Decomposable Approximations Revisited

Nathanial P. Brown, José R. Carrion, and Stuart White

Abstract Nuclear C*-algebras enjoy a number of approximation properties, most
famously the completely positive approximation property. This was recently sharp-
ened to arrange for the incoming maps to be sums of order-zero maps. We show
that, in addition, the outgoing maps can be chosen to be asymptotically order-zero.
Further these maps can be chosen to be asymptotically multiplicative if and only if
the C*-algebra and all its traces are quasidiagonal.

1 Introduction

Approximation properties are ubiquitous in operator algebras, characterizing many
key notions and providing essential tools. In particular, and central to this note, a
foundational result of Choi-Effros [10] and Kirchberg [18] describes nuclearity of a
C*-algebra in terms of completely positive approximations. Precisely, A is nuclear
if and only if there exist finite dimensional algebras (F;) and completely positive
contractive (c.p.c.) maps
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that approximate the identity in the point-norm topology, i.e.

lim [[¢i(i(x)) —xl| =0, x€A. (1.2)

Some 30 years later, via Connes’ celebrated work on injective von Neumann
algebras [9], this approximation property was shown to imply a stronger version
of itself: one can always take every ¢; to be a convex combination of contractive
order-zero maps [16]. This has proved crucial to applications to near inclusions (for
example, [16, Theorem 2.3]). In this note we observe a further improvement: every
Y; can be taken to be asymptotically order zero, meaning that if a, b € A are self-
adjoint and ab = 0, then

lim [[yi(@)yi(b)]| = 0. (1.3)

It was known that (1.3) could be arranged under the stronger hypothesis of finite
nuclear dimension [29, Proposition 3.2] and this proved vital to various applications
(cf. [7, 21, 26, 27]).

Our proof follows the strategy in [16] by obtaining suitable factorizations of
the canonical inclusion A < A** with respect to the weak™ topology; then
adjusting these to take values in A; and finally applying a Hahn-Banach argument
to get asymptotic factorizations in the point-norm topology. To do this in general,
however, we require some quasidiagonal ideas. Indeed, the main technical hurdle
is showing that if A is quasidiagonal and all traces on A are quasidiagonal in the
sense of [5], then one can take every v; to be asymptotically multiplicative (see
Theorem 2.2), while retaining the decomposition of ¢; as a convex combination
of contractive order zero maps. This should be compared with Blackadar and
Kirchberg’s characterization of nuclear quasidiagonal C*-algebras in [3] as those
with approximations (1.1) and (1.2) with v; asymptotically multiplicative.

Since all traces on nuclear quasidiagonal C*-algebras in the UCT class are
quasidiagonal [24], our result improves the Blackadar-Kirchberg characterization
in this case. Cones over nuclear C*-algebras are quasidiagonal [25] and satisfy
the UCT, so all their traces are quasidiagonal (though we show how Gabe’s work
[14] gives a simpler proof of this fact in Proposition 3.2). Thus we obtain our main
theorem for general nuclear A by taking an order-zero splitting A — CA, applying
the improved approximation maps on CA, then using the quotient map CA — A to
get back to A (see the proof of Theorem 3.1 for details).

2 Quasidiagonal Traces

In this note, a trace on a C*-algebra means a tracial state. Write T(A) for the
collection of all traces on A. Various approximation properties for traces were
studied in [5]; of particular relevance here is the notion of quasidiagonality for
traces.
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Definition 2.1 A trace t on a C*-algebra A is quasidiagonal if there exist finite
dimensional algebras F;, tracial states 7; on F; and c.p.c. maps 6;: A — F; such that
tr; o §; — t in the weak™ topology and

lim [|0;(ab) — 0;(a)0;(b)|| = O 2.1

forall a,b € A. Write Tgq(A) for the set of quasidiagonal traces of A.

When A is unital the maps 6; can be taken to be unital and completely positive
(u.c.p.). Theorem 3.1.6 of [5] lists several other characterizations of amenable
traces.

The main technical result of this note is the following.

Theorem 2.2 Let A be a separable and nuclear C*-algebra. Then A is quasidiag-
onal and T(A) = Tq(A) if and only if there exist a sequence of finite-dimensional
C*-algebras (F,) and c.p.c. maps

Aln g A 2.2)

such that

L |[(¢n © Y)(@) —al| = Oforalla € A;

2. every ¢, is a convex combination of finitely many contractive order zero maps;
and

3. |[¥n(ab) — (@), ()| — O foralla,b € A.

