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1. 2010F CoMPLEX ExaM
2010F Complex Exam #1

Suppose that the function f(z) = u(z) + iv(z) with u, v real-valued is analytic in domain
D and v(z) = u(z)? . Prove that f is constant on D.

Proof. Since f is analytic on D, then the Cauchy-Riemman equations hold. That is,

ug(2) = vy(z) (1)

uy(2) = —vg(2) (2)
for all z € D. Differentiating v(z) = u(z)? according to = and according to y yields the
following

ve(2) = 2u(2)ua(2) (3)
vy(2) = 2u(2)us(2) (4)
for all z € D.
By (2), uy(2) +v.(2) = 0.
By (3), uy(2) + 2u(2)u,(z) = 0.
By (1), (=) + 2u(=)v, (2) = 0.



2 THE GRAD STUDENTS + KEN
By. uy(2) + 4u(z)?uy(2)
Then u,(2)(1 4 4u(2)?) = 0, Wthh implies
u,(z) = 0or (1 +4u(z)?) = 0.

The equation 1 + 4u(z)? = 0 has no real solution for u(z). Thus u,(z) = 0. Equation (4
implies v,(z) = 0, and then f analytic on D implies

f'(z2) = wvy(2) —iuy(2)Vz €D

f'(z) = 0VzeD

Therefore, f is constant on D. OJ

2010F Complex Exam #9

Find all entire functions for which |f(z)| < |z|? for |z] <1 and |f(2)| < |z|® for |z| > 1.

Proof. Let f have the properties given in the statement. From the second inequality, we
have that for R > 1,

sup |f(2)| = R*.

|z|=R
By the maximum principle |f(z)| < R? for all z such that |2| < R. Then, for instance, if
|z| = Ry < R is fixed, the Cauchy inequality for derivatives implies
3IR3
7)<

(R — Ro)*

Since f” is entire, the maximum principle tells us that |f"(z)] < (R—R for |z| < Ry as
well. Since the inequality is true for all R > 1, we have by choosing an arbitrary Ry and
taking the limit as R — oo that |f”(z)| < 6 for all z € C. By Liouville’s Theorem, we
conclude that f"”(z) is constant, so that

f(2) = a3z® + ay2® 4+ a1z + ao,

for some as, as, ay,ag € C.
Next, consider the first inequality. The maximum principle for f and the Cauchy inequality
for f' for 0 < r < 1 centered at z = 0 yields

jaol = £(0)] < »*
jax| = [£'(0)]

Since these inequalities are true for all » > 0, we have

<

IA
= | %

ag = a; = 0.
Applying both inequalities when z = € for any 6 € R, we have
lase®® + ae®®] < 1, or
laze™ +ay] < 1

by factoring out |e*?| = 1. Then either one of ay and a3 is zero, or there exists § € R such
that ase” and a, have the same argument. Then the inequality above becomes

|as| + |ag| = |aze® + ag| < 1.
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In summary, we have show that if f is entire and satisfies the two inequalities given, then
f(z) = a32® + ax2®, with
jas| < 1,
las] < 1 —as].
Conversely, suppose that f has the form above. Then for |z| > 1,

£(2)]

las2® + ay2?|

las2®| + |az2?|

|as| [2]* + las| |2[?

las| [2° + (1 — |aa]) |2

|,

VAN VAN VAN VAN

Likewise, for |z| <1,

|asz2® + agz?|

|az2®| + |agz?|

jas| [2]* + laz| |2[*

Jas| [2]* + (1 — |as|) 2]

2.

Thus, we have shown that f satisfies the hypotheses if and only if f is a cubic polynomial
of the form

VAR VAR VAN VAN

f(z) = a3z’ + apz®, with
|CL2|+|CL3| S 1.

2010F Complex Exam #10

Find the number of zeros of f(z) = 2° — 202* 4+ 52% — 22 + 502z — 17 inside the annulus
1 <|z| <5,

Proof. Let f be given as above. Observe that when |z| =1,
1f(2) = 50z] = |2° =202 4 52° — 22 — 17|
< 20| 4 2020 + [52%] + |27 + 17
= 14+20+5+1+17 <50 = |50z|.

Thus, |f(z) — 50z| < [50z| for z on the unit circle. By Rouche’s Theorem, the number of
zeros of f in the open unit disk is the same as that of 50z, which is one zero.
Next, consider the case where |z| = 5. Then

1f(2) +202% = |2°+52% — 2% + 502 — 17
< 2%+ 152° + 2] + 50z] + 17
= 5 +5"+52+50-5+17 <205 = | — 202*|.

Thus, |f(z) + 202%| < | —20z%| if |2] = 5. By Rouche’s Theorem, the number of zeros of f
on {z: |z| < 5} is the same as that of —20z*, which is four zeros.
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Therefore, f has three zeros in the given annulus. (Throughout this proof, we have been
counting multiplicities of zeros.) ([l

2. 2012S CoMPLEX ExXAM
2012S Complex Exam #7

Suppose that ¢ is a holomorphic function defined on {z € C:z# 0} and that

1
19’ (2)] < HW for 0 < |z| < 1. Prove that z = 0 is a removable singularity.
z

Proof. Since g is holomorphic on C\ {0}, ¢ has a Laurent expansion

g(z) = Z anz"

n=—oo

valid on C\ {0} with a,, € C. Since g is holomorphic on our set, so is ¢’. We rewrite

a_, a_
g(z):...+Z—22—0—71+a02+012+a222+~'
Thus,
—2a_ —a_
d(z)| = |...+ Z32+ 221+a1—|—2a22+...|
1
— |Z|3/2

on the annulus 0 < |z| < 1. Thus, multiplying by |2?|,
—2a_ —a_
...+ o2 ila122+a223+...|§|z1/2|§1
2

on 0 < |z| < 1. Since 2? is holomorphic on the same annulus as g(z) and ¢'(z2), then 22¢'(2) is
holomorphic on the same annulus, and thus, its Laurent expansion (given above) converges
on that annulus. Therefore, by the Riemann Removable Singularity Theorem, z2¢/(z) is
holomorphic on the annulus, and therefore a; = 0 for all £ < —1.

By the Cauchy integral formula, since g’(2)z? is holomorphic on the disk (and beyond),
for fixed r with 0 < <1,

—a_y = 1luiir%)g/(w)wQ

2 ./
= limi/ Zg(z)dz
|z|=r

w—0 2771 Z— W

1 /
= — 2q'(2)dz
omi )y, 9'(z)
We can switch the limit and integral above since the limit of the integrand exists at all points
z such that |z| = 1, and the limit is absolutely integrable. Note that the denominator is
bounded strictly away from zero in the circle of integration. Now, since |¢'(2)| < |2|73/2,

when |z| = r, the integrand is bounded in absolute value by r~1/2. Therefore,

1
la_i| < 2—(27?7“)7"_1/2 = r1/2,
7r
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Since this inequality is true for all r such that 0 < r < 1, we must have a_; = 0. Therefore
g is holomorphic at 0. U

Proof. (Alternate proof) Since g is holomorphic on C\ {0}, g has a Laurent expansion

o0

o= Y ae

n=—oo

valid on C\ {0} with a, € C.
By the Laurent series formula for ¢'(2) = Y na,2""!, for any n € Z,

1 /
na, = —/ Mdz
2m J=r 2

Then for any r such that 0 < r <1,
1
llanl < 5= [ Jel ] =
2m |z|=r

Thus, since this is true as r — 07 for n < —1 (i.e. —% —n> %), a, =0. Thus z =01is a
removable singularity for g. O

Proof. (quickest proof) Since g is holomorphic on C\ {0}, g has a Laurent expansion

g(z) = Z anz"
valid on C\ {0} with a, € C.
By the Cauchy inequality formula for ¢'(z) = > na,2"!, for any n € Z,

M
[nan| < e

where M = max,—. |¢'(z)| < r 3% for 0 <r < 1.
Then for any r such that 0 <r <1,

n||a,| < r 2

Thus, since this is true as r — 07 for n < —1 (i.e. , —% —n > %), a, =0. Thus z =0is a
removable singularity for g. O

3. 2011S REAL ExaAaM

2011S Real Exam #4

Let F': R® — R be smooth, and suppose that the graph of F (z,y, 2) = 0 in R? is a surface
that is tangent to the plane z = 2z — y 4+ 3 at (1, —1,6).

