ALGEBRAIC CONSISTENT QUANTUM THEORY

MARK SINNETT

1. INTRODUCTION
Let A be a bounded, self-adjoint operator on a Hilbert space H, representing a physical
quantity. Let % be the spectrum of A. Let
E:B(X)—P(H)

be the spectral measure (B Borel measurable subsets, P projections). The map F (X) is a
property, X € B(X). Each normal state is defined by a density operator py on H, which is
positive, trace-class, ||pol|; = 1.

Let w,, : B(H) — C be the function defined by

Woo (B) =Tr (poB).

The trace-class ideal 7" (H) = {trace class operators}. In general, the trace-class norm || 4],
of a trace-class operator A is equal to T'r (|A]). The probability wrt py of F (X) is

Py [ (X)] = wy, (B (X)),

the probability of that the measurement of the observable A will be in X.

Let Aq,..., A, be observables with corresponding spectra X, ..., >, and spectral measures
E,...,E, and a sequence of properties F; (Xy),..., B, (X,) corresponding to times t; <
.. < t,. The finite sequence (F; (X1),..., B, (X,)) is called a history. Think of this is an
apparatus that makes measurements. Another proposal is that we should think of a history
as a product

where ® has the algebraic properties of the tensor product. We simplify F; = E; (X;). In
the physics literature, the nth order probability of the history = is defined to be

P (=) =Tr (FoFy ... FipoFy... F ).
For example, if
~' =F 0,
then

on (=) =Tr (FyFipoFh),
1
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so then
FipoFy
| F1po 1|
FipoFy
Tr (FipoF})
FipoFy
Tr (polh)
FipoFy
Pl (F1)

po(X1) =

is a density operator. Then
P2 (X)) = Tr(Fupo(X1))P,, (F1)
P;O(Xl) <F2) PPIO (Fl) )

the first factor of which is like a conditional probability.
Let

~ =F0F
Think of X; x X, as a product, with X; = X} U X?. Then
Ei(X1) = Ei(X])VE (X7)
= Fll v F127
so that
~ = (FloR)V (FloR)
= <1V =y
Is it true that
PPQO (=) = 'on (=1 V=) = 'Pio (=1) + 'on (=2)?
Well, not generally, because
P (=) = Tr(F (FVF)p (FVFY))
= Tr(BF/poF) +Tr (FBFipoFY)
Po, (=1) + Py (=)
+Tr (FoFl poFY) + Tr (FaFipoFY) .
The consistency condition for second order histories is that
Tr (FoFy poFY) + Tr (FaFipoFy) =0

for every measurable decomposition of X; as X| U X?.
We will consider Ay, ..., A, observables, A;, ..., A, maximal abelian von Neumann algebras.
Each of these has Gel’'fand spectrum 57, ..., S,, and is endowed with a unique spectral integral

and spectral measure
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Then
Al 1 = AR..QA,
St =81 x..x8,
P! : =P®..QF,
E! : = FER®.QF,
Then
EY(Y]) = BEi(Y1)©..0 E,(Ya)
- FO..0F,
= I}
Then
PLFY = Tr(FaFuroFupoFie Fos)

= wpy, (F1)Tr (FoFu—1...Fopo (Y1) Fo.. . Fq)
= Woo (F1) Wpo(vi) (F2) - (yp1y (£3)
= wy, (Y771 [Ef (Y])] = (wp, (Yi77) o ET) [Y]]
= mp, Y] (YD),
Notation and Summary of Results for Lecture 2
(1) Elementary history: E7(Y)") = F"

E(Yi)po(Y{ ") B (Y
(2) kth initial density operator: pp = po(Y{) := t(Ye)po(¥i ) 1:(1 )
Tr{Ec(Ye)po(Yy)}

(3) History state with respect to py generated by Y;" *:
wﬁo (lenil) = wl;jo (lekil) ®wpk®wﬂk(yk+1)®' ) '®wpk(Yk’j__11)
= W (VY B
(4) History measure with respect to py generated by Y;"!:
NZO [lenil] = “];0 [lekil] ®:upk®/f“pk(yk+1)®' a gupk(Y,ﬁﬁl)
- IV B Y
Theorem 3.1. The nth order probability of E7(Y[") with respect to po is given by
Ppo [T = wp, (Y DIFT] = iy [Y7"1(Y7).

(5) Measurable decomposition: Y}, = V! UY? for any k,1 < k < n.

f (f]sC) Fori=1,2:Y([ik) := Y ' xYix Y™, F/(ik) = BE7(Y"(ik)) = F{ ' < Fix Fjm
or k<m < n.

pi = E,(Y)po (Y D E(Y)) _ Fipo(Y ) F (7)
T E)po (YD Tr{Fipo(Y)
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Definition. An elementary history E}(Y]") = FJ" is consistent with respect to a
density operator p, if the probabiltiy is additive. That is, for each binary measurable
decomposition Y}, = V! UY}? for any k,1 < k < n,

P [FP] = wn (Y1) [FY]
= wgo(Yln‘llk)(F{le) + wgo(w—l%)(m%)

nz‘ ._ wﬂo(iﬂkfl)(Fli) B Mpg()’f”)(ﬁj)
k - pumn
ujpo(Yf“fl)(F’“) Mpo(Ylkfl)(Yk)

; 0< L <1; and n +nf = 1. (8)

Proposition 4.8(1). pr = nipr + nipi.
Corollary 6.4. p” (V" 'ik) < p2 (Y;""!) everywhere in B(ST).

It follows that “Z}: "y < pnoR (Y, with Radon-Nikodym derivative denoted by
8 Y.

Theorem [4.1, 4.9, 6.5]. For an elementary history E7(Y,") and a density operator pg
the following four conditions are equivalent:

(i) E7(Y{") is consistent with respect to po;

(ii) (CH1) Tr{GiGi[Flpo(YF N EZ + F2po(YF Y FL} =0, where Gy, = Fy, -+ Fiyy;

(i) (CHjs) Wik o (Y]

= {nbor () + el (G | IR
and,
(iv) (CH5) the Radon-Nikodym derivatives 5;2_]“[}”,;:11] satisfy the relations:

o Y+ o MY =1
almost everywhere on Y," |, and
Py BV + oy @O Y] =0
almost everywhere on Y.

Note that the condition for a second order history is that
Tr{F (FpoFy + FipoFy) } =0,
and (CH1) is a generalization of this.

Proof:
P '] = wp (Y17%) [FY 7wy 07 (Y57%) [FR]

Pk—1
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and
Wi F (YR [FR] = Tr{GrFipo (YI!) [F} v F?] Gi}
= Tr{GyFlpo (YY) [FY G} + Tr {GyF2po (Y17Y) [F2] G; )
+cross terms

So the cross terms have to be zero. This implies (CH1).

Fori=1,2,
i, = n—1 [ w Ykil (Fz) n— n— n
02 B ] = St (0 (02D )

= wpy (Y1) (Fp) wp " (Y1) [F 4]
= wp YD) (R L]

Then

ey YLD B i T D ] = wp T (T L) [FR ) en T (Y IR

= P L] + P (ER LD

Multiplying through by w’lfo_l (Y’f’2) (F’f’l) we obtain the sum of probabilities

Pl B3] = {ntewr (V1) (B9 + s “(V7 ) (R

Then (CH4s) follows.
Corollary 6.9. If E}(Y") is consistent with respect to py then
n—k n— n—k n— n—k n—
wnipﬁnipi(YkHl) = 7711;‘*’,3116 (Yk+11) + U}%wpi (Yk+11)
everywhere on Aj ;.
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