CLIFFORD ALGEBRAS AND DIRAC OPERATORS

EFTON PARK

1. ALGEBRAS

Definition 1.1. Let K be a field. A ring R is a K-algebra if there exists a map
-1 K X R — R that makes R into a K-vector space and has the property that
k-(rs)=(k-r)s=r(k-s) for allk in K and r and s in R.

Example 1.2. For any field K, the ring Kx] of polynomials in one variable over
K is a K-algebra.

Example 1.3. For any field K and natural number n, the ring M(n, K) of n x n
matrices with entries in K is a K-algebra.

How can we take a K-vector space and enlarge it to become a K-algebra?

Definition 1.4. Let V and W be vector spaces over a field K. The tensor product
of V and W s the vector space V @ W spanned by the set of simple tensors

{vew:veV,weW},
subject to the relations
e (V+V)QU=vRW+TOW
e VR (WH+W) =vRQW+vRW
e k(vew)=(kv) @w=v® (kw)
forallv and v in'V, all w and w in W, and k in K.

When the field K is clear from context, we will usually just write V @ W.
If {e; : 1 <i<m}and {f; : 1 <j < n} are bases for V and W respectively, the
set {e1® f;:1<i<m,1<j<n}isabasisfor VoW.

Definition 1.5. Let V' be a vector space over a field K. For each positive integer
i, let @'V denote the tensor product of i copies of V. Set ®O V = K. The tensor

algebra is the K-algebra
T -B(®7).

i=0
where we make the identification that for any finite collection vy,vs,...,v, of el-
ements of V and any element k of K, we identify k @ v1 @ va ® --+ @ v, with
ki @ v ® -+ ® vy

This is a very large algebra — it is infinite dimensional. We would like a way to take
a K-vector space and construct a finite-dimensional algebra from it.
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2. CLIFFORD ALGEBRAS

Definition 2.1. Let V' be a vector space over a field K. A symmetric bilinear form
is a function (, ):V xV — K such that

o (v,w) = (w,v)

o (u+v,w) = (u,w)+ (v, w)

o (kv,w) = k{v,w)

for allk in K and u, v, and w in V.

Note that when K is the field of complex numbers, a symmetric bilinear form is
not an inner product, because complex inner products are conjugate linear in the
second variable, while a complex symmetric bilinear form is linear in the second
variable.

Definition 2.2. Let V be a vector space over a field K and suppose that V is
equipped with o symmetric bilinear form ( , ). Let Z(V) be the ideal in T (V)
generated by the set {v ® v + (v,v)1 : v € V}; here 1 denotes the multiplicative
identity in K = ®0 V CT(V). The Clifford algebra of V is the quotient algebra

CUV)y=T(V)/Z(V).
Note that C¢(V) depends on the choice of symmetric bilinear form!

Warning: there is some inconsistency in the Clifford algebra literature. Authors
who are interested Clifford algebras and their application in mathematical analysis
and /or physics tend to define C¢(V') the way we have here. Authors who are more
interested in the algebraic side of Clifford algebras tend to define Z(V') as the ideal
in 7(V') generated by the set {v ®@ v — (v,v)1:v € V}.

We denote multiplication in Clifford algebras by juxtaposition. Also, we use the
map k — k1, which turns out to be injective, to view K as a subalgebra of C4(V).

Example 2.3. Let V be a one-dimensional vector space over R and fiz any nonzero
element e of V.. Then {e} is a vector space basis for V. Define a symmetric bilinear
form on'V by decreeing that (e,e) = 1. Then e? = —1 in CL(V'). Furthermore, each
element of CL(V) can be uniquely written in the form a+ be for some real numbers
a and b, and we have the following formulas for addition and multiplication:

(a+be)+ (c+de)=(a+c)+ (b+d)e

(a + be)(c+ de) = (ac — bd) + (ad + be)e.

From these formulas it is not hard to see that CL(V) = C.

Example 2.4. Let V be a one-dimensional vector space over R and fiz any nonzero
element e of V.. Then {e} is a vector space basis for V.. Define a symmetric bilinear
form on'V by decreeing that (e,e) = —1. Then e?> =1 in CL(V'). Furthermore, each
element of CL(V) can be uniquely written in the form a+ be for some real numbers
a and b, and we have the following formulas for addition and multiplication:
(a+be)+ (c+de)=(a+c)+ (b+d)e
(a+ be)(c+ de) = (ac+ bd) + (ad + be)e.

In this case, CL(V') = R? via the isomorphism ¢(a + be) = (3(a+1b),3(a—b)).
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Example 2.5. Let V be a one-dimensional vector space over R and fiz any nonzero
element e of V.. Then {e} is a vector space basis for V. Define a symmetric bilinear
form on V by decreeing that (e,e) = 0. Then e? = 0 in CL(V). Furthermore, each
element of CL(V') can be uniquely written in the form a+ be for some real numbers
a and b, and we have the following formulas for addition and multiplication:

(a+be)+ (c+de)=(a+c)+ (b+d)e
(a + be)(c+ de) = ac+ (ad + be)e.
In this case, CL(V) = AR, the exterior algebra of R.