Only one implication of this theorem requires much work. Indeed, if A has
approximations with properties 1-3, then A is quasidiagonal (this is an easy
implication in [3, Theorem 5.2.2]; the maps ; are approximately multiplicative
by 3, and 1 ensures that they are approximately isometric). It is equally routine to
check that all traces are quasidiagonal. Indeed, since a trace composed with an order-
zero map is a trace by [28, Corollary 4.4], and each ¢, is a convex combination of
order zero maps, given a trace t4 € T(A), it follows that 74 o ¢, defines a trace on
F,. Then condition 1 ensures that 74 o ¢, — 74 weak™.

In order to prove the reverse implication it will suffice to prove a o-weak version
for the canonical inclusion t: A < A**. Namely, we prove the following proposition
in the remainder of this section.

Proposition 2.3 Let A be a separable nuclear, and quasidiagonal C*-algebra with
T(A) = Tqa(A). Then there are nets of finite-dimensional C*-algebras (F;) and of
c.p.c. maps

AL p 2 g 2.3)

such that

1. (¢i o ¥;)(a) — t(a) in the o-weak topology for every a € A;
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2. ¢; is an order zero map;
3. ||[¥i(ab) — ¥i(a)yri(b)|| — O for every a, b € A.

With this proposition in hand we prove Theorem 2.2 by following the same steps
used to prove [16, Theorem 1.4] from the preparatory lemma [16, Lemma 1.3].
Indeed, using the notation of Proposition 2.3, first apply Lemma 1.1 of [16] to see
that for every i there is a net of contractive order zero maps (¢, 1: F; — A), such that
@i (x) converges o-weakly to ¢;(x) for every x € F;. We may therefore assume that
the image of ¢; is contained in A for every i. The argument now ends with a familiar
Hahn-Banach argument, similar to the one used to prove the completely positive
approximation property of a C*-algebra from the assumption that its enveloping
von Neumann algebra is semidiscrete (see [6, Proposition 2.3.8]). Briefly, given
a finite subset .% of A and € > 0, let Ky C %(A) be the collection of all c.p.c

maps 0:A — A which factorize as A K) F i A, where v is a c.p.c. map with
| (ab) — v (@)¥ (b)|| < € foralla,b € #, and ¢ is a contractive order zero map.
Since the identity map on A lies in the point-weak closure of Kj, it lies in the point
norm closure of the convex hull of Kj. As a convex combination of maps in Ky can

be factorized in the form A K) F 4 A, where v is a c.p.c. map with || (ab) —
Y(a)y ()| < e foralla,b € ¥ and ¢ a convex combination of contractive order
zero maps, we can find such ¥ and ¢ additionally satistying ||¢ (¥ (a)) —al| < € for
a € F. Theorem 2.2 follows by using a countable dense subset of A to produce the
required sequence of maps.

The proof of Proposition 2.3 requires some lemmas and will first be carried out in
the case when A is unital. We will split A** into two pieces, the finite and properly
infinite summands, and then handle each piece separately.! The properly infinite
case is handled by a combination of Blackadar and Kirchberg’s characterization of
NF-algebras in [3] and Haagerup’s very short proof that semidiscreteness implies
hyperfiniteness for properly infinite von Neumann algebras [15, Section 2].

Recall that if p is a normal state on a von Neumann algebra M, the seminorm

I I} is given by

ot 4 ) 2
[E45S =p( 5 ) . xeM. 2.4)

It is a standard fact (see e.g. [2, 111.2.2.19]) that if {p;} is a separating family of
normal states on M, then the topology generated by {|| - ||[n),.} agrees with the o-
strong™ topology on any bounded subset of M. This will be used in both of the
following lemmas.

Lemma 2.4 Let A be a unital, quasidiagonal and nuclear C*-algebra. Let moo :
A — M be the properly infinite summand of the universal representation of A. Then

Recall that a von Neumann algebra is finite if it admits a separating family of tracial states, and
properly infinite if it has no finite summand.
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there are nets of finite-dimensional C*-algebras F; and nets of c.p.c. maps

AL E S m (2.5)

such that

1. (¢; o ¥i)(a) — moo(a) in the o-strong™ topology (and hence also in the o-weak
topology) for every a € A;

2. ¢; is a *-homomorphism for every i; and

3. [¥i(ab) — Yi(@)Yi(b)|| — O for every a,b € A.