(a) Prove that there exists an open disk D of some positive radius centered at (—1,6) € R?
and a function ¢g : D — R such that F' (g (u,v),u,v) =0 for all u,v € D.

(b) Find all possible values of Vg (—1,6).

Proof. (a) Since the surface is tangent to z = 2o — y + 3 at (1, —1,6) (which has vector
(2,—1,—1) normal to the plane) and the gradient VF' is perpendicular to the surface, we
have

(0 08)
Ox’ Oy’ 0z (1-16) T
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for some nonzero scalar A. In particular, ?9_1:: (1,—1,6) # 0. By the implicit function theorem,
there exists an open disk D of some positive radius centered at (—1,6) € R? and a function
g : D — R such that F (g (u,v),u,v) =0 for all u,v € D.

(b) Since F' (g (u,v),u,v) = 0, we differentiate with respect to u and v to get (from the

chain rule):

%%—Fa(l) = 0, ie. 2)\av+—)\_0,
Thus, Vg (-1.6) = (%.5) = (1.3) -

4. 2011F REAL ExaM

2011F Real Exam #3

Let f : [a,b] = R be bounded.

(a) Prove that if f is Riemann integrable on [a,b], then so is f.
(b) Prove that if f? is Riemann integrable on [a, b], then so is f.

Proof. (a) is True: Suppose f is Riemann integrable and bounded on [a,b]. Let ¢ > 0.
There exists M > 0 such that |f (z)] < M for all z € [a,b]. Observe that

@) = W] = [f@)+fWIf @) - f@)
(If @+ 1 @D If (@) = f W)l
2M [ f (x) = f (y)].

"= 557 > 0, there exist a partition P = (a = zo < 71 < ... < 1, = b)

<
<

n

Since f is Riemann integrable and

of [a,b] such that U (f, P) — L (f, P) < 53;- Then
m—1
U(f*P)—L(f*P) = sup  f?(x) — _inf f? (?J)) (zj1 — x5)

—0 \Ti<e<zji TjSYSTi+1
-

= sup  f* (x) — f* (y)> (Tj1 — ;)
=0 2 <x,Y<Tjt1
m—1

< sup  2M [f (z) — f(y)|> (@11 — ;)
=0 z;<z,y<Tji1

m—1
= 2M ) ( sup  f (z) — f(y)) (@41 — 25)

=0 T <T,Y<Tjt1
Thus, f? is Riemann integrable.
(b) is False: Let

1 ifxreQ

f(l")_{ -1 ifz¢Q
Then f?(z) = 1, which is clearly Riemann integrable. But for any partition of P of the
interval [a, b], the upper sum is U (f, P) = 1 (b — a) = b— a, and the lower sum is L (f, P) =
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—1(b—a) = a — b, using the density of rationals (resp. irrationals) in R. Thus f is not
Riemann integrable. ([l

2011F Real Exam #5
Let (z) be a sequence in R™ and let L be the set of all limits of subsequences of (xy) that
exist. Prove that L is a closed set.

Proof. Let x be a limit point of L. Then there exist 0

5. 2012S REAL Exam

2012S Real Exam #7
For which k € R is it true that [, 2| el da < o0 7

Proof. We compute the integral in spherical coordinates. That is, let

Ty = pPCosp
To = psin; cos P9
T3 = psin; sin sy cos Y3
Tp_1 = psineg;...sing, 9cost
T, = psing;...sing, osind

Then the integral is

/ 2| e 1 da
Rn
o0 2T ™ ™
= / / / o / pke*p (p”*1 sin" 2 V1 sin™ 3 Ya... sin? gpn,z) dp,_o .. .dp1dOdp
0 9=0 J ¢1=0 n—2=0

00 27 s s
= / e”p”““ldp/ / e / (sin"*2 180" gy . . . sin’ gpn,g) dpn_s . ..dp1d0dp
0 9=0 901:0 9077,72:0

This integral converges if and only if
] 1 00
/ e—ppn—l-k—ldp — / e—ppn+k—1dp + / 6—ppn+k—1dp
0 0 1

converges. The integral from 0 to 1 converges if and only if fol 2" *=1dx converges, because for
x € 0,1], %a:s < e *zx® < zx° for all s € R. By the standard facts about integral convergence,
the integral converges if and only if n+k > 0, i.e. k> —n. The integral from 1 converges no
matter what k is. The reason is that for all s and for all x sufficiently large, 272 > e %2° > 0,
so since [~ 2~ 2dx converges, by the comparison test, so does [~ e p"*1dp. Thus the
conclusion is that the integral converges if and only if & > —n. U

Note: one can avoid the spherical coordinates by lumping the angular coordinates together
to calculate the volume of S™ 1.

2012S Real Exam #8
Let h : R — R be a smooth function such that A’ (0) = 0 and A" (0) = 1. Define F': R* - R
by F (z) = h(|z|). Prove that F is differentiable on R™.
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Proof. Since |x| is smooth in x at all points p € R™\ {0}, h(|z|) is definitely smooth at points
x # 0 since it is a composition of smooth functions. Next, observe that for x near 0 in R",

[F() = FO) _ |hzl) = h()
2] o
- B,

by the mean value theorem, where ¢ is a real number between |x| and 0. Since A’ is continuous
and A/(0) = 0, the limit of the above quantity as z — 0 is 0, by the squeeze theorem. Thus,

L |F() — F(0)
z—0 |x’
(Note that the above is NOT related to F’ (0). )

So that F'is differentiable at 0, with the derivative linear transformation being the zero
map. Thus, F' is differentiable on R".

=0,

[Here, we are using the fact that for a function F : U — V of several variables,
where U C RF and V C R", is differentiable at a € U if there exists a linear
transformation L : RF — R" such that
. |[F(z) = F(a) = L(z—d

lim =0.
= o —adl
If this is indeed true, then L = dF (a) is the derivative of I’ at a. We write I’ (a)
for the matrix for the linear transformation, so that L(z —a) = F'(a)(x —a).
(and, yes, [’ (a) is the matrix of all the first partial derivatives).] O
6. 2012F REAL EXAM
2012F Real Exam #4
oo xn
Consider th ies S (z) = _
onsider the series S () ; Y P
(1) Find the interval of convergence of this series.
(2) Is the convergence on this interval uniform?
(3) Find S (1/2).
Proof. (a) We use the ratio test:
, vt n(n+1) . nx
lim = lim = |z|.
n—oo | (n+1)(n+2) a» n—oo | (n + 2)

Thus, the series converges for |z| < 1. For z = 1, the series is

> 1 =1 =1
;n(n+1)_;n2+n<;ﬁ;

The latter sum converges since it is a p-series, so the first series converges by the comparison
test. For x = —1, the series is alternating and the absolute value of the terms form a
decreasing sequence with a limit of zero. By the alternating series test, the series converges
at r = —1.
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Therefore, the interval of convergence is [—1,1].
(b) Observe that >, ﬁ converges as shown above. By the Weierstrass M-test, the
series converges uniformly.

(c) Observe that

@ = Ly

- ;(njtl)

Then

1 T

(5'(@) = Sa" =

l—z 11—z
Thus,
228 (z) = —v —log(1 — x) + C.
After evaluating at x = 0 we obtain C' = 0. Then we integrate by parts to get
log(1 — z) log(1 — z) 1
by integrating by parts. Then

S(z) = —1og(x)+M+/< L +1)

x l—2z =«
log(1 —
= M—log(l—x)—l—(}’
x
1 —z)log(l—
_ -alsi-w)
x
Taking the limit as x — 0, we may evaluate the constant C: C' = 1. Thus
1
S(E) = —log(2) + 1.

2012F Real Exam #5

Prove that every sequence of real numbers has a monotone subsequence.

