.
15.1. Types of Lie algebras.

Definition 15.6. A Lie algebra g is an extension of a Lie algebra g, by a Lie algebra go
if there exists the following short exact sequence of Lie algebra homomorphisms:

0—gs>gg —0
That is, g contains an ideal isomorphic to go, and g, = g, /go.

Definition 15.7. An extension as above is called central if i (gs) C Z (g), trivial if the
map p admits a section (i.e. a homomorphism s : g1 — @o such that pos = 1. Then
g = g1 X go (semidirect product).
The types of Lie algebras:
(1) commutative, ie [X,Y] =0 for all X,Y € g.
(2) solvable, ie minimal collection of Lie algebras containing all abelian Lie algebras and
is closed under extensions.
(3) nilpotent, i.e. minimal collection of Lie algebras containing all abelian Lie algebras
and is closed under central extensions.
(4) semisimple, i.e. minimal collection of Lie algebras containing all nonabelian simple
Lie algebras and is closed under extensions. Simple means it has no proper ideals.

Theorem 15.8. (Levi) Any Lie algebra g has a unique mazimal solvable ideal t, and the
quotient Lie algebra s = g/t is semisimple, and g =s X t .

Theorem 15.9. (Cartan) Any semisimple Lie algebra is isomorphic to a direct sum of
simple Lie algebras.
Thus, in order to classify Lie algebras, we need to

(1) describe all simple Lie algebras
(2) describe all solvable Lie algebras
(3) describe all semidirect products of g; X go, where gy is semisimple and g, is solvable.

According to Kirillov, (1) above is known (Dynkin, etc.), but (2) and (3) are hopeless.
We thus restrict to semisimple Lie algebras.

15.2. Abstract root systems.

Definition 15.10. A finite set R C R" is called a root system if it satisfies
(1) (R1) 322 € Z for all .3 € R.
(2) (R2) So(B) =B —T2Da e R forall a8 € R.

(a7a

Example 15.11. The root system for SO (n) is
{el_e]7l7éj71 SZ?] Sn}
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Geometrically, (R1) means that the angles between vectors v and 8 can only be 0, £,5,3,5,% .53
(exercise). Moreover, for each angle between « and (3, the ratio % must be one of {1, 2,3, %, % .
The second condition (R2) implies the following. Let M, denote the hyperplane in R™ or-
thogonal to a.. Let S, denote the reflection wrt M,. Then § € R implies S, () is in R for
all o, 8 € R.

Similar root systems are those that are equivalent under orthogonal transformations and
dilations.

There are some special root systems which satisfy additional axioms. A root system could

be
(1) nondegenerate if R spans R".
(2) indecomposable if R cannot be written as R = Ry U Ry with Ry L Rs.
(3) reduced if a € R implies 2a ¢ R.
(4) simply-laced if all & € R have the same length.
Note that any root system may be made non-degenerate by replacing R™ by the span of
R. The rank of a root system is the defined to be the dimension of the span of R.

Example 15.12. For alln € Z., there is only one indecomposable, non-reduced, non-simply
laced root system of rank n. This root system is called BC,,.

BC,, = {£e; £ ¢;, Leg, :|:2<t3;€}~i;£j’/,f
(simply laced systems are called ADE systems)

Note that each reflection in R™ is an orthogonal transformation. The subgroup W of O (n)
generated by reflections S, a € R is called the Weyl group of R. Then R"\ {M, : o« € R} =
[] Cy is a disjoint union of the connected components, called the open Weyl chambers. The
Weyl chambers are C; = C?, the closures of the open Weyl chambers.

We say that the vector v € R" is regular if v € C for some ¢ and singular if v € M, for
some .

Linear orders on R™: (eg lexicographical order)

Lemma 15.13. Any linear order on R"™ is a lexicographic order induced by the choice of
basis in R™.

Choose a linear order on R"; this induces a corresponding order on R. This divides the
roots into positive and negative roots. Let Ry (resp. R_) be the set of positive (negative)
roots. It turns out that R has finitely many orders.

Proposition 15.14. For any linear order on R", the convexr cone generated by R, is exactly
the dual cone to one of the Weyl chambers.

Given a K C R™ is a cone, its dual cone K* is {v: (v,a) >0, for all « € K}. Then
observe that (K*)" = K. We can define the positive Weyl chamber to be

Cy ={veR": (v,a) >0, foralla € R, }.

Definition 15.15. a € R, is decomposable if o = 3+ v for some 3,v € R,. Otherwise,
the root is called indecomposable or a stmple root.

Lemma 15.16. Every root a € R has a unique decomposition o = Y oy, where each ay,
15 simple, and the cj are either all positive integers or all negative integers.
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Proof. First, it is obvious that every positive root is the sum of simple roots. Similarly true for
negative roots. Uniqueness follows from the fact that if o; and a; are simple, then (o, a;) <

2(a;,«
0

0. (Proof: assume (ay, ;) > 0 for some 7, j. Then k = (a—J)) € Zy. If (v, o) > (0, ),
then2@ia) < glleslllosll 9 g = 1. Then S, (o) = aj — Aaway) (. = a;—a;. It S, (a;) is

(i) (@) (@,0x)
simple, it is either positive or negative, but then a simple root would be decomposable. This
is a contradiction.) Next, suppose Y crar = > dray. Then Y (¢x — di) ap = 0, so there is
some relation between simple roots, so v = Y ., bja; = Zjej e;a; with all b;, e; positive.

but then 0 < (v,v) = > biej (v, ;) < 0. Contradiction. O

Let IT be the set {ay, ..., @, } of simple roots (we assume R spans R™, ie R is nondegenerate).
The root system R can be reconstructed from II (if nondecomposable)

Proposition 15.17. The group W acts simply transitively on the set of Weyl chambers.
(simply transitive: transitive and free)

Recall that
Cy={2eR":(\,a)>0foralla € R}

is the positive Weyl chamber.