Proof Fix € > 0, a finite subset .# of unitaries in A, and finitely many normal states
P1s- .-, pm on M. We will produce a factorization

A—->F—->M (2.6)

where F' is a matrix algebra, ¢ is a *-homomorphism and ¥ is a u.c.p. map, such
that

() — ullf, < 2 2.7

and
1 (uv) — @y ()| <e, (2.3)
forall u,v € F andi = 1,...,m. In this way we obtain the desired net indexed

by finite subsets of unitaries, finite subsets of normal states and tolerances €. By
working with p = YL >, pi» and replacing € by €/m, it suffices to obtain the
single estimate

I (W) —ulb <22, ueZ, 2.9)
in place of (2.7).

Since A is nuclear and quasidiagonal, it is NF by [3, Theorem 5.2.2] and so, by
part (vi) of this theorem, there exists a matrix algebra F and u.c.p. maps

A—->F—A (2.10)

such that

(60 0 y)(u) —ull <€ (2.11)
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and

I (o) = Y @y ()| <e. (2.12)

for all u, v € #. The estimate in (2.11) gives

170 (0 () —w)|} < e, (2.13)

forall u € #.

We now follow the proof of [15, Theorem 2.2]. As M is properly infinite, we
can fix a unital embedding ¢ : F — M. Then by [15, Proposition 2.1] there exists
an isometry v € M such that 8(x) = v*(x)v for all x € F. If v is a unitary
(which is impossible, in general), then we’re done because Ad(v) ot is the desired *-
homomorphism. Since the o-strong closure of unitaries in any von Neumann algebra
is the set of all isometries (cf. [23, Lemma XVI.1.1]), the remainder of the proof
(which follows the estimates on page 167 of [15]) amounts to approximating v with
a suitable unitary.

We may assume that M is concretely represented on some Hilbert space 7 so
that p is a vector state, given by a unit vector £ € .. Using the identity ||x|? +
Ix*£|> = 2(||x||g)2, which is valid for all x € M, and Eq. (2.13) we have

"y ()v = Too@)E]| < 22 (2.14)
and
W™ L (@)*)0 = Too ()E]| < 2. (2.15)
This implies
R (Y () VE, V0o (W)E) > 1 — 226 (2.16)
and
Rt (Y ()*)0E, V700 (*)E) > 1 =22, (2.17)

Now choose a unitary w € M such that, for all u € %,

R(e (¥ (w)wE, wireo (w)§) > 1 — 2¢ (2.18)
and

R(e (¥ () *)WE, wireo (u¥)E) > 1 — 2e. (2.19)
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Then, since ||¢(¥ (w))wé|| < 1 and ||¢(¥ (u*))wE|| < 1, we have

eV ()wE — wrtoo (> < 2 = 2R((W () WE, woo(W)§) < 46 (2.20)

and

e (@ )WE = wtoo (W)EI? < 2 = 2R (L (Y (") WE. wrtoo (u™)E) < 4e,

2.21)
forall u € .%. Then ¢ = Ad(w*) ot : F — M is a *-homomorphism with
1
(¥ W) = T Wl} < (4€)2, ue 7, (2.22)
as required. O

Next we deal with the finite part of A**. We need the following standard
uniqueness fact. Let A be a separable nuclear C*-algebra, and N a finite von
Neumann algebra. Then it is well known, though most often stated when N is a
factor (see [17] and [1] which give converse statements), or when N has separable
predual (see [11, Theorem 5]) that two *-homomorphisms ¢, ¢, : A — N are o-
strong™ approximately unitarily equivalent in that there is a net of unitaries u; such
that u;¢1(a)u] — ¢»(a) in the o-strong™ topology for all a € A if and only if
T o ¢ = T o ¢ for all normal traces T on N. Indeed, ¢; and ¢, extend to normal
representations ¢;*, ¢;* : A** — N that agree on traces. Since A** is injective, it
is hyperfinite,” so there is an increasing net of finite dimensional subalgebras (Fy)
that is o-strong™ dense in A**. For each A, the condition that 7 0 ¢ |r, = o ¢|5;
for all normal traces v on N gives a unitary u; with Ad(uy) o ¢ *|r, = ¢3%|F,.
The net of unitaries (u)) witnesses the o-strong® approximate unitary equivalence
of ¢1* and ¢>* and hence also of ¢; and ¢».