More generally, if we define a symmetric bilinear form on V' by setting (e, e) to be
positive, then CA(V') = C; if (e, e) is negative, then C/(V) = R2.

Given a symmetric bilinear form on a K-vector space V, define the associated
quadratic form q: V — K to be q(v) = (v,v) for each v in V. The definition of
C4(V') only depends on g. We can recover the symmetric bilinear form ( , ) from ¢
by the polarization identity

(v.0) = 3 (afo +w) — afv) — a(w).

Theorem 2.6. Let V' be a n-dimenstonal R-vector space equipped with o symmetric
bilinear form { , ). There exist nonnegative integers r and s and a basis {e;} of V
with the property that

2 2 2 2 2
Q(xlel+x2e2+"'+xnen):x1+x2+"'+mr_errl_"'_errs'

If r + s = n, we say that the quadratic form ¢ is nondegenerate.

Definition 2.7. For nonnegative integers r and s with r + s = n, let Cl, 4(R)
denote the Clifford algebra on R™ equipped with the symmetric bilinear form

2 2 2 2 2
q(x1,22,...,xn) =]+ a5+ -+ a; — T — - — T

Let {e1,eq,...e,} denote the standard basis for R™. Then in C/, 4(R),

eiej +eje; = (e +ej)* —e? — e?
= —qle1 +¢;) +qle:) +qley)

= _2<ei7 ej>

B {—2% i<r
205 1>
One consequence of the relation above is that C/,. (R), viewed as a R-vector space,
has basis
{1}U{e;:1<i<n}U{ee;:1<i<j<n}U
{eiejer 1 <i<j<k<n}U---U{eiez...en},

whence C/{, ;(R) has vector space dimension 2".
We have already shown that C/; o(R) = C and that Cly1(R) = R& R. We set
Clyo(R) = R. Here are some other isomorphisms:

Cfg,o(R) ~H C£171(R) = M(Z,R) Cgog(R) = M(Q,R).
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We are particularly interested in the Clifford algebras C¢,, o(R):

C‘gn+8)0(R) = Cfn)o(R) (12913 CKS’Q(R> = an,o(R> QR M(lG, R)

This last isomorphism shows that there is a sort of periodicity of order 8 for the
Clifford algebras C/,, .

Now let’s look at complex Clifford algebras.
Definition 2.8. Let V' be an R-vector space. The complexification of V' is the set
VeorC={v+wi:v,weV}
The set V ®g C is a C-vector space via the following operations: for all v+ wi and
v4wi in V&g C and z + yi in C,
(v+wi)+ (0 +wi) = (v+0) + (w+ )i

(x 4+ yi) (v + wi) = (zv — yw) + (zw + Yv)i.
If A is a R-algebra, then A ®g C is a C-algebra as well:

(a + bi)(a + bi) = (a@ — bb) + (ab + ab)i

Let V be an R-vector space equipped with a symmetric bilinear form { , ). Extend
(, ) to V ®g C via bilinearity:

(v 4+ wi, v+ wi) = (v, 0) + (v, V)i + (w, V)i — (w, V).

Then it is not hard to show that C{(V ®g C) = C4(V) ®g C as C-algebras.
Suppose that the quadratic form ¢ on V associated with our original symmetric
bilinear form is nondegenerate. Then, as we discussed earlier, there exist a nonneg-
ative integer r and a basis {e;} of V' with the property that

q(r1e1 + xoea + -+ Tpen) =27 423+ A+t —at — o — Tl
for all real numbers x1, x9, ... x,. By our construction, the set {e;} is also a basis for
V®@rC. Let gc : V ®r C — C be the quadratic form associated to the symmetric
bilinear form on V ®r C we defined above. Then

2 2 2 2 2
qc(zier +zea + -+ zpen) =21+ 25+ 2l — 20— — 20
for all complex numbers 21, 23, ...2,. But e1,es,...,e,,%€,41,.. .76, is also a basis

for V ®g C, and this basis makes all the signs above positive! This implies the
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following:
Cl,o(R)@r C=Cl_11(R)@r C = Cl,_22R) @r C- - = Clpy »(R) ®r C.
In light of this, we denote all of these algebras by C¢,,(C). We have
ClH(IC)2RerC=C, Cl(C) =2 Cer Cx=C?%
one can define an isomorphism ¢ : C2 — C @z C by setting
¢(1,0):%(1®1+i®i), ¢(0,1):%(1®1—i®i)
and extending linearly. Also,
Cly(C) 2 Her C = M(2,C).
In addition
Cl,42(C) = CL,(C) ®¢ Cly(C) = Cl,(C) ®@c M(2,C)

for all n > 0. Thus we have

In general,

Ol (C) = M(2"/2,C) n even
"(© = MeeD2 0) o MEPY2,.C) 1 odd

3. REPRESENTATIONS OF CLIFFORD ALGEBRAS

Definition 3.1. Let W be a K-vector space. We let Hom(W, W) denote the set
of K-vector space homomorphisms (a.k.a. K-linear maps) from W to W. The set
Hom(W, W) is a K-algebra under pointwise addition and composition.