Lemma 15.18. Let A € C7, and let p € R™ be an arbitrary vector. Consider the orbit

W (1) of u under W. Then W (u) has a unique common point with C which is the nearest
point to X of W (p).

Corollary 15.19. W acts simply transitively on the set of all linear order relations on R so
that the number of order relations on R s the same as the number of Weyl chambers, which

1s the order of W.

Corollary 15.20. The stabilizer in W of any vector A in R™ is generated by reflections in
the mirrors that contain A.

We say that A € R" is regular iff stab(\) = 0.

Let I = {ag < ... < a,} be the system of simple roots. The Cartan matrix A = (4;;) €
M, (Z) is defined by

Aij:M71§iaj§n
(v, )

Dynkin proved that A determines II and vice versa. Note that W acts on R by orthogonal
transformations. This implies that A does not depend on the choice of linear order, So, W
does not change A but permutes orders.

Dynkin diagrams: The information about our root system that is encoded in A can be
represented as a Dynkin graph I'4. By definition, I'4 is defined by:

(1) Vertices are labeled by simple roots (or the numbers 1, ...,n).
(2) Two different vertices 7, j are joined by n;; = A;; - Aj; edges.
(3) If |ou| > |ay], we add arrow directed from i to j.
The Dynkin diagram is defined to be the corresponding undirected graph.
The following properties can be used to show that A can be reconstructed from the graph
a.

Proposition 15.21. We have
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(3) All principal minors of A are positive. In particular, n;; = A;; - A;; € {0,1,2,3}.

Example 15.22. List of all Cartan matrices forn =2: (I'y and R)

Aj = Ay = 20099 oo oy | = || = 1.
2 =2
"\ -1 2 '
—1 2 =3
o (55 ) (Y

V3 |ay| = ||, angle between oy and vy is 150°.
See hitp://en.wikipedia.org/wiki/Dynkin_diagram#Rank_1_and_rank_2_examples for the cor-
responding root systems and diagrams.

16. EXAMPLES OF ROOT SYSTEMS
Recall that studying root systems, Dynkin diagrams, and Cartan matrices are equivalent.
Example 16.1. The system A,. Let {e;};c, be the standard basis in R"*'. Let
R={wj=e—¢e; | 0<i#j<n}

This is a root system for SU (n + 1). This is degenerate of tank n, indecomposable, reduced
(o € R=2a ¢ R), and simply laced (all ayj have same length). |R| = n* —n. Let 2%, ..., 2"
be the standard coordinates in R"™'. The mirrors M;; are given by x* = 27. They split R"*!
into (n + 1)! Weyl chambers. With the standard lexicographic order on R

R+:{CYZ']‘ Z<]}
The positive Weyl chamber C'y is
Ci={ eR"™:(N\a)>0,a€R}.
Note that
# (Weyl chambers) = |W|.
Note that C is defined by 2° > 2t > ... > a™. Also, W is generated by permutations
2t e 2l so W= S,1. The system of simple roots :
Lemma 16.2. The system of simple roots for A, is Il = {oy := ag_14 | 1 <k < n}.
Proof. If 7 > i+ 1, then o;; = ;41 + a;11,j. By independence, I must be simple roots. [
Example 16.3. (Root system D,,) Roots system for SO (2n,R). Let R C R", n > 2, be the
set {£e; €} ;e S0 |R| =2n(n —1). This is a nondegenerate system of rank n, inde-
composable, reduced, simply laced, and this system contains A,—1 as a subset. Nevertheless,
this is not a sum of two root systems. In this example, the mirrors are x* = +x?. The Weyl

group 1s
W=25,x2zZy
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This is the semidirect product ( G, N < G is normal, H < G ; G = H X N if one of the
following holds

(1) G=NH and NN H = {e}

(2) G=HN and NN H = {e}

(3) every g € G s.t. g =nh (or hn) uniquely

(4) There is a homomorphism G — H which is the identity on H and has kernel N.

). The positive Weyl chamber is
C, = {:c st > o>t > |a:”|}
The system of simple roots for D,, is Il ={ex —ex_1 | 1 <k <n—1}U{e,_1 +e,}. Note
that e; + es = (1 —e3) + ... + (én_1 — €,) + (en + €2), so this is Tight.
Example 16.4. (Root system Eg) The root system R C R® is the set 0f4< 2 ) +27 =
112 4 128 = 240, given by

8 8
{#ei+e; |i#j}U {Zsiei | e; = £1 and ﬂgi: 1}.
i=1 i=1

Note that Dg C Eg. The simple roots are

ap = €pp1 — g2, 1 <k <6,

a7 = €7+68,&8:§(61—...—67+68)

Theorem 16.5. Connected Dynkin graphs corresponding to reduced root systems form 4
infinite series and 5 isolated examples:

A, : o—...—on>1
B, : o—..—o=o0n2>2
C, o—..—o<=on>3

—O0
D, : o—..—o0 ,n >4

—O0

—O0

E, : o—..—0 _O,n:6,7,8

Fy : o—o=o0—o0
Gy : o=o0
Note Ay = By = (1, By £ Cy, A3 = D3, b5 = D5, By = Ay, B3 = Ay + Ay

17. WEYL CHARACTER FORMULA AND MORE
17.1. The Main Results. Statements of results to follow. Let K be a simple compact Lie
group.
Theorem 17.1. We have:

(1) Any unitary irreducible representation m of K is finite-dimensional and can be uniquely
extended to a holomorphic irreducible representation of the simply connected complex
Lie group G such that g = Lie (K).
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(2) A unitary irreducible representation m is characterized up to equivalence by its highest
weight N, which can be any dominant weight. (A dominant weight is a linear
combination of fundamental weights with nonnegative integer coefficients.)

(3) (Weyl character formula) The character of a unitary irreducible representation my
with heighest weight X is given by the Weyl formula

> (=1 e ()

)_wEW

T e

weWw

X (t

9

where p = %Z oy, with the sum over all simple positive roots.
(4) The dimension of my is given by

d)\: H (/\+p,a)

(p; )

acR

(5) The infinitessimal character of wy takes the value
L (A2) = (A+2p,0) = A+ pl” = |

on the quadratic Casimir element As.
(6) The multiplicity of the weight p in the unitary irreducible representation my is

ma () = 32 (=1 P (w- (A + p) — (5 + p),
weW
where P is the Kostant partition function on the root lattice.

17.2. Killing Form. Let g be any (real or complex) finite dimensional Lie algebra. Recall
that it has a distinguished representation ad which acts on itself:

ad (X) : [X,] € End(g) .
There is an invariant bilinear form on g called the Killing form. Note that this is the
differential of Ad: G — End(g) at e, where Ad is defined by
Ad(g) X = gXg "
Definition 17.2. The Killing form on g is defined to be
K(X,Y) =tr(ad(X)oad(Y)).

Theorem 17.3. We have

(1) K(X,Y)=K(Y,X).

(2) K (Ad(g) X,Ad(g)Y) = K (X,Y)

(3) K(ad(2)X,Y)=—-K (X,ad(2)Y)
Proof. (1) is obvious. (2) is a consequence of the formula ad (Ad (¢) X) = Ad (g) ad (X) Ad (g)~".
(3): differentiate (2) with respect to a family ¢(¢) with ¢’ (0) = Z:

d

0= = K (Ad(g) X, Ad(9) V)| = K (ad (2) X.Y) + K (X, ad (2)Y).
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Remark 17.4. For semisimple compact groups G, the Killing form on g is negative definite.
If G is compact, then g has a unique normalized, biinvariant inner product. Moreover, ad (X)
is skew adjoint for this inner product (same proof as above). Then

K(X,X)=tr(ad(X)ad(X)) = —tr (ad (X) (ad (X))"),

which must be a negative operator. The definiteness comes from the definition of semisim-
pleness.

17.3. Noli me necare, cape omnias pecunias meas! (No! We don’t have a reces-
sion!) (Roots and weights, redefined). Let G be a compact, connected Lie group. Let
7 be an irreducible representation of G on an n-dimensional complex vector space V. We
may choose a Hermitian inner product so that 7 is unitary. This representation is completely
determined by its character x, : G — C. Let T be a maximal torus. All complex irreducible
representations of 7' are 1-dimensional.

Definition 17.5. A weight is an irreducible representation of T'. For any representation
(m, V) of G, the weight space corresponding to a given weight is the subspace of V- on which
T acts by a given weight.

There are several ways to label weights, i.e. either in terms of T' or of the Lie algebra
t. Now, T = (S1)* = (R/Z)*. Then the weight is a choice of k integers i = (n1, ..., ),

equivalent to 05 : ([z1], ..., [z)]) > e¥r(mztFma)  Also, the corresponding map on Lie
algebra is (07), : (21, ..., o) — niz1 + ... + ngxy (this is really ;-df;). Note that
(07), : t — C,

so it is an element of t* (dual space). Thus, the weights are elements of t* that take integer
values on the integer lattice inside t (integer lattice = exp™* (e), exp : t — T

Now we will consider representations of 1" on the real vector space. In this case irreducible
representations are homomorphisms

0:T— SO(2).
Two types of irreducible representations:

(1) The one-dimensional trivial representation on R.
(2) Nontrivial representations on R?.

We let

cos (2m (0r), (21, ...,xx)) —sin (27 (07), (21, ..., xk))
Or ([21] 5 ..., [7k]) = ( sin (27 (05), (xl,...,x:))) cos (27 (05), (xl,...,xk];) > :

Note that 6; and —6; are equivalent representations (conjugate by ( (1] (1) ))

Definition 17.6. A subalgebra § of a Lie algebra g is called an ideal if [h,g] C b.
If H C GG is a Lie subgroup, then f C g is an ideal iff H is normal.

Definition 17.7. A Lie algebra g is called simple iff it has no nontrivial proper ideals and
it is not 1 dimensional. A Lie group is simple if its Lie algebra is simple.