Lemma 2.5 Let A be a separable, unital and nuclear C*-algebra and assume
T(A) = Tw(A). Let min:A — M be the finite summand of the universal
representation of A. Then there are nets of finite dimensional C*-algebras F; and
of c.p.c. maps

AL E S m (2.23)

such that

1. (¢;ioV;)(a) — man(a) in the o-strong™ topology (and therefore also in the o -weak
topology) for every a € A;

2. ¢; is a *-homomorphism for every n; and

3. |[yiab) — yi(a)yi(b)|| — O for every a,b € A.

2See [12] for the extension of Connes’ theorem to the non-separable predual case used here.
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Proof Recall that M has a separating family of normal tracial states. As pointed
out in the remarks preceding Lemma 2.4, on any bounded subset of M the o-
strong® topology agrees with the topology generated by the family of seminorms
{Il - ll2.c} (where 7 runs through all normal tracial states of M). As in the proof of
Lemma 2.4, the required nets of finite dimensional C*-algebras and c.p.c. maps will
ultimately be indexed by finite subsets .% of A, positive numbers €, and finite subsets
{t1,..., Ty} of normal tracial states of M. Moreover, the same argument found in
the proof of Lemma 2.4 shows that it suffices to consider a single normal trace t (by
considering T = rln >, 7)., which we fix for the remainder of the proof.

Write N for 7. (A)”. We claim it is enough to obtain finite dimensional algebras
F; and maps ¥;:A — F; and ¢;: F; — N (as opposed to ¢;: F; — M) satisfying (2),
(3), and

(i o ¥i)(a) — 7 (a)[|2.. — 0. (2.24)

For this, first note thatJ = {x € M : t(x*x) = 0} is a (closed, two-sided) ideal of M,
and therefore of the form Mp for some central projection p € M. Using the fact that
7 is a faithful trace on both N and M(1 — p), we get that N =~ M(1 — p) (extending
the identity on A/J N A). Identifying N with this direct summand, it follows that
|z (@) — 7wan(a)]l2.. = 0, which proves the claim.

Being finite, N is the direct sum of a (finite) type I von Neumann algebra and
type II; von Neuman algebra. We can therefore deal with each summand separately,
and combine the two approximations to prove the lemma. To ease the notation, we
may as well assume that N itself is type I or type II;.

First assume N is finite type I, so of the form N = @;L*°(X;) ® M,, for some
n; € N and measure spaces X;. Write 7, (a) = eainf) (a). If the direct sum is infinite
then, by normality of 7, 7, (a) is the limit in || - ||, of the finite sums ea;;lm(i) (a),
and so it suffices to prove the result when the sum N = @;L*°(X;) ® M,, is finite.
In this case N is a (non-separable) AF C*-algebra, so given a finite subset .% of the
unit ball of N and € > 0 there exists some finite dimensional C*-subalgebra F C N
such that for each x € %, there exists a contraction y, € F with ||x — y,|| < e.
Fix any conditional expectation ¢ : N — F (an expectation exists by Arveson’s
Extension Theorem) and note that for x;, x, € %

[V (x1x2) — ¥ (x) ¥ ()| < [lx1x2 = Yy Yoo | + X1 =y | + [lx2 = 2]
< de. (2.25)

Also, ¥ composed with the inclusion map ¢: F < N is the identity on F, so that
Il (¥ (x)) —x|| < 2e for x € F. Thus the required approximations exist in the finite
type I case.

Assume now that N is type II;. The center Z(N) of N is an abelian von Neumann
algebra with faithful normal state 7, so of the form L*° (X, i), where u is induced by
t.Let E: N — L*®(X, ) denote the center valued trace. Let (a,-)fil be a sequence of
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positive contractions in A that is dense in the unit ball of A and such that ||a;|| < 1
for all j.