Proof. Let (S,) be a sequence of real numbers. We define a term S; of the sequence to be a
dominant term if S; > S; for all j > i. Define T'= {i € N : §; is a dominant term }. We
have two cases.

Case 1: T'is finite. Let iy be greater than any element of 7. Therefore S;, is not dominant.
Then there exists i; > 7y such that S;; > S;,. Similarly, for £ > 1, there exists i > i1 such

that S;, > S;,_, since S;, , is not dominant. Therefore, (S;, k>0 is a monotone increasing
sequence.
Case 2: T = {t1,t,...} is infinite, with

1 <ty < ...

Then the sequence (S, ),>0 is by construction decreasing. U
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2012F Real Exam #6
Let f be continuous on [0, 1]. For z € [0, 1], let

gu() = / ) — )" dy.

(1) Find the pointwise limit of g, as n — oo.
(2) Is the convergence uniform?

Proof. With the given information, by the extreme value theorem, f assumes a maximum
and minimum on [0, 1], so |f(y)| < M for some constant M, for all y € [0,1]. Now, for some
fixed n,

[ st =yl < [l -ra < e

- M [_ <x;f>1n+1r

|gn($)| =

M

n+1
= xr .
n+1

Hence

gn(@)] < 2
Sup gn €T =~ .
z€[0,1] n+1

Since n&“ — 0 and nﬂﬂ is a uniform bound for |g,(z)|, the sequence of functions converges
uniformly. 0

7. 2013S REAL Exam

2013S Real Exam #2
Evaluate the integral [ [ (y/@\—k yj + z/k\) ‘. dS, where S is the surface {(z,y,2) : 2*> + y*> = 2, z < 4}

and 7 is the unit normal to S that points away from the z-axis.

Proof. (Method 1)

The surface S is a portion of the paraboloid z = 22 4 y? that is below the plane P defined
by z = 4. If we include P in the integral, the sq\rface S U P is a closed surface, and we
can extend n to be the outward normal (so 7 = k on P), and we have the setting of the
divergence theorem. Let €2 be the interior of the paraboloid below z = 4. We have

//Sup(y?jty}—l—zg)-ﬁdS = //Adiv(y?—%y?—%z@) dv
- [[[ (w5 w+se) v
— 2-///Q1dvzzvolume(ﬂ).
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Next, using cylindrical coordinates with r? = 22 + y? and = rcosf, y = rsinf, we can
compute:

2m
2volume (2) = 2/

0

/02”/2(47«_7»%) dr df
= 2/027r (2(2)2—%> dh

= 16m.

2
/ (4—7’2)Td7‘ do

0

I
N}
o

Next, we integrate the portion over P (disk of radius 2 at z = 4).

//P(yﬂyjﬂ@-ﬁds - /02ﬂ/02(y€+y3+4E)~Erdrde

27 2
= 4/ / 1rdrdf
o Jo
= 4(m(2)%) = 167.
Therefore,
// (gﬁ+y3+z%) 7dS = // (y€+y3+z%) 7 dS
s SuP
—// (y?jtyjj\—ir z/k?> -n dS
P
= 167 — 167 = 0.
(Method 2)

We parametrize the surface using the coordinate chart ® (u,v) = (u, v, u? + v?) with u,v
in the disk of radius 2. Then the outward normal is the downward normal to the surface
z = 2% + y?, ie. the vector in the direction of Vf, where f(z,y,2) = 2*> +y* — 2, so
Vf = (2x,2y,—1) = (2u,2v,—1). (Note we chose the sign so that the z-component would

be negative so that the vector points downward.) Then the unit normal is n = %,

and |[Vf|| = v4u? +4v?2+ 1. The area form dS is the same as ||®, x ®,|| du dv, and
®, = (1,0,2u) and &, = (0, 1, 2v), so that

gk
[y x ]| = 1 0 2u
01 2v

- H(—zuﬁ— (20)7 + (1)%”
VAT 1= |V
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//(ﬁ+y}+z%)-ﬁds
s
Vf
= v,v,u> +0?) - —— ||V f| du dv
I ) o IV
B // (U’Uau2+v2)-Vfdudv
disk
= // (v,v,u2 —|—v2) - (2u,2v,—1) du dv
disk
= // 2uv + 202 — u? —v? du dv
disk
= // 2uv + v? — u? du dv
disk

2 2
= / / 2r% cos 0 sin O + r? (Sin2 0 — cos? 0) do r dr
r=0J6=0

Thus, we have

2 2m
= / r3/ (sin26 — cos (20)) df r dr = 0.
r=0 0=0

2013S Real Exam #4

(a) Let f be a nonnegative, continuous function on the nonnegative reals. For a positive
n oo

integer n, let I,, = / f(z) dz. Prove that / f(z) dzx converges if and only if the sequence
0 0

(I,) converges.
(b) Show that the conclusion in (a) may be false if the hypothesis that f is nonnegative is
dropped.

Proof. (a)
First, suppose that f is a nonnegative continuous function such that the improper integral
(e.)

f(z) dz exists.
OThen, if for all b > 0, we define

I, = /0 () de,

Then limy_, . I, exists and is a nonnegative real number ¢. Then, for all € > 0, there exists
M > 0 such that |I, — ¢] < €, whenever b > M. So, if n is a positive integer and n > M,
then
|1, —¢| <e.
Thus, lim,,_, I,, = /.
Conversely, suppose that f is a nonnegative continuous function and suppose that the
sequence (I,) for n ={1,2,3,...} converges. For all b > 0, if n = |b], then

n—1<b<n.
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This implies
L1 <y <1,
since f is nonnegative. By the squeeze theorem, lim,_,., I, exists. 0
Proof. (b)
Let f(x) = cos(2mz). The improper integral / h f(z) dz does not exist, since
0

o 1
/ cos(2mx) dr = lim Py sin(27b),
0

b—o0 2T
which does not exist. However, for n a positive integer,
" 1
I, = / cos(2mx) dx = — sin(27n) = 0.
0 2T
so that lim,,_. I,, = 0. O
2013S Real Exam #5

Let f be twice continuously differentiable. Prove that, given x and h, there exists 6 such
that

flz+h) =2f(x) + f(z = h) = f"(O)n*
Proof. By Taylor’s Theorem,

fa+h) = F@)+hf @)+ e

fa—h) = f) - b+ )

for some c¢; between x and x+ h and some ¢y between x —h and z. Adding the two equations,

we have
2

Flo 4 B) = 27(@) + f(o = B) = - (7(er) + £(e2)

Since f” is continuous, by the intermediate value theorem, there exists 6 between ¢; and ¢y

such that , .
f//(@) _ f (Cl) ;‘ f (62)7

because w is between f”(c;) and f”(cy), inclusive. O

2013S Real Exam #6
Let f(z) be infinitely differentiable and odd. Suppose the Fourier series

ag + Z (ay, cos 2mnx + by, sin 2mnx)

n=1

converges to f(x) on (—1,0) and the Fourier series

co + Z (¢n cos2mnx + d,, sin 2wnz)

n=1

converges to f(x) on (0,1). Express the Fourier series of period 2 that converges to f(z) on
(—1,1) in terms of {a,},{b.}, {cn}, {dn}
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Proof. By the formulas for the Fourier series coefficients, since

f(z) =ao+ Z (a,, cos 2mnx + b, sin 2mnx)

n=1
for x € (—1,0), we have
0
ag = / f(x)dx
-1
a, = 2 [ f(x)cos2mnzdx

0
b, = 2/ f(z)sin 2mnx dx

Similarly, for the Fourier series valid on (0, 1), the coefficients must satisfy

coz/f

Cpn = 2/ f(z) cos 2mnz dx
0

1
d, = 2/ f(z)sin 2mnx dx
0

We desire the coefficients A; and Bj such that

flz)= Ao+ Z (Ay, cosmkx + By sin mkx) (5)

k=1

1
Ay = %/1f(x)dx

1
A, = /f(a:)coswk‘xda:
-1

for x € (—1,1), and so that

1
B, = /f(a:)sinﬁkxdx
~1

Since f is an odd function,
A =0 forall k£ > 0. (6)