Definition 17.8. A Lie algebra g is called semistmple if it has no nontrivial abelian ideals.
A Lie group is semisimple if its Lie algebra is.
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For example, U (n) is not semisimple, and SU (n) is semisimple. In U (n), the subgroup
of diagonal matrices forms an abelian normal subgroup.

We mostly are interested in real Lie groups.Then g is a real vector space. It turns out
that the classification of Lie algebras corresponding to compact semisimple real Lie groups
is equivalent to the classification of compact semisimple complex Lie groups (via complexifi-
cation). Each complex semisimple Lie algebra has a unique associated real Lie algebra of a
compact Lie group, so that the complex Lie algebra is the complexification of the real one.

17.4. Complexification. For a real Lie algebra (g, [, ‘]), we define its complexification
(gc, [, “|¢) as a complex vector space

gc=9g®rC
with bilinear operation [- , -] extended from [- , -] by linearity. That is, every finite dimen-

sional Lie algebra has a basis
[eia e]] = Z ijeka
k

where ij are the structure constants. Now, we take complex linear combinations and use
the same structure constants to get the complexification.

Proposition 17.9. (Cartan Criterion) A Lie algebra is semisimple iff the Killing form is
nondegenerate.

If addition, if the group is compact, the Killing form is negative definite. Therefore, the
negative of the Killing form is a positive definite inner product on g.

17.5. Roots. Last time, we defined

e weights - complex irreducible representations of a maximal torus.
e complex weights can be labelled by elements of t* (also called weights).
If T = (SY)*, then (0r), € t"is Oz (x4, ..., k) = n1x1 + ... + NIk

Let G be a compact Lie group. A Cartan subalgebra of g is a Lie subalgebra that is
the Lie algebra of a maximal torus T'. Equivalently, Cartan subalgebra = maximal abelian
(Lie algebra zero) subalgebra.

We wish to consider the adjoint representation Ad : G — GL (g) defined by g — gAg~.
We can study the weights of Ad. The nonzero weights of this representation are called roots.
The maximal torus 7" acts trivially on t via this representation, so the trivial weight will
appear with multiplicity rank (G) = dim (7"). Scott showed that

g = tog tEtet,
Ad(g) : t8—th
g has an invariant inner product.

Definition 17.10. The roots of G are the non-trivial weights of the adjoint representation
on the real vector space g. More explicitly, the roots are some nonzero elemetns o € t*,
taking integer values in the integer lattice exp=* (e), where exp : t — T is the exponential
map.

Thus, g/t =@ g.,, where g, is a 2-dimensional vector space called root space of «;.
Scott proved that g,, all have multiplicity one.

Corollary 17.11. The manifold G /T is even dimensional.
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Now we complexify g. Then gc = g ® C = tc @ V¢, where V = g t. Choosing a
complex structure on V¢ is the same as choosing a symmetric matrix J with J? = —I. Then
Ve = VOl @ V0 (44 eigenspaces of J). This choice allows us to write

Ve = @ (gai D g*@i)
positive roots o

by declaring a; € V%! to be “positive”. Choosing a complex structure is like choosing a basis

(61, ceey i@l, )
Here is another confusing part. How does t sit inside t¢7

e as a real part of t¢
e as 2mit C {¢

This leads to definitions of real roots and complex roots.

Definition 17.12. The real Toots are labelled by maps o : t — R, integral onexp™' (e) C T.
On go, T acts by

Ad([l’l] y ey [Ik])|ga = ( cos (27“1/ (xl’ ’JZn)) —sin (QW& ($1,...,J}n)) ) ]

sin (2w (xq, ..., ) cos (2ma(x, ..., )

The adjoint action ad of the Lie algebra t on g is given by

_ 0 =27 (1, .oy Tp)
ad (1, ..., vx)|, = ( 2 ( 0 ) :

X1y eeey Tp)

Notice that the eigenvalues of this matriz are £2mwic, and complezification allows us to use
root spaces that are eigenvectors.

Definition 17.13. The complex roots are labelled by complex-linear maps ac : t¢ — C.
Also go ® C =gor @ g—a.. The root space is go.. Then T acts by

Ad (] . [ue]) |, = e,
The adjoint action ad of the Lie algebra t on g is given by

ac (U, ..., ug)

= 2minquq + ... + 2mingug

ad(ul,...,u/yc)|ga(C

Notice that the eigenvalues of this matrix are £2mia, and complezification allows us to use
root spaces that are eigenvectors.

One can also think of roots as eigenvalues of the adjoint action. For all XY € t¢, we
have [X,Y] = 0. Consider

ad(X)oad(Y)—ad(Y)oad(X)=ad([X,Y]) =0.

Thus the operators ad (X) commute for X € tc. Secondly, the operators ad (H) : Ve — V¢
are also skew adjoint (with respect to the invariant inner product) and commuting. Thus,
they are simultaneously diagonalizable. Let X € g,.. Then

[H,X] = ad (H) X = ac (H) X,

and so ac (H) is the eigenvalue of ad (H) on g,.. Thus, root spaces are simultaneous
eigenspaces, and the roots are eigenvalues.

Lemma 17.14. [go., 85.) C Gactse-



LIE GROUPS 47

Proof. It H € tc, Xy € gae, X5 € 95., then

[H7 [Xaa XBH = [Xa, [Xﬁv HH - [Xﬁ> [H7 Xa“
by the Jacobi identity. Then
[H, [Xa, Xp]] = [Xa,Bc (H)Xs] — [Xp, ac (H) Xo]

= (ac (H) + fc (H)) [Xa, Xg] .
U

17.6. The War on Terrorism via Lie Groups (or SU (n), Weyl chambers, and
diagrams of a group).

17.6.1. Example. SU (n) = {A € GL (n,C): A*A =1 and det A =1}. Note A* = AT.
g={AeM(n,C): A+ A*=0,tr (A) = 0} (real vector space). We complexify to get
gc =5l(n,C) ={A € M (n,C) : tr (A) = 0}. Idea: every matrix is the sum of a hemitian

and skew-hermitian matrix, and B is hermitian iff ¢B is skew hermitian.
Maximal torus 7" = {diagonal matrices} C SU (n)

Dy 0

[Dj;] = ,
0 Dnn

where Dj; = e T]e" = 1. The corresponding Cartan subalgebra is the skew-hermitian
diagonal matrices

Hy = diag [M\, ..., A\,
where > A\; = 0 and \; pure imaginary. Note that H) : gc — gc via ad (H)) (B) = [H,, B].
The root space of this action for the root ayy, is span{Ej;} (1 in jk entry and 0 otherwise).
Then
[Hxs Ejil = (N = Ak) Ejg = i (Hy) Ejp.

Thus, ajx (Hy) = (\j — Ag) (secretly, this is ajp = ¢/ — e¥, with {e'} a dual basis in g*. )

For example, G = SU (3) has six roots: aqs, g, 13 and their negatives. We declare
(12, (ia3, i3 to be the positive roots, and since a3 = aq2 + o3, and we have two simple

roots aga, p3. The complex roots are t = real part of complexified tc. The real roots are
t=2mit C tc.

17.6.2. Weyl Chambers. Let’s recall that the Weyl group W (G,T) = N (T') /T, and we
think of N (T') is the set of all g € G such that ¢T¢g~! C T, and in fact W (G, T) is the
group of outer automorphisms of 7. Note that W (G,T') acts on the set of roots as follows.
A root 0, is a homomorphism 6, : T'— C, and an element w € W (G,T') corresponds to a
homomorphism w : T — T via w (t) = ztz~!. then w (0,) = Oy 0w =0,

Recall that ¢ € T is called singular if dim N (t) = dim{g € G : gtg™* =t} > dimT. The
element ¢ is regular if dim NV (¢) = dim 7. If G = SU (n), then regular elements correspond to
diagonal matrices with distinct eigenvalues, because W (G, T) = S,, (permutes the diagonal
elements).We want to understand the structure of the set of singular points in 7'

Definition 17.15. For each root 6, there is a codimension 1 subgroup U, of the torus such
that
U, = ker (0,) = ker (6_,) .
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Claim: for any t € U,, t is a singular point of 7. Why? Consider a complex, 1-dimensional
root space g,. This is generated by a 1-dimensional subgroup of G such that v € g,, so
exp (Tv) € G. Note that exp (7v) ¢ T, because its action on the torus by the identity. Also,
this subgroup commutes with 7". Thus exp (7v) gives an element of N (t) not in 7', so ¢ is
singular.

Consider (U, = Z (G) = center of G.

The Stieffel diagram of a group is the set {exp™ (U,)} C t. This is an infinite set
of parallel hyperplanes. The infinitessimal diagram of G consists of the hyperplanes
Lie (U,) C Lie(G). On the Lie algebra level, 6, (exp (7v)) = 0 is one way to think of
it. Othewise 0, (v) = 0. For SU (n), 0, (t) = €™*®_ Then 6, € t*, and you can write
(0, v) = 0.

So the diagram of SU (3) is as follows. If we do have an invariant inner product, vz, a3, a3
and so on are the roots, and the angle is 60° between them in R?. The hyperspaces Lie (Uaij)
are the planes perpendicular to the roots. The Weyl chamber is defined by

Definition 17.16. Given a choice of positive roots, a Weyl chamber is a set of the form
{vet:ga;(v) >0 forall i}, where each ; is 1.

17.7. Roots of evil and weights of sin (or, Roots and the Killing form). Last time,
“we” “studied” combinatorial structures coming from the roots and the action of the Weyl
group. Recall:

e the Weyl group acts by conjugation on the set of roots. W (G, T) = N (T) /T.

e infinitessimal diagram of GG. This consists of hyperplanes ker a for each root o : t —
C.

e Weyl chamber can be defined in terms of the roots as follows:
Choose a system of positive roots (same a choosing a basis in the Lie algebra, same
as choosing a complex structure on the complexification of the Lie algebra). A Weyl
chamber is a set of the form {v € t: &;c; (v) > 0 for all i}, where each ¢; is £1, and
{a;} is the set of positive roots.

e A system of simple roots S is a maximal linearly independent set of positive roots.

e S defines the fundamental Weyl chamber K (S) = {v € t: a; (v) > 0 for all ¢}.

Theorem 17.17. The Weyl group acts simply transitively on the set of possible choices of
S.

Theorem 17.18. The Weyl group is generated by reflections with respect to hyperplanes
corresponding to simple roots in S.

In order to define reflections, we need to fix an Ad-invariant inner product on t and t*.
Recall that the Killing form on g is K (X,Y) =Tr (ad (X) ad (Y)).

Theorem 17.19. If g is a Lie algebra of a semisimple Lie group, then
(1) K (X,Y) is nondegenerate.
(2) if G is in addition compact, then K (X,Y) is negative definite.
Note that K can be extended linearly from g to g ® C = gc. We assumed that g is

identified with the purely imaginary part of gc. Then K is actually positive definite on
g C gc. So we define our inner product on g by

<.’.>:K(.7.).
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If we restrict our inner product to tc and use the fact that all ad (H) € t¢ are diagonal,
we can write down ( -, - ) explicitly. Note that ad (H) is diagonal with roots «; (H) on the
diagonal.

ad(H) X; = [H, X;] = a; (H) X;
for X; in the «; root space.
(H.H) =) (a;(H)),
a;ER
with R the set of all roots. Note that «; (H) are real.

Example 17.20. If G = SU (n), then t = diagonal traceless matrices. ]fX = (A1, s Anl,

A 0
Hy = ,
0 An,

Q5 (H)\) = )\Z — )‘j' Then

(HyHa) =Y (N=N)=2n) N

i#j
since the trace is zero.

We can use (-, - ) on t to identify t and t*, and thus we can generate a positive definite
inner product on t*.

Recall that elements of W (G, T) act on roots by permuting them. Incidentally, the Weyl
group of SU (n) = S,. It turns out that for any root «, there is a distinguished element
so € W (G, T) such that s, acts on the torus and leaves invariant U, = kera (a : T'— C).
On t, s, leaves invariant the infinitessimal diagram of the group (fixes the Lie subalgebra
of U,). This action is an isometry in our Ad-invariant inner product, since the Weyl group
acts by conjugation and Ad (g) on the torus. If we identify t with t*, then s, acts on t*:

2 <a’X>oz
(o, @)

Sa (X) =X —

bl

so it maps a to —a.
What element of N (T) gives the reflection s,? Answer: exp (2 (X, — X_,)), where
Xo € ga, (ad(H) X, = a(H) X,) the root space for the root a. Recall that gc = tc @

@ 9o, D 9—a;

A0 0
Example 17.21. G = SU (3), H) = 0 X 0 |, > N, ana(Hy) =X — Xa. Then
0 0 X
010
o, =span{ X, =1 0 0 0
0 00

Note that gc = s((3,C).
[Hz\a Xam] = ()‘1 - )‘2) X
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Then X _o,, = XL . Then

a12°

0 1 0
qug - X—a12 - _1 0 0
0 0O
Then
. 0 -1 0
g = exp (5 (Xup, — X_(m)) 1 0 o0
0 0 O
One can check that
X 0 0
gHxg™' = 0 M 0
0 0 X

17.8. Pushkin™ is our everything, Putin™ is our forever (or, Review of SU (2)
representations). So far we studied the adjoint representation Ad and its nonzero weights
are the roots of the group. Let G be a compact Lie group. We want to study arbitrary
complex unitary finite-dimensional representations (7, V). We have

V=@V,

with a € t* are weights of our representation. The V, is the a-weight space. Thus for every
vector v € V,, and H € t, then
Hv=a«a(H)wv.
H|,, is diagonal with o (H) on the diagonal.
We want to solve the following problem: For a compact Lie group G, identify the irre-
ducible representations, compute their weights and multiplicities.

Lemma 17.22. (Relation between roots and arbitrary weights) If X is in gz (8 rootspace),
then X : V,, — Vaip. That is, if a is a weight and 3 is a root, then o+ 3 is again a weight.

Proof. It v € V,,, H € t, then
HXv = XHv+[H X]v
= X(a(H)v)+ [ (H)Xv
— (a(H)+8(H)v.
O
Now, we restrict to SU (2). There is a simple explicit construction of all complex irre-
ducible representations of SU (2). Consider the space V3* = all homogeneous polynomials of
degree n in z = (21, z2). A typical element is
f (21, 20) = apz} + @12} 120 + .o + an 2y,
Then SU (2) acts by
T(U) f(z)=f(U2).
Note V3 has complex dimension n + 1, and this representation is irreducible with characters
sin ((n+ 1) 0)

" 9) = —inf —i(n—2)60 inf __
Xn(0) =€ +e +..t+e sin (0)
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The Lie algebra picture of this representation:
Lie(SU (2)) ={A: A+ A*=0, Tr(A) =0}.

The complexification is sl (2,C) = traceless 2 x 2 matrices. The basis consisting of

0 1 00 10
+ - —
o) (i) (o )

t = span{H}
AH, X*] = 22Xt =a(\H) X"
NH,X"] = —2\AX~ =a(AH) X~

so the roots are a and —a, where
A0
(5 5)) =

Vo, = span{X*},
Vi = span{X‘}.

The induced representation 7, of 5[ (2, C) on V3 if X € Lie (SU (2)), m. (X) f
Because X+, X~ H are not in the group, you can write:

T (ERIE )

You do something similar with X~, H. It turns out that

So

7 (exp (27t X)) f.

T dtlt—0

0 0
() = —agleast
0
Tx (X+) f = _228_51
0
T (X_) f = _Zlﬁ_zfg

On monomials in V5",

= (—j+k) (]2)
(=) (A ')

T (X7) (z.z ) = (=k) (Z{HZS_I)

So the weights are (—n, —n + 2,...,n — 2,n). The weight spaces are spans of those monomi-
als. The roots are £2. Note that m, (H) (c2}") = [ (c2]) 27 = —ncz}, so B (cz}) = —ne.
Now, 7, (XT) is the “raising operator” that increases the eigenvalue by two. That is

Ty (X+) : f-eigenspace — ([ + 2) -eigenspace.
Similarly, 7, (X ) is the “lowering operator”.