Fix k € N. Given a k-tuple i = (i1, ...,i) € {1,...,k}¥, let p; be the projection
in L*° (X, u), whose characteristic function is the set

(xeX: iJ;I < E(7r.(a)))(x) < Z,j: ...,k (2.26)

These are pairwise orthogonal and ), p; = 1y. Some of the p; may be zero; in what
follows we only work with and sum over those indices i for which p; # 0. Note that

i 1 .
IEGre(@) = 32 pillioogy < d =1k (227)

1

Now, any normal trace on N is of the form t(f-) for some f € L'(X, )+ with
If Nl x o) = 1. For such an f,

t(fnf(aj))zr(ﬁ‘(nf(aj)))%li Tt(fp), j=1,....k (2.28)

Also, for each index i,
i 1 ,
tpme@) =Tyl = T, j=1..00 0k (2.29)

Now, for each i = (iy, ..., i), the map t(;_)t(nt(')p,-) is a tracial state on A.
Because all traces on A are quasidiagonal, there exist matrix algebras F; and u.c.p.
maps ¥y;:A — Fy; such that

1
)trpk_i (Vi(ay) — ‘L'(piﬂf(aj))‘ < J= Lk (2.30)

1
T(pi)

and

||1//k,i(ajl ajz) — lﬂk,i(ajl)lﬂkﬁi(ajz)” < €, jl,jz = 1, . k. (231)

Combining (2.30) and (2.29) gives

i 2

‘trn.,-(llfk,i(a;)) - " <. (232)
k k

Define Fy := @D, Fr; and ¥, := @Yy, so that (3) holds. Since each p;Np; is

type II;, there exists a unital *-homomorphism ¢y; : Fr; — piNp; (see e.g.
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[6, Lemma 2.4.8]). Define ¢y : Fy — N by ¢ = ;pr;. This is a unital *-
homomorphism. Further, for each f € L'(X, i)+ with ||f]| '(x, = 1, we have

t(fee(Wil@))) = Y t(fpo)ter, (¥ (a)

1

2.32) i
A2 Z (i)}

1

‘231 (@), j=1.....k (2.33)

Thus the sequence of maps (¢x o V) satisfies

lim  sup  |t(fe(Vi(a))) — T(fm(a))| =0, jeN. (2.34)
k—>o00 feLt X4
1yt

Write N for the ultraproduct of N with respect to some fixed free ultrafilter
o € BN\ N (defined with respect to ). We claim that the sequence (¢ o V¥y)
induces a *-homomorphism, call it 6: A — N, that agrees on traces with 7¢ (the
composition of 7, with the canonical embedding of N into N). Indeed, this follows
as in the proof of Lemma 3.21 of [4]: fix j and write x;; = ¢x(V¥i(a))) — 7. (g)). As
E(xjx — E(xjx)) = 0, [13, Theorem 3.2] gives y;x; and zjx; in N for [ = 1,...,10
such that

10
Nk — EQa) = Y[V Gik] (2.35)
=1

with [|yjcill < 12|xjx — E(xjp)|l and ||zjxs|| < 12. These estimates ensure that
(Vjk.0)k and (zj k1)« represent elements y;; and z;; in N. Since

IEGOIl = sup  |t(fox(Wil(ay)) — T (e (a)))
feLl w4
Wl e,y =1

, (2.36)

it follows that (E(x;x))x represents 0 € N and so (x; )« represents the finite sum of
commutators Z}il [vj, 2] in N® and hence is zero in all traces on N®.

By the remark preceding the lemma, 6 and 7¢ are o-strong® approximately
unitarily equivalent. Because A is separable and we work in an ultrapower, a
standard reindexing argument (using Kirchberg’s e-test from [20, Appendix A])
shows that 6 and 7 are actually unitarily equivalent. That is, there exists a sequence
(uy) of unitaries in N such that

/}B}Z) lur(pr 0 i) (@ug — 7e(a)|lr =0, a€A. (2.37)
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Let qsk = Aduy; o ¢. Passing to a subsequence, if necessary, we obtain
lim [[(¢ 0 Vi) (@) — (@) |2c =0, a€A, (2.38)
k—>00

as was to be proved. O

Proof of Proposition 2.3 For unital C*-algebras, one just takes direct sums of the
maps provided by Lemmas 2.4 and 2.5. The non-unital case follows from the unital
case as follows.

Assume A is non-unital and T(A) = Tqa(A). Then by [5, Proposition 3.5.10] we
have T(A) = Tqa (A), too, where A is the unitization of A. Hence we can find nets of
finite-dimensional C*-algebras (F;) and c.p.c. maps

AL B 5 Ay (2.39)

such that

1. (¢i o ¥;)(a) — 13(a), in the o-weak topology for all a € A

2. every ¢; is a convex combination of finitely many contractive order zero maps;
and

3. ||[Wi(ab) — yi(a)yi(b)|| — O forall a, b € A.