For any n € Z~(, then we see that
1

On the other hand, for any n € Z>

1
Bopi1 = /f(m)sinw(Zn—f—l)xdm
-1

1
= 2/ f(z)sinm(2n + 1)z dz.
0
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Substituting the expansion valid on (0, 1), we see that

1
By = 200/ sinm(2n + 1)z dx
0

0 1 1
+ Z (QC]' / cos2jmrsinm(2n + 1) dx + 2d; / sin 2jmxsinm(2n + 1)x da:)

46()
(2n+ 1)w

% 1
+ Z < Cj/o (sinm(2n + 1+ 2j)z +sinm(2n + 1 — 2j)x) dx
j=1

1
d, / (cosm(2n + 1 — 2j)a — cosm(2n + 1 + 2j)z) dx >
0

- 4C0
- (2n+ D
> 2 2
; 0
+; (Cj <7r(2n+ 142j)  w@2n il —2j)) - )
4cy N 4(2n+ )¢ 4o~ (2n+1)g
_ S : 8
2n+ 1)m * ; m((2n+1)2—452) J;) (2n +1)% — 442 (8)

Note that since f is smooth, the constants c¢; are rapidly decreasing, so the sum definitely
converges (quickly). Substituting @, , and into , we have the Fourier expansion
of fon (—1,1). O

8. 2013F ReEAL Exam

2013F Real Exam #1
Let C' be the curve parametrized by

-
—, 7

7(t) = eVii+ arctan(t’) j, 0<t<1.
Evaluate

/ (6zy + 2) dz + (32° + 8y) dy.
c

Proof. Observe that d(3zy* + 2z + 4y?) = (6xy + 2)dzx + (32* + 8y)dy. Let f(x,y) =
3xy? 4+ 2z + 4y%. Then, by the Fundamental Theorem of Calculus for Line Integrals,

/C (6ay +2)de + (32> +8y)dy = F(7 (1) — F(7(0))

2
m m
= 3> 4+2+4——-0-2-0
VI T
2
m m
= 3e’— +2 4 — —2
e4+ e+4
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2013F Real Exam #2
Determine the maximum and minimum values of the quantity xy + 4z on the half ellipsoid
22+ 4y? 4+ 222 =64, 2>0.

Proof. Let f(x,y,2) = 2% + 4y? + 222, g(x,y,2) = 2y + 42. Using the method of Lagrange
multipliers, we obtain critical points of ¢ in the upper part where z > 0:

y = 2\z
r = 8y
4 = 44Xz

o 4yt +222 = 64

The first two equations imply that 0 = 16A\%y — y = y(16A* — 1). Thus, y =0 or A = 1 or
A=—1 Ify=0thenz=0and z =32 If A\ = £4, then y = £2, 2 = 44, and then
the surface equation yields 22 = 16, so x = 44, y = +2. So far, we have critical points

(07 0, \/3_2)a (47 2, 4)7 (4a —2, 4)a (_4a 2, 4)7 (_47 -2, 4)'

Next, consider the boundary z? + 4y? = 64, and the function is g(z,y) = zy, so the
Lagrange multipliers method gives the equations y = 2Ax, x = 8y, and we get again y = 0
or A= :I:i. If y = 0, x = 0, which is not on the ellipse. If A\ = :I:i, y = £3, and then we get
(z,9) = (£4v/2,2V/2) or (£4+/2, —21/2) are the critical points on the elliptical boundary.

After comparing the values of g(z,y,z) on all these points, we get g(z,y,2) obtains
the maximum value g(—4,—2,4) = g(—4,—2,4) = 24, and it obtains the minimum value

g(4v2, —2v/2,0) = g(—4v/2,2v/2,0) = —16. O

2013F Real Exam #3
Define f : R? — R by the formula

r? + y? Y .
(a) Prove that f is continuous at (0,0).
(b) Prove that if @ = ai+bj is a unit vector, then the directional derivative of f at (0,0)

in the direction of @ exists, and compute its value.
(c) Is f is differentiable at (0,0)?

Proof. (a) For any € > 0, let § = e. Then ||(x,y)| < § implies that /z2? + y? < §, which
implies that |z| < 0, |y| < 6. When y = 0 and x # 0, we have f(z,y) = 0, so certainly
|f(z,y) — 0] = 0 < e. When y is nonzero,

2

|2y
— £(0,0)] =
) = £0.0)] = o < B
So in all cases, |f(z,y) — f(0,0)| < € whenever ||(z,y)|| <, so f is continuous at (0,0).
(b) For u = ai + by, ||u|| = 1, we have
f(tu) — £(0,0) tatb? tab?

Duf(0,0) = lim === = lim o5 s = lim 55 =0,

=|z|<d=e

since a® + b* # 0.
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(c) From the above, the derivative matrix at (0,0) is (fs, fy,) = (00). Then if f were
differentiable at (0,0), then

lim / = lim (2 1 .2Y\3/2
(z,y)—(0,0) x? + y2 (z,9)—(0,0) (CC +vy ) /

But the limit above is definitely not zero (if it exists), because along y = z, the limit

approaches

y® —9-3/2

Y R

2013F Real Exam #4
Let {f.} be a sequence of continuous functions on [0, 1].

(1)

(a) Suppose {f,} converges uniformly to a function f. Prove that f is continuous.

(b) Give an example where {f,} converges pointwise to a function f that is not contin-
uous.

Proof. (a) Let € > 0. Since {f,} converges uniformly to f on [0, 1], there exists N € N such
that for every x € [0, 1], |fu(z) — f(z)| < § for all n > N. Choose some n > N. Since f, is
continuous on [0, 1], for all x € [0, 1], there exists 6 > 0 such that if y € [0, 1] and |z —y| < 9,
then |f,(z) — fu(y)| < 5. Now pick any = € [0, 1]. Suppose y € [0, 1] such that |z —y| <0,
then

[F(@) = F)l = |f(@) = fal@) + ful2) = fuly) + [uly) = f(¥)]
< f@) = fu@)] + [ fal@) = fuly)l + 1 fuly) = F()]

<€+€+€_
373737°¢

Therefore, f is continuous on [0, 1].

(b) Let f,(z) =" Then

lim f,(x) =

n—oo

0 ifzel0,1)
1 ifz=1

O

2013F Real Exam #5

Suppose that {a,} be a decreasing sequence of positive real numbers. Prove that the infinite
o0 o

series Z a, converges if and only if the infinite series Z 2% aq. converges.
n=1 k=0

2013F Real Exam #6

Suppose that h : [0, 1] — R is bounded and has the property that h is Riemann integrable

on [e, 1] for every 0 < € < 1. Using the definition of the Riemann integral, prove that h is

Riemann integrable on the interval [0, 1].

Proof. Given ¢ > 0, we need to find a partition P that is 0 = 2y < ... < x, = 1 such
that U(f, P) — L(f,P) < ¢, where U and L denote the upper and lower Riemann sums,
respectively. Given € > 0, we proceed as follows. Since h is is integrable on [§, 1] for
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0 < 6 < 1, we have a partition Ps such that U(h, Ps) — L(h, P5) < §. Let Py = {0} U Ps.
Then Pj is a partition of [0,1]. Let M and m be the maximum and minimum of A on [0, 1].
Then U(h, Ps) — L(h, Ps) < 2M¢ + ¢/2. If we choose § < 337, then choose Ps accordingly,

then U(h, P5) — L(h, P5) < €. O

2013F Real Exam #T7
Let h be a real-valued function and differentiable function on [0, c0) such that ~(0) = 1 and
3 < h'(x) <4 for all x > 0. Prove that there exists a constant ¢ such that

for all z > 0.
2013F Real Exam #8
Let f be a continuous function of period 27, and suppose that

ao + Z (an cosnx + b, sinnx)

n=1

is the Fourier series of f.

o
(a) Prove that the sum Z |a,|? converges.

n=1

(b) Suppose also that anax{|an|, |bn|} converges. Prove that f is differentiable and

n=1
T

that the integral / (f'(x))? dx is finite.