Example 17.23. Representations on V5. The weights are —3,—1,1,3, and X+ maps
for example the weight space of —1 to that of 1. The weight space corresponding to the
highest weight n = 3 1is the kernel of the raising operator, and the rest of the weight
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spaces can be constructed by applying the lowering operator to the highest weight space. If
ker (7, (X)) =span(v), then v = 23 is called a highest weight vector.

17.9. Yes, I have freedom of speech (provided it’s not prime time TV), or Funda-
mental Representations and Highest Weight Theory. We will study arbitrary repre-
sentations of higher rank compact Lie groups. We will talk about the purely Lie-algebraic
aspect of the picture: good for computations. The weakness of this approach: lack of explicit
constructions of irreducible representations. One can take quotients of infinite dimensional
modules of the enveloping algebra (Verma modules). There is also the geometric Borel-Weil
construction, but it is on the level of the group (not Lie algebra).

Let G be a compact Lie group, and recall that G has adjoint representation Ad (g) on g.
Also, we have ad : representation of g on itself. If we restrict Ad and ad to the torus T or t,
then we have a decomposition of the complexified Lie algebra into

gc = tc @ (80 © g-a) -
«a simple rt

Coroots and Fundamental Weights

We understand sl; (C) = su(2) ® C. Here is what we want to do: let 7 : G — U (V) be
some complex representation. Then dr : gc — End (V') can be decomposed: for each simple
root a, we would like to identify a copy of sl; (C) C ge\t, which we will call sl; (C)_. The
weights of (m, V') will be classified by how they behave under the maximal abelian subalgebras
of each sl, (C),. Recall, [ga, 98] C gatg, and in particular, [g.,g-o] € t. Each g, is one-
dimensional. Now, for each «, choose the set of three generators X € g., X, € g_a,
H, € tc, satisfying sl, (C) relations:

[H,. X} = a(H,)X:=2X"
[HoX,) = —a(H,) X = -2X;
(X, X7] = H..
Moreover, we can choose X to be the adjoint of X . The span of { X[, X, H.} = sl (C),.

Then
gc= P sk(C),

« simple
The element H, € {¢ is canonically associated with a root a and is called a coroot of «
(=)
Definition 17.24. The coroot H, is the unique element in gy, §_a| satisfying o (H,) = 2.

Recall that representations of sly (C) decompose into weight spaces V3 (V5"). On each
Vs, H € t acts with integral eigenvalue 3 (H). Let « be a root, and choose H,. Then
H,V3 = (H,) Vs, and §(H,) must be an integer.

This motivates the definition of the weight lattice. Note that a lattice A in a vector space
V' is a discrete, additive subgroup such that the weights of A spans V.

The weight lattice is the lattice of weights A,, € t*, the set of § € t* such that 5 (H,) € Z
for all simple roots . Notice that we also can form the root lattice Ag (defined by simple
roots), and Ar C Aw.

For simply connected G, all elements in Ay are weights of the representations. For
nonsimply connected groups (eg G = SO (3) ), only a sublattice corresponds to weights.
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Now we want to use the Weyl group W (G, T) to understand the relations between roots
and weights. The relation: W (G,T) is defined in terms of roots, and it acts on weights.
Recall that W (G, T') is generated by reflections S, : t* — t*. That is,

2(a, 8 .
5a(8) = 8- 21000 e
(o, @)
(only need simple roots for generators). Let’s now relate this to coroots. Recall that coroot
H, has the property that « (H,) = 2 and H, € [ga, 0 o). What is the dual of H, with
respect to the invariant inner product?

2c0
H,)" = t*
o) = o)
To see this,
2
LR NP GO
(o, @) a, a)
The S, equation becomes
Sa (6) = ﬁ - ﬁ(Ha) a,
if 3 is a weight. Now, if o;; and «; are simple roots,
<Oé‘> ai>
Sai (Ojj) = O[j — 2<Oi7—al>(1/l

= o — Ajiay,
where Aj; = a; (H,,) is the Cartan matrix.
Definition 17.25. The dual basis to the basis of coroots is called the basis of fundamental
weights
{wai = wi}
satisfying way, (Ha].) = 05

For arbitrary weights,

B=> B(Ha)wi,
and the 3 (H,) are integers. Then if § = «a;, then

aj = Zaj(Hai)wi
= ZAjiWi

This equation tells you how to get a basis of simple roots from the basis of fundamental

weights, where A;; = 2% is the Cartan matrix.

Example 17.26. G = SU (n), t = diag (\1, ..., \,) = Hy, where \y + ...+ X, = 0. The roots
are
Q5 (HA) = )\Z — /\j'

We write a;; = €' — €’. The simple roots are

{Oéi,m};:ll :
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The coroots are
He, oo = Eii — Eiy141
a,;; = SPan {EU} .
The fundamental weights are
Wi i+1 (H/\) = W (H)\) = )\1 + ...+ )\1

= ¢! + ...+ e’
More concretely, if G = SU (3), a1 = ajp = €' —e? and ag = ap3 = > — e
roots. (Note e* + e + €3 = 0) The Cartan matriz is

2 -1
=y
Note that op = 2wi — Wq, g = —wq + 2wq, where w; = e, wy = e' + e2. We now draw a

diagram. The vectors aqs, 0 and awg, and the angle between o and awsg is 120°. Then w;
makes an angle of w/6 with cya, and we makes an angle of —m /6 with ass.

0 _ _V2

3 are the simple

17.10. Highest Weight Theorem.

Definition 17.27. A weight ( is called dominant if (3,a;) > 0 for all simple roots «;,
i.e. it 1s in the closure of the fundamental Weyl chamber.

Definition 17.28. For a given representation of G on'V', a vector v € V' s called a highest
wetght vector if for all positive roots o, X, € g, implies that X,v = 0.

If the highest weight vector v € V3 (weight space of 5 in the decomposition of V'), then 3
is called the highest weight of the representation.

Here is the Weyl recipe for constructing irreducible representations. Find the roots, then
find the weight lattice.

(1) Pick a dominant weight A.

(2) Assume one has a representation with this highest weight, and pick a highest weight
vector.

(3) Take your weight vector, and apply to it all possible negative roots, ie apply all
possible elements of negative root spaces (g_,) to this vector to generate a full rep-
resentation.

For example, look at the representation of SU(2).

Theorem 17.29. (Highest Weight Theorem) For any dominant weight A\ € A, there exists
a unique irreducible representation Vy of G with highest weight .

(We will prove later.)

Remark 17.30. Weights of an irreducible representation must lie inside a convexr hull of
the figure one gets by acting on the highest weight by elements of the Weyl group.

Recall that the fundamental weights form a basis for the weight lattice. Recall that the
dominant weight satisfies (3, ;) > 0. But

<67O‘i> = B(Hai)zo’
0;

Wi (Hoéi) = J
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so dominant weights are linear combinations of fundamental weights with non-negative in-
teger coefficients.

17.11. Examples of Highest Weight Theorem. If 7 : G — U (V) isa finite dimensional
unitary representation, a weight [ is a highest weight of (7, V) if there exists 0 # v € Vj
such that for any positive root a, X, € g, implies X,v = 0. Such a v is called a highest
vector.

Remark 17.31. If you know that (m,V') is irreducible, then dimc Vs = 1. (not obvious)

Remark 17.32. Also for irreducible (w,V'), the highest weight [3 is the largest weight in the
lexicographic order determined by the basis of fundamental weights.

Remarks about calculating weights of irreducible representations:
e Let 3 be a dominant weight, ie

B = Z kjwja
i=1

where {w;} is the basis of fundamental weights (dual basis to the basis of co-roots),
k; nonnegative integers. Let H,, € g be the coroot corresponding to w;. Then

H, () = 28% )

(v, i)

for - € g*. Applying S to both sides,

ﬁ(HOéi) = ijwj (Hoéi)

Thus,

<ai7 ﬂ>

<ai7 ai> '

The numbers (ki, ..., k,) are called the Dynkin coefficients of a dominant weight (.
So irreducible representations are in 1-1 correspondence with the Dynkin coefficients
of its highest weight, which are in 1-1 correspondence with n-tuples of non-negative
integers.

ki = B(Ha,,) =2

Two observations:

e Weights of an irreducible representation must lie inside the convex hull of the figure
one gets by acting on the highest weight by all elements of the Weyl group.

e Roots act on weights by translation. That is, if v € Vg and X € g,, then Xv € Vjy,.
So each weight is embedded in some sequence

B+ ka,....B3,....0—ja.

Let’s act on this sequence by an element of the Weyl group, s, € W (G, T). Applying
Sq, We get

Sa (B +pa) = 3 —ma
so there is a relation between m and p above. We get

Sa(ﬁ)—poz:ﬁ—moz,
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saw)=ﬁ—2§§’j§a=ﬁ+<p—m>a,
" B
p—2<oz,oz)'

This is an important condition that must be satisfied.

Example 17.33. Let G = SU (3). Suppose that a highest weight of an irreducible represen-
tation has Dynkin coefficient (1,0). We will work in the basis of generalized weights {wy,wo}.
Then the highest weight is 31 = kiwy + kews = wy. Because of the Remark above, another
weight 1s

Bo = Sa1 (61) =01 — 225?21;(11 =01 — kioqg = 61 — .

What is the Dynkin coefficient of this weight? Recall the relationship between roots and
fundamental weights is
Qj = Z Ajiwi,

where A = < _21 _2 > s the Cartan matriz. In particular,
arp = Ajwy + Ajpws,
so
Dynkin vector of 35 = Dynkin vector of 31 — first row of A.
S0
Sa2 (61) = 61

B3 = Sa, (B2) = Dynkin vector of s — second row of A
These are the only possible weights you can get.
. 2 -1 (071
e (A E)-(0)
(1,0) — (=1,1) (subtracting first row)
— (0,—1) (subtracting second row)

Example 17.34. What about the highest weight (1,1) 7

- (A7)

(1,1) — subag (—1,2)
—  sub ag from orig (2,—1)
f1—a;—ay = (0,0)
Br—ar—2as = (1,=-2), B — 201 — g = (—2,1)
fr—ar —2as = (—1,-1)

This is really the Adjoint representation of SU (3), of dimension 8. But there are only 7
weights, so (0,0) has multiplicity 2. You get a hexagon with the center.
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