The short exact sequence 0 — A — A — C — 0 induces a canonical isomorphism
(A)** = A** @ C. The desired maps are now gotten by restricting each ; to A and
using the o-weakly continuous projection (A)** — A** to push the ¢;’s back into
A** O

3 The Main Theorem

Theorem 3.1 Let A be a nuclear C*-algebra. Then there exist nets of finite-
dimensional C*-algebras (F;) and c.p.c. maps

AL A 3.1)

such that

1. ||[(¢i o ¥i)(a) —al| = Oforalla € A;
2. every ¢; is a convex combination of finitely many contractive order zero maps;

3. Wi(@)yi(b)| = O forall a,b € Ay that satisfy ab = 0.

To prove Theorem 3.1 we will apply Theorem 2.2 to the cone CA = Cy(0,1]® A
of A. We will need to know that all traces on CA are quasidiagonal for nuclear
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A. While this follows from [24, Corollary 6.1],% it is really the case that the
required statement is a recasting of the “order zero quasidiagonality result” of
[22, Proposition 3.2] used as the starting point in [24]. More generally, Gabe’s
“order zero quasidiagonality” of amenable traces [14, Proposition 3.6] can also be
expressed in this language, as set out below.

Proposition 3.2 (Gabe, c.f. [14, Proposition 3.6]) Let A be a C*-algebra. Then
every amenable trace on CA is quasidiagonal. In particular if A is nuclear, then all
traces on CA are quasidiagonal.

Proof Tt is well known that traces of the form §, ® 74, where §, is evaluation at some
t € (0, 1] and t4 is a trace on A, generate the Choquet simplex of traces on the cone
CA.* Since the amenable traces on CA form a face ([19, Lemma 3.4], see also [6,
Proposition 6.3.7]) and the set of quasidiagonal traces is a weak*-closed, convex
subset of T'(A) [5, Proposition 3.5.1], it suffices to show that any amenable trace on
CA of the form §, ® t4 for some € (0, 1] and some trace 4 on A is quasidiagonal.

Note too that if §; ® 74 is an amenable trace on CA, then 1, is amenable on A.
This follows from [5, Theorem 3.1.6] by checking that the tensor product functional
Mz, on the algebraic tensor product A © AP given by (., (a ® bP) = 14(ab) is
continuous with respect to the minimal tensor product. Let g € Cy(0, 1] be a positive
contraction with g(#) = 1. Then ., factorizes as

a®b°P ®a)R(g®b)°P M8 R,
A ® AP PEBIBEINT A o (CA)P —2F1, ¢, 3.2)

the first of these maps is the tensor product of two c.p.c. maps, so contractive with
respect to the minimal tensor product, while contractivity of i5,g+, follows from the
assumption that §; ® t4 is amenable.

At this point, if A is not unital, then we can unitize A, and t4 (since the unitization
of an amenable trace remains amenable). As a final reduction, by considering the
map CA — Cy((0, 1], A) given by restriction, and then identifying Cy((0, 7], A) with
CA (by rescaling), we may as well assume that + = 1. Then [14, Proposition 3.6]
gives a c.p.c. order zero map ¥ : A — 2, (where 2 denotes the universal UHF
algebra and 2,, its ultrapower) such that

79, (lI/(a)lll(lA)"_l) =14(a), a€A, neN. (3.3)

By the correspondence between order zero maps from A and *-homomorphisms
from CA (see [28, Corollary 4.1]) we obtain a *-homomorphism y: CA — 2, such
that ¥ (id(,1] ® a) = ¥ (a) for every a € A. Then foreverya € Aandn € N,

19, (V(idj ; ® @) = 19, (¥(@W(10)"")
a(a) =0 ® tA)(id?O,l] R a). 3.4

3The cone CA is quasidiagonal by [25] and satisfies the UCT, since it is contractible.
“That is, any trace on CA lies in the weak™*-closed convex hull of the specified traces.
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Thus ¥ witnesses the quasidiagonality of the trace §; ® 4. O

Proof of Theorem 3.1 Let # C A be finite and € > 0. Then there is a separable
nuclear subalgebra B of A containing .% . Write t : B — A for the canonical inclusion
map.