—T

Proof. We assume the function is R-valued. (a) Since f is continuous and 27-periodic,

| f|? is continuous and bounded so that fo% | f|? is finite, and the Fourier series con-
verges. We have

2w 2m 1 2m
fdr = / ag dr = 2mag, SO ag = — fdx
0 0 27 Jo
27 27 1 2
/ f(x)cos(mzx) dv = am cos® (mx) dx = may, , SO Gy = ;/ f (z)cos (mx) du.
0 0

J
/27r f(x)sin (mz) doz = /27r by sin? (mz) dx = wb,, , 50 by, = ! /27f f (z)sin (mx) dz.
0 0 T Jo
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We have, letting Sy () = ag + Y., (a, cos nz + by, sinnz) ,

/SN (55)2

/271’

0

/27r
0

/'27T
0

/271'
0

N N
(ao + Z (ay cosnx + b, sin nx)) <a0 + Z a;cosjr +b; sinjm)) dx

n=1 j=1

N N N
ap + 2ag Z (a, cosnx + by, sinnw) + Z Z (a,, cosnx + by, sinnz) (a; cos jx + bjsin j
n=1 n=1 j=1

oo N N
ag + 2ag Z (a, cosnz + b, sinnx) + Z Z (an cosnx + by, sinnx) (a; cos jr + b; sin j

n=1 n=1 j=1
00 N N

a3 + 2ag E (a, cosnx + by, sinnz) + E E @ COSNT COS JT + a;by, sinnx cos jx + b,
n=1 n=1 j=1

00 N N
a327r + 2ag Z / (ay cosnx + b, sinnx) dr + Z Z A0 /cos nx cos jx dr + a;by, / sin 7
n=1

n=1 j=1

N N N N
a327r + 2ap - 0+ Z Z ay@;0,T + ajby, - 04 bja, - 0+ Z Z byb;dnm

n=1 j=1 n=1 j=1

N N
2mag +ﬂ2ai +7TZbi.
n=1 n=1

We know that [ |f — Sy|* — 0as N — oo,

[Sn (2)] = |Sn (x) = [ (2) + f (2)] < [Sn (2) = f ()| + |f ()],

by the triangle inequality, so

Integrating,

[ 18w (@) da

<

IN

Since [ |f (x
N, [ (

is bounded, and thus » >

[Sn (@)* < |Sn (2) = f (@)]* + |f (@) + 21w () = f ()] |f (2)].

[1sx@=s@P+ [1r@P+2 [ Isy@ - f@)llf e
[ 15 (rv)—f(x)!2+/\f(w)l2+2\//\5zv<fc) o) \//If

| is a finite number and [ |Sy (z) — f (x)|° is bounded independent of
)|? dz is bounded independent of N. Thus,

N N
: 2 2 2
]\}I_I}(l)o (27m0 + WZan +7TZlbn.)

= 1 Gy, converges

(b) Suppose also that Z nmax{|a,|, |b,|} converges.

n=1



20 THE GRAD STUDENTS + KEN

First we check differentiability of the Fourier series.
Since

f(x)=ay+ Z (a, cosnz + b, sinnx),
n=1

(an cosnx + b, sinnx) |

we know that f’ (z) exists and equals the differentiated series if Y o | [-£

converges. We check that

a
dz

M8
M8

(a, cosnz + by, sinnx) |(—nay, sin nx + nb, cos nx)|

Il
i
3
Il
i

n

[M]¢

(n|ay| |sinnz| + n |b,| |cos nx|)

3
I
—

(nlan] +nba]) <2 nmax{|ay|, [ba]} < oo.

n=1

M8

<

3
Il
i

Thus, f’(x) exists and satisfies
f(x)= Z (—nay, sin nz + nb,, cos nx) .
n=1

Let
N

Ty (z) = Z (nb, cosnx — na, sinnz) .
n=1

By the last calculation, if 312 |b,|” + n? |a,|* converges we know that Ty (z) con-
verges. But

Zn2 b, |* + n? |a,]? < 22 (nmax {|a,|, |ba]})*.

But if 3 |,,] < 00, 3 |2,|* < 0o (since only a finite number of z,, have modulus > 1
). So we have

> 02 bal* + n* Jag|* < oo,
so by the first part,

/|f <7an 1bal? + 1 s |2 < oc.

9. 2014S REAL ExaAM

2014S Real Exam #1 Let f be the function of period 2 that equals |z| on [—1,1].
(a) Find the Fourier series of f.
(b) Use it to evaluate > 7, <.

Proof. Let
Qo .
f(z)=l|z| = 5 + E a, cos (nmx) + E b, sin (n7x) .
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Then
1
ap = / |z|dx =1
-1
1 1
a, = / || cos (nmz) dx = 2/ x cos (nmz) dz
-1 0

_ 9 <i sin (ﬂnx)‘l L /01 sin (7nz) da:)

_ ((;)2 cos (7mx))

b, = 0 since |z| is even

Thus,

(b) Letting z = 0, we get

1 4 1
O=5-52_2
n odd
Thus,
1 _7T2
==
noddn 8
Now,
1 1 1
ol Zﬁ+ > )
n n odd n even
Z 1 B 1 +1 1
n2 n? 4 n?
n n odd n
So
3 1 1 w2
4 n noddn 8
Thus,
1 om
n? 6

2014S Real Exam #4

Suppose that >~ a, converges.
(a) Prove or disprove that > a2 converges.
(b) Prove or disprove that Y - a2 converges.

21

0 if n is even

Proof. (a) Let a, = (—1)" (n+1)"2. Then > oo o an converges by the alternating series

test (|a,| — 0, (|a,]) is decreasing, and (a,) is alternating.) But > a2 =

(b)

L

-7 diverges.

O
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2014S Real Exam #7

(a) Prove or disprove that there exists a surjective continuous function F' : B — H, where
B is an open ball in R? and H = {(z,y,2) € R* : 2 + y* — 22 + 1 = 0}.

(b) Prove or disprove that there exists a surjective continuous function F' : H — B, with
H and B as in (a).

Proof. (a) There does not exist such a map, because B is connected and H is a hyperboloid of
two sheets and is thus disconnected. (The continuous image of a connected set is connected.)

(b) First, let B be be the unit disk in R? centered at 0. Let p: H — ~? be p(z,y,2) =
(z,y). Clearly, p is surjective and continuous. Let ¢ : R> — B be defined by

1
q(z,y) = ——F——=(z,7).
= e Y

We see that ||q (z,y)|| < 1 for each (z,y), so the image of ¢ is contained in B. Since the

function r — - maps 0 to itself, R to itself, and since it is increasing and lim = =1,

r—oo 1T
it maps [0,00) to [0,1) bijectively. Then ¢ maps each ray {r (cosf,sinf): 0 <r < oo} to
{r(cosf,sinf) : 0 < r < 1} bijectively, so that ¢ is a bijective continuous map from R? to
B?%. Thus, qo p is a continuous surjective map from H to B. Finally, this map may be
composed with a bijective translation and dilation (ie homothety) that maps B to any open
ball in R2. 0

10. 2010F ALGEBRA ExaMm
2010F Algebra #1

Let G be a group, let N be a normal subgroup of GG of finite index. Suppose that H is
a finite subgroup of G and that the order of H is relatively prime to the index of N in G.
Prove that H is contained in N.

Proof. Let [G : N] = n, |H| = m with n,m € N and ged (n,m) = 1. Since N is normal,
G/ N is a group of order n. Since m is relatively prime to n, there exist integers s, ¢ such
that ns +mt = 1 (Bézout’s Identity). Let h € H. Note that

(hN)' = (RN)"™
= [(hN)") [(RN)™)
= N*[h"N]
by Lagrange’s Theorem applied to G, N. Then
hN = N*N' = N.
Thus, h € N. O

2010F Algebra #4
Let G be a group and S a subset of G. For all g1, g € GG, suppose that either Sg; = Sg
or Sg; N Sgy = (). Prove that S = Hg for some subgroup H and some g € G.