Definition 3.2. A representation of a K-algebra A on a K-vector space W is a
K -algebra homomorphism p : A — Hom (W, W).

While one can consider cases where W is infinite dimensional, we will always assume
that W is finite dimensional.

A representation of a K-algebra A on a K-vector space W makes W into an A-
module: a-w := p(a)(w). When A is a Clifford algebra, we call this module action
Clifford multiplication.

Definition 3.3. A representation of a K-algebra A on a K-vector space W is re-
ducible if there exists subspaces W1 and Wy of W with the properties that W =2
W1 @ Wa and that p(a) maps Wy to Wy and Wy to Wy for all a in A. A represen-
tation that is not reducible is called irreducible.
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In the case described in the preceding definition, we can decompose p as a direct
sum of representation p; @ pa, where p; and py are representations of A on Wi and
W, respectively.

Theorem 3.4. Every (finite dimensional) representation of a K-algebra can be
expressed as a direct sum of irreducible representations.

In light of the preceding theorem, we see that to understand representations of an
algebra, we need only focus on the irreducible representations. We also want to
consider some representations as being “the same”.

Definition 3.5. Let p and p be representations of a K-algebra A on K-vector
spaces W and W respectively. We say that p and p are equivalent if there exists a
vector space isomorphism F : W — W such that pla)(w) = (Fp(a)F~1)(w) for
all ® in W and a in A.

The next theorem shows that there are not very many irreducible representations of
complex Clifford algebras. Recall from linear algebra that Hom(C",C™) = M(n,C)
for each natural number n.

Theorem 3.6. For each natural number n, the only irreducible representation (up
to equivalence) of M(n,C) is the obvious representation of M(n,C) on C™. The
algebra M(n, C)®M(n, C) has two equivalence classes of irreducible representations:
pi : M(n,C) ® M(n,C) — M(n,C), i = 1,2, defined by p1(41,A2) = A1 and
p1(Aq, Az) = As.

Let’s write down these irreducible representations. First consider the case n = 2m.

Then our irreducible representation of C/,(C) is on the vector space C2"; In other
words, we have an algebra homomorphism ¢,, from C/,,(C) to M(2™,C).

When m = 1, we define ¢o : Cla(C) — M(2,C) by decreeing that
0 -1 0 4
wlen=(1 ) wa a=(] ),

where {e1,e2} is the standard basis for C2. From here, we proceed inductively.
Suppose we know ¢,, : Cl,(C) — M(2™,C) and let {e1,ea,...,€n,eEnt1,€nt2} be
the standard basis for C*+2. Set
0 n(€e
¢n+2(€k) = ((bn(ek) (b (Ok)>
for 1 <k <n. Then define

0 —-I
¢n+2(€n+1) = <I 0 )
and
0 0 <« O
0 0 0 —iI
¢n+2 (en+2) = il 0 0 0

0 —iI 0 O
By counting dimensions, we see that each ¢,, is an algebra isomorphism when n is
even.
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Now let’s look at the case where n = 2m + 1. An irreducible representation of
C¢,(C) is an algebra homomorphism into M(2™, C). For m = 0, we have ¢1(e;) =
—i. When m > 0, take the standard basis {eq, ea, ..., e, }, define ¢, (ex) = dn—1(ex)

for 1 <k < n, and then set
—il 0
Onlen) = ( 0 u)‘

4. DIRAC OPERATORS

We are going to use Clifford algebras and their representations to define some very
important partial differential operators. We begin with PDOs acting on C°(R"),
the collection of smooth complex-valued compactly supported functions on R*. For
each 1 < k < n, let %k denote partial differentiation in the direction of xj. For
each natural number n, we define a matrix operator

- 0
p=N"£E5-2
’; kaxkv

where Ey, = ¢, (e) in the notation of the previous section.
Let’s look at some examples. When n =1,

d
D=—i—.
de

o - 0 9 - 0
0 0 _%4_18714 _879014_@@
D= 0 0 Twl“‘l% _TI::._ZTM
24,0 0 ;0 0 0
653 854 oxq gw
TM+ZTM 8721/‘3_13714 0 0

Note that when we square each of these matrices, we get a matrix with the Laplacian
on the diagonal. This is not a coincidence:

n a n 6
p’=(% Ej@Tj <; Ejaxk>

=1
82 2
= E E.E E.E
]Z:; kaxi ;f J=k J k)(’?xkax]
- _Z_rn .
— ox;,