Let 0: B — CB be the c.p.c. order zero map b — id, 1] ® b. Notice that CB
satisfies the hypotheses of Theorem 2.2: it is certainly separable and nuclear, it is
quasidiagonal by a theorem of Voiculescu [25], and all of its traces are quasidiagonal
by Proposition 3.2 (as CB is nuclear, all traces are amenable). Then there are a finite
dimensional algebra F and c.p.c maps ¥: CB — F and ¢: F — CB such that

L (@ oy) (@) -0 <€

2. ¢ is a convex combination of finitely many contractive order zero maps; and
3. Y (0@O)) = v (ONY OO < e

for all x,y € %#. Let n:CB — B be given by the point evaluation at 1 so that
no 6 = idg.

Define a c.p.c. map ¥: A — F by extending {06 to A (using Arveson’s extension
theorem) and set ¢ = tono¢: F — A. Then ¢ is a convex combination of contractive
order zero maps (because o7 is a *-homomorphism), || (¢ oY) (x) —x|| < € for every
xe F,and |y ()Y ()| < eifx,y € .F are orthogonal positive elements. O

Remark 3.3 As with the approximations in [16], attempting to merge the approx-
imations of Theorem 3.1 with the nuclear dimension by additionally asking for a
uniform bound on the number of summands in the decompositions of @; as a convex
combination of order zero maps is very restrictive. By the main result of [8], such
approximations only exist for AF C*-algebras.

4 The Proof of Proposition 3.2, Revisited

This section was added in the revision submitted to the editors on 24 August, 2017.
The only changes made to the earlier sections are the addition of footnote 5, and
the updating of references to precise locations in [14] to reflect the final published
version. We have also updated the publication information in the bibliography for
[1,4,8, 14, 24].

In Proposition 3.2 we claimed that any amenable trace T on a cone CA over a
C*-algebra is quasidiagonal. In our proof we produced a *-homomorphism v from
CA into the ultraproduct 2, of the universal UHF-algebra so that 7 = tg, o V.
When A is nuclear, the Choi-Effros lifting theorem immediately gives a c.p.c. lift
of ¥ to £°°(2). In the general case, such a c.p.c. lift must be produced in order to
obtain quasidiagonality of 7, and we are sorry that we neglected to do this in the

51n the case of non-nuclear A, this uses Lemma 4.1 in the next section to show that Y lifts to a
c.p.c. map from CA to £°°(2).
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first place. Thus for the purposes of all the other statements in the original version
of this article, which refer only to nuclear C*-algebras, no additional ingredients are
needed. We complete the proof of Proposition 3.2 in this section, using Lemma 4.1
to give the required lift in the case of general A.

We’re very grateful to Jamie Gabe for pointing out this omission and to Wilhelm
Winter—the wizard of functional calculus—for suggesting the functional calculus
trickery used below. We're relieved that all statements in the preceding sections
remain correct as stated.

In the initial stages of the proof of Proposition 3.2, we reduced to the situation
where A is a unital C*-algebra, 74 is an amenable trace on A, and we need to show
that the trace T = §; ® 74 on the cone CA = Cy((0,1]) ® A is quasidiagonal.
We also (somewhat implicitly) assume that A is separable. As both amenability and
quasidiagonality are local properties it suffices to treat the case of separable A. Using
[14, Proposition 3.6] we obtain a c.p.c. order zero map ¥ : A — 2, satisfying
(3.3). By construction this c.p.c. order zero map comes with a c.p.c. lift to £°(2).
This is not recorded explicitly in [14], but is readily seen from the proof: ¥ is of
the form (19, — e)Yo(-)(1g, — e) for a c.p.c. map Yo : A — 2, with a c.p.c.
lift to £°°(2) and a positive contraction ¢ € 2, (and so e lifts to a representative
sequence of positive contractions in £>°(2)). We then use the duality between c.p.c.
order zero maps and *-homomorphisms from cones [28, Corollary 4.1] to obtain a
*-homomorphism ¢ : CA — 2, with ¥ (id,11®a) = ¥(a) forall a € A; checking
in (3.4) that ¥ has 19, o ¥ = §; ® 4. To complete the proof of Proposition 3.2 we
must show that ¥ (which is uniquely determined by ¥) has a c.p.c. lift to £°(2).
We do this in the following lemma, which may well be of use in other situations.