Proof. Let r, s be arbitrary elements of S. Then 1 = rr~! € S,-1 and similarly 1 € S,-1 . So
S,—1 N Ss-1 # (). By the given, S,-1 = S;-1 for any elements r,s € S.

We now let H = Sr~! for a fixed r € S. For any h = sor' € Sr~! with 5o € 9,
h™t = rs;' € Ss;' = Sr~! = H, so H is closed under inverses. For any h; = s;7~! and
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hy = sor~!in Sr—lwith s1,s, € S. Since Sr~! = Ss;!, there exists s3 € S such that
s1771 = 53557, Then hihy = 5177 sor™! = 8385 s9r™! = s3r~! € Sr~' = H. Thus, H is
closed under multiplication and is thus a subgroup of G. Then Hr = (Sr=')r = S. U

2010F Algebra #7

Find all groups of order 4, and prove that your list is complete.

Let G be a group of order 4. If there exists an element of order 4, then G is cyclic and
is Z4. Otherwise, all non-identity elements of G have order 2. In that case, let a,b € G be
distinct such that a? = b* = e, the identity. Consider ab. Since a™! = a, ab # e. Since a # e
and b # e, ab # b and ab # a. Thus, ab is the other element of the group. Similarly, ba is
that same element. Thus G is abelian and G = Zy x Zy by a — (1,0), b+ (0,1).

2010F Algebra #9

Suppose that det (A + zB) = x° + 10z + 5 for some 5 x 5 matrices A and B with complex
number entries and all x € C. Prove that B is an invertible matrix.

Proof. We have det A =5, so A is invertible. Then, multiplying by % = det (A1), we have

1
det (A" (A+2B)) = gx5 +2z+1

det (] + A_le) = éf +2r+1
det (I +zA™'B) = éx5 +2z +1
For x # 0,
z° det (x’ll' + A’lB) = éxf’ +2x+1, or
det (A_lB + x_ll) = % + 27 4 270,

Letting A = —z~ !, we have for \ # 0,
1
det (A™'B — \I) = =+ 20— \°.

By continuity, this equation is true for all A in C, so det (A™'B) = det (A7) det (B) =
and so det (B) # 0. Thus B is invertible.

utl=

O

11. 2011S ALGEBRA EXAM
2011S Algebra #1

Let A be a commutative ring with identity, and let I be a proper (2-sided) ideal. Prove
that A /I is an integral domain if and only if whenever ab€ I, a € [ or b € I.

Proof. Note that A/I is always a ring if [ is an ideal; if A is commutative, then it is easy to
show that A I is commutative as well: for any a,b € A, (a+1)(b+1)=ab+1=ba+1=
(b+ 1) (a+ I). Further I is the additive identity (zero) in A /1.

(=) Assume that A /I is an integral domain. Suppose that a,b € A such that ab € I.
Then

(a+I)(b+1)=ab+1=1.
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Because A /I has no zero divisors,a+ I =1orb+1=1;thusa€elorbel.

(«<=) Assume that for all a,b € A such that ab € I, either a € I or b € I. Then if (z + I),
(y + I) are any two elements of A /I such that (x + I)(y + I) = I, then zy+ I = I, so that
xy € I. By the hypothesis, x € I or y € I, meaning that either t +1 =T ory+ 1 = I.
Thus, AI has no zero divisors and is thus an integral domain. 0

2011S Algebra #7

Find the Galois group of f (z) = (2% —2) (23 — 3)
(a) over Q.

(b) over F7, the finite field of order 7.

Proof. (a) Over Q, 22 — 2 does not factor (rational roots test, or Eisenstein criterion with
p = 2), and similarly, 2° — 3 does not have a root and thus does not reduce further. We see

that
0= (8) (e 8) (- ) (s o35) (o)
where w = €%™/3 is a third root of unity, and therefore satisfies w®—1 = (w — 1) (W? +w + 1) =

0. The splitting field of f is K = Q (\/5, /3, w), and
01 [o v ¥5.).0 (v2 )] [o (V2 49) @ ()] [2 () .
We have
(v, ¥3.0).0(v2 V3)]
o(v2,v3),0(v2)] =3
@(v2).q] - 2
since the minimial polynomials of w, ¥/3, v/2, respectively, over Q (\/5, \73), Q (\/5), and Q,
respectively, are z2 +x + 1, 3 — 3, and 22 — 2, respectively. Thus, [K : Q] = 12. The Galois

group of K over () is determined by its permuting action on the roots of these irreducible
polynomials. We define the elements «, §, v of the Galois group G (K, Q) by

V2 V2 V2 V2 V2 V2
a€/§=€/§75x7§=w%,7\7§=w\z§

w w w w w

Then o? = 1 (identity). Also, 32 (\3/5) = ﬁ(w\?/g) = wwv/3 = w?V/3, and B3 (\3/5) —
w?wv/3 = V3. Also, 12 (V3) = 7 (wV3) = wwV/3 = V3 and 7? (w) = 7 (w?) = v = w.
Thus, 3 is a 3-cycle and + is a 2-cycle when restricted to the Galois group of x* — 3, and
so they generate all of Ss, the symmetric group of permutations of the roots of 2* — 3, and
they fix v/2. The automorphism « generates the Galois group Z, of Q (\/5) and fixes the
roots of 23 — 3.Thus, o commutes with the group generated by 3 and ~, and thus, the whole
Galois group is isomorphic to Zy X S3.

(b) By inspection we see that (r —3) (z —4) = 22 — Tz + 12 = 2% — 2 in F;. Also, we
check by substituting z = 0,1,2,3,4,5,6 into 2° — 3 to see that it has no root in F; and
thus does not factor. So the Galois group is the Galois group of the splitting field of the
irreducible polynomial 22 — 3. Thus it has order 3 and is thus the cyclic group Zs generated
by the Frobenius automorphism y — 3, and the splitting field is Zo7. ([l
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12. 2011F ALGEBRA ExaM

2011F Algebra #1

Let K and M be subgroups of the group GG. Define the relation ~ on G by x ~ y if there
exists k € K, m € M such that z = kym.
(a) Prove that ~ is an equivalence relation.

(b) For K, M finite, prove that the cardinality |[z]| of the equivalence class [z] is —22

|lz=1KzNM|"

Proof. (a) Reflexivity: x ~ x since for the identity e, x = exe, for all z € G.
Symmetry: Assume x ~ y for some z,y € G, which means xr = kym for some k € K,
m € M. Then y = k~'zm™!, and since k= € K and m~! € M, we have y ~ x.
Transitivity: Assume that x ~ y and y ~ z, for some x,y,z € GG. Then z = k;ym; amd
y = kazmg for some ky, ky € K and my,my € M. Then x = ky (kozmso) my = (k1ks) 2z (mamy)
by associativity, and since k1ko € K and myms € M, x ~ 2.

(b) Observe that
[z] = {kam : for some k € K,m € M}.

Let ¢, : K x M — [z] be defined by ¢, (k,m) = kxm. Note that this is not a homomorphism
(in particular, [x] is not a group). Then for a given kozmg € [z],
ot (kormg) = {(k,m) : kaxm = kozmo}
{(k;, m):x kg kx =mem ™'}
Since {ky'k:k € K} = K and {mgm™':m € M} = M, the cardinality of this set is the
same as
{(K',m):a K =m'} .
Since m’ determines &’ and k' determines m’ in the equation above,

‘qﬁ;l (kommg)‘ = H(k", m') ke = m'}|
= !x’le N M| .
Thus, ¢, : K x M — [z] is a |z~ Kx N M|-to-1 map, so that
K| - | M|

2] = |1 Kz N M|
U

2011F Algebra #2

A ring with multiplicative identity is called a local ring if it has exactly one maximal ideal.
Show that a commutative ring with multiplicative identity is a local ring if and only if its
set of non-units is an ideal.

Proof. First, observe that no proper ideal of such a ring R contains a unit: Suppose that an
ideal U contains a unit u. Then v ™! exists, so 1 = u'u € U, so that r-1 =r € U for all
re R, soU = R.

(«<=) Next, suppose that the set W of nonunits of R is an ideal. Let V' be an ideal such
that V' ¢ W. Then V contains a unit, so by the argument above, V' = R. Therefore, W is
the unique maximal ideal in R.

(=) Suppose that R has only one maximal ideal V. By the argument above, V' contains
no units. Suppose that there exists x € R\ V such that = is not a unit. If the ideal
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(x) generated by x is proper, then it must be a subset of V', a contradiction showing that
(x) = M. Thus, (x) = M, so 1 € (z) implies that = is a unit, a contradiction to the
assumption. Therefore, V' is the set of all non-units in R, and this set is an ideal. 0J

2011F Algebra #3
Let L be an algebraic extension of the field F'. Show that any ring homomorphism g :
L — L fixing F' is an automorphism.

Proof. Note that ¢ is automatically 1 — 1.

It g(B)—g(v) = g(B—7) = 0 and B # 7, then (8—7)"" exists, and 1 = g(1) =
g((B=7"(B=7)=9((B="")g(B—7) =0, a contradiction.]

(onto) For any o € L. Since L is algebraic, there exists a minimal polynomial p (z) with
F coefficients such that p (o) = 0. Let p (z) = ap + a1x + ... + a,2". Then

0=ag+ajax+ ... +a,a”.
Then

g(0) = g(ag+ama+ ...+ aa")
= ap+a19(a)+ ...+ a,g ()"
= p(g()).
since ¢ is a ring homomorphism and g fixes F'. Now g maps the splitting field K of p (x) over F’
to itself, and K is a finite-dimensional vector space over L. Since g is a ring homomorphism,

it is a linear transformation from K to K (as finite-dimensional vector spaces over F'), and
thus since it is an isomorphism since it is 1 — 1. Thus, there exists § € K such that

9(8)=a. n

13. 2013S ALGEBRA Exam
2013S Algebra Exam #6

Let G be a group of order 56. Prove that G has a nontrivial normal subgroup.

Proof. We have |G| = 56 = 23 - 7. Let ny be the number of Sylow 2-subgroups (of order 8),
and let n7 be the number of Sylow 7-subgroups. By the third Sylow theorem ( n, = 1modp
and np||p%| ), n2 is an odd number that divides 7 (and thusis 1 or 7 ) , and ny = 1mod 7
and divides 8 (and thus is 1 or 8). If ny = 1, the single Sylow 7-subgroup is equal to all
of its conjugates and thus is normal, and we are done. Suppose instead that n; = 8. Then
there are 6 - 8 = 48 elements of order 7. The Sylow 2-subgroup contributes 8 additional
elements, each of whose orders divides 8. If also G had more than one Sylow 2-subgroup (i.e.
7 of them), then there would be more than 48 + 8 = 56 elements, a contradiction. Thus, if
ny = 8, ng = 1, in which case the Sylow 2-subgroup would have to be normal. 0]

14. 2013F ALGEBRA ExaM

2013F Algebra Exam #1
Let G be a group, and for each ¢ in G, define a function ¢, : G — G by the formula
by(z) = gug™* for every z in G.

(a) Prove that the set Inn(G) = {¢, : g € G} is a group under function composition.



PRELIM EXAM SOLUTIONS 27

(b) Let Z(G) denote the center of G. Prove that G/Z(G) is isomorphic to Inn(G).
Proof. (a) If 1 is the identity in G, observe that ¢ is the identity, because

¢10 ¢4(x) = ¢1(grg™") = lgng 'l = gug™" = ¢y(x)

for every x € G. Similarly ¢, 0 ¢1 = ¢,. Thus ¢, is the identity in Inn(G).
Next, for all g € G, observe that for all z € G,

Gg0 g1 () = dgg ' wg) = g ' grg g = 1ol = ¢1(x),
SO inverses exist.
Also, for g1, 92 € G,

Pg1 © D9 (%) = gy (92205 ") = 9192293 91" = (9192)2(9192) " = Bgu0 ()
Thus, the set Inn(G) is closed under multiplication.

Finally, the associative property also holds: for any g1, g2, g3 € G, we have by the multi-
plication formula above and the associative property in G,

<¢91 © ¢92) o ¢93 = ¢9192 © ¢93 = gb(glgz)gs = ¢91(9293) - ¢91 © ¢9293 = ¢91 © (¢92 © ¢g3)'

(b) Define the surjective homomorphism ¢ : G — Inn(G) defined by ¥(g9) = ¢,. We
showed above that ¢4, o ¢4, = ¢g,4, for all g1, g2 € G, proving that it is indeed a homomor-
phism, and it is clearly surjective. Observe that

keryy = {z€G:Y(z)(g) =g forall g € G}
= {2€G 2927 =gforallge G}
= {z€G:zg=gzforall ge G} =Z(G).

Then, by the first isomorphism theorem for groups,

Inn(G) = G/Z(G).

2013F Algebra Exam #2
Let H be a finite subgroup of GG. Prove that the double coset

HxH déf {hlxhg : hl,hg € H}

has cardinality |H| for all x if and only if H is a normal subgroup of G.

Proof. Suppose H is normal and x € G. This implies that tH = Hxz. Take any element
hixhy € HxH. Then there exists an hy € H such that hyx = xhs, so that hyxhy = xhshs €
xH. Thus, HrH C zH. Also, for any xhy € xH, vhy = exhy € HxH, where e is the
identity. Thus «H C HxH. Thus, xtH = HxzH, so |tH| = |HzH|. Also, |tH| = |H]|,
by the following argument. Define ¢ : H — xH by ¢(h) = xzh. Note that ¢ is clearly
onto. Also, if ¢(hs) = ¢(hg) for some hs,hg € H, we have xhy = xhg, which implies
hs = x 7 xhs = 2 'xhg = hg, so ¢ is one-to-one and thus a bijection. Therefore, [zrH| = |H|,
and we are done with the first part.

Next, suppose that |HxH| = |H| for all x € G. Again, forany x € G, |H| = |xH| = |exH|.
Since exH C HxH, |H| = |exH| = |HzH|, so since exH C HxH and HxH is finite, we
must have tH = HxH. Similarly, Hx = HxH. Thus, tH = Hx for every x € G, and
therefore H is normal. O
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2013F Algebra Exam #3
Find a product of cyclic groups that is isomorphic to the factor group

(Z4 % Zg) /{(2,3))-

Proof. Note that H = ((2,3)) = {(0,0),(2,3)}. Then |Z4xZ¢/{(2,3))| = 24/2 = 12, and the
group is abelian. Observe that (1,1) + H has order 12 in (Z4 X Zg) /H. Thus, (Z4 x Zg) /
nglggZZLXZg. O

2013F Algebra Exam #4
For an n x n matrix A and eigenvalue \g, prove the dimension of the eigenspace for )\ is at
most its multiplicity as a root of the characteristic polynomial.

Proof. Recall that the eigenspace corresponding to Ag is
Ey, ={veC":(A—-XIl)v=0}

Let {ai,...,a;} be a basis of E\, . Choose the by,...,b, , so that {ay,...,as b1, ..., b, ¢} is
a basis of C". Letting B = C7'AC, where C is the matrix with these basis vectors as
column vectors. Then B has the same characteristic polynomial as A, since det(A — A\I) =
det(C7HA — A\I)C) = det(C7TAC — C7IAIC) = det(CT'AC — C7IA\IC) = det(C71AC —
M) = det(B — AI). Then we have Aa; = A\ga; for 1 < j < /. So B has the form

([ XI D
o= (% 6

O

2013F Algebra Exam #b5
Let I be a proper nontrivial prime ideal in a principal ideal domain D. Prove that [ is a
maximal ideal in D.

Proof. Since I is an ideal in a PID, I is principal, so I =< a > for some nonzero a. Suppose
that I is not maximal, i.e. that there exists another ideal B such that I C B C D. Then
B=<b>,anda € Band b ¢ I. Then a = bd for some d € D. But a is in a prime ideal, so
either b or d isin I. So d is in I. Thus d = ar for some r € D. Then a = bar, so a = abr,
or a(l —br) = 0. Since D is an integral domain, and since a # 0, br = 1, s0 < b >= B = D.
Contradiction. O

2013F Algebra Exam #6
Let V be an inner product space. Let W be a subspace of V and let W+ denote its orthogonal
complement.

(a) For V finite-dimensional, prove (I/Vl)L =W.

1
(b) For V =R[z], (p,q) = / p(x) q(x) do, W the subspace of V with basis {z?, x4, 25, ...},

1

find bases for W+ and (WL)L, and show W ; (WL)L.

Proof. (a)
With notation as above, let {by, ..., b, } be an orthonormal basis for W, and complete this
basis to an orthonormal basis of V: {by,...,b,,e€1,...,€,}; we can always do this with the



PRELIM EXAM SOLUTIONS 29

Gramm-Schmidt orthonormalization procedure. Then W = span {by, ..., b,, } . The element

m T
vV = E wjbj—i— E V;€;
j=1 i=1

is an element of W+ if and only if 0 = (b,,v) for every a such that 1 < a < m. This means

0 = (bg,v) = <ba,2wjb +szel>

= wll
for 1 < a < m, so that W+ = span {ey, ..., e, }.

Employing the same reasoning with the subspace W+, we see that (I/VL)L = span {by,...,bn} =
W.

(b)

For any

p(x) = Zaj:z:j e W+,
§=0
for all m > 1, we have

1
0 = /p(x)medx

1

1 .
— 2m+j 1 o _1 2m+3+1>
Z aj / dx = .7 2m, j 1 ( ( )

2
- Zaﬂ'ﬁ’
741

J even

which implies only that a; = 0 for j even. Thus, {z, 23,25 ...} is a basis for W+.
Next, if p as above is in (WL) , observe that for m > 1

1
0 = /p(x)me_ldx
-1
n 1 n 1
_ 2m4j—1 _ 2m+j
= Zaj/ x dx_Zaj—,(l—(—l) )
= 1 = 2m +J
- Tog,
N om+ 5’

j odd

which implies only that a; = 0 for j odd. Thus, {1, 2% a* 2%, ...} is a basis for (VVL)L
Since 1 € (WL) and 1 ¢ W, we see that W & (WL) : O

2013F Algebra Exam #7

Suppose K is a finite extension field of £ and that F is a finite extension field of F'. Prove
that K is a finite extension field of F', and that [K : F| = [K : E|[E : F].

2013F Algebra Exam #38

Compute the Galois group of the splitting field of 2* + x + 1 over Fy and over F3, the finite
fields with 2 and 3 elements, respectively.
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Proof. Consider Fy. We first show that z* 4z +1 is irreducible over Fy. We check that z = 0
and x = 1 are not zeros, so there are no linear factors. Next, if it factors into quadratics,
then
(ZE2+GZL‘+1) (x2+bx+1) =zl +r+1

for some a,b € {0,1}. This implies a + b = 0,a + b = 1, which is a contradiction.
It follows that the splitting field is Fi and that the Galois group is cyclic of order 4 (with
generator y — y?).

Consider F3. Then x =1 is a root, and we have

ttr+1l=(2-1) (®+2>+2+2),

but we can see that 2° + 22 + 2 + 2 has no linear factors by plugging in 0, 1,2 and is thus
irreducible. It follows that the splitting field is Fy; and that the Galois group is cyclic of
order 3 (with generator y — 13). 0

Remark 1. The Theorems we are using in the above are these:
e For p prime, the only extension fields of Fx are Fyn for n > k. By definition, . s

the splitting field of 2 — x over [F, (note the polynomial is reducible).
o The Galois group of F e over the base field Fx is cyclic of order n, and it is generated

by the Frobenius automorphism x — 2P

o If f(x) € F,|x] is an irreducible polynomial of degree m, then the Galois group of
f (x) overF, [x] is cyclic of degree m (generated by y — y?), and Fpm is the splitting
field.
(The reason is that we know that the splitting field is F,. for some k > 1, and we
know the Galois group is cyclic and generated by the Frobenius automorphism y +— yP.
This is a normal extension, so if a is a root of f (x), then all the roots of f are in
F, (a), so F, () is the splitting field. But then the degree of the splitting field is m,
so the order of the Galois group is m; thus k =m. )

e Same as the above is true if the prime p is replaced by p’ for some j > 1.

15. 2014S ALGEBRA EXAM

2014S Algebra Exam #3
Every finite integral domain D is a field.

Proof. Let D = {0,a9 =1,a4,...,a,}. Let a € D such that a # 0. We need to show
there exists b € D such that ab = ba = 1. Consider the elements aag, aa, ..., aa,. Suppose
aa; = aa; for some i # j. Then a (a; — a;) = 0. We assumed a # 0 and have that a; —a; # 0.
But D has no zero-divisors, so this is a contradiction. Thus, multiplication by a is a 1-1 map
of the finite set D — {0} to itself and thus is a bijection. Therefore, there exists b € D such
that ab = a¢ = 1. ]

2014S Algebra Exam #4
For matrices A and B where AB is defined, prove that rank (AB) < min {rank (A) ,rank (B)}.

Proof. Suppose A is an m X n matrix and B is an n X p matrix. Let Ty : R* — R™ be the
linear transformation defined by 74 (z) = Az, and similarly define T : R? — R™. Then
rank (AB) = dim (T4 o T (RP)) < dim (T4 (R™)) = rank (A). Next, we have the following
lemma:
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Lemma: For any linear transformation 7" : V' — W of finite dimensional vector spaces,
rank(7") = dim (7' (V)) < dim (V).

Proof of Lemma: Given a basis by, ...,b, of V., {T'(b1),...,T (b,)} spans T (V), so any
basis of T' (V') has < n elements. O

Thus, applying the lemma to T4 : Tp (RP) — R™, rank (AB) = dim (T4 (T5 (R?))) <
dim (Ts (RP)) = rank (B). The result follows. O

2014S Algebra Exam #5
Prove that every finite multiplicative subgroup of a field is cyclic.

Proof. Let G be a finite multiplicative subgroup of a field F; G is necessarily abelian. Let
m =max {|g| : ¢ € G}. (Here |g| means the order of g.) Then m| |G|, so that m < |G].

Claim: g™ =1 for all g € G.

Proof of Claim: By the Fundamental Theorem of Finitely Generated Abelian Groups,
G is isomorphic to Lis X Lz X ... X Zp;k, where py, ..., pr are not necessarily distinct primes,
and rq, ..., are positive integers. The maximum order of an element of this group is the
least common multiple of the integers p*, ..., p;*; one can explicitly construct an element of
that order, and further one can show that any element of the group has an order that is a
factor of this maximum order. [J

By the Claim, every g € GG is a solution to the equation ™ — 1, but ™ — 1 has at most
m solutions in F. Therefore, |G| < m. Thus |G| = m, and there exists h € G such that
|h| = m. Hence, G is cyclic. O

2014S Algebra Exam #8

Let G be a finite group, let R* be the multiplicative group of units in a ring R, and let
¢ : G — R* be a nontrivial homomorphism. Prove that > ¢ (g) is either 0 or a zero
divisor in R.

Proof. Consider (deg o (g)) ¢ (h), where h € G and ¢ (h) # 1. Since ¢ is a ring homomor-
phism,

<Z¢(9)> o(h) = > (g6 (h)

9eG geG

= ) olgh)

geG

= > 6(9),

g'eCG

since right multiplication r, : G — G by h permutes the elements of G. (If ry, (a) = rp, (b)
for any a,b € G, then ah = bh, so a = b by right-multiplying by A~!. So r, is an injection
and thus a bijection.) Thus,

0 = <Z¢(g)>¢(h)—<2¢(9)>

geG geq

- <Z¢<g>> (6(h) —1).

geG
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Thus, > .o ¢ (9) is a zero divisor.
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