Lemma 4.1 Let A be a separable unital C*-algebra, and let B be a unital C*-
algebra. Suppose that (\,);,2, is a sequence of c.p.c. maps from A into B inducing
an order zero map ¥ : A — B,,. Then there exists a sequence of cpc maps (¢n),2,
from Cy((0,1]) ® A into B inducing a *-homomorphism ¢ : Co((0,1]) ® A — B,

such that ¢ (id ® x) = ¥ (x) for x € A.

Before giving the proof of Lemma 4.1 we record the following fact which will
be used repeatedly.

Lemma 4.2 Let A be a separable unital C*-algebra, and let B be a unital C*-
algebra. Suppose that (\,);,2, is a sequence of c.p.c. maps from A into B inducing
an order zero map ¥ : A — B,. For a contraction a € A, there exists a
sequence (b,)2, of contractions in B so that (Y,(14)b,)52, and (b, ,(14))72,
both represent ¥ (a).

Proof By Kirchberg’s e-test [20, Lemma A.1] to prove the lemma it suffices to take
€ > 0 and find a sequence (b,);2, of contractions so that

nlg}(}) ”wn(lA)bn - %(d)H and r}l—I}clo ”ann(lA) - Wn(a)” < €. 4.1

Recall from [28, Theorem 3.3] that the supporting *-homomorphism of ¥ is
a *-homomorphism 7 : A — Z(C*(¥(A))) satisfying ¥(x) = w(x)¥(1la)
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= ¥ (14)7(x), for x € A. Then, for f € Co((0,1])+, f(¥) is defined by f()(x)
= 7 (x)f (¥ (14)), for x € A; this is a c.p. order zero map (which is contractive when

fis). Taking f(t) = ¢, where 0 < r < 1, gives

V() = 7@y (1) V()T =y @y (1) =)' Y (), xeA
4.2)

Fix 0 < r < 1 small enough so that sup,¢ |f'=" —t| < €. For a contraction a € A,
let (b,)2, be a sequence of positive contractions in B representing the contraction
¥ (a). Then

nh_I)I(}) ”wn(lA)bn - %(a)H - r}l—I}clo ”wn(lA)bn - Wn(lA)l_rbn”

= lim [y (10) = ¥u(10) ] < €. (4.3)

Likewise
Tim [lba(13) = Yn(@)] < e, (44)
as required. O

Proof of Lemma 4.1 We use Kirchberg’s e-test [20, Lemma A.1] to handle the
reindexing and allow us to prove a slightly weaker statement. To set this up, for
each n, let® X, be the set of c.p.c. maps Cy((0,1]) ® A — B, let (@), be a
sequence which is dense in the positive contractions of A and (f;)72, a sequence
which is dense in the positive contractions of Cy((0, 1]). For i, i1, i, ji1,j» € N, define
i) (. x [0, c0) by

rszil’iz‘jlzm(q&n) = ||¢n(fl1 ® aiz)d’n(ﬁl ® ajz) - ¢Vl(fi1ﬁ1 ® aizajz)” 4.5)

and

s () = | alid ® a;) — Yrular) |- (4.6)

Then a sequence (¢,)%2, € []2, X, induces a *-homomorphism ¢ : Co((0, 1]) ®
A — B, if and only if lim,_,,, i ’2\’1/2)(¢ ) = 0 for all 11, ir,J1,j» € N and has
¢(id ® x) = ¥ (x) for all x € A if and only if lim,—,,, sy (q&n) = O foralli € N.
Thus, by Kirchberg’s e-test we can fix € > 0 and iy € N, and it suffices to find a
sequence (¢,)°2, € [1°2, X, such that

lim F12172) (¢ ) <€ and  lim sV (¢,) < € 4.7)
n—w n—w
fori,il,iz,jl,jz = 1, e ,io.

5There is no dependence on # in the definition of X,,. We use this notation for consistency with the
usual formulation of Kirchberg’s e-test.
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For § > 0 to be chosen later, define g5 € Co((0, 1]) by

572, 0<t<$

gs(t) = s (4.8)
Note that
0<gs(®t<1, te]0,00), and s;(l);;] [(gs()t — )] <. 4.9)
t€(0,
Fix m € N with the property that
Ifi(x) = fi(y)| < €/3 whenever |x —y| < 1/m (4.10)
for all for i < iy. Let hg,...,h, be standard ‘saw-tooth’ partition of unity

corresponding to the division of [0, 1] into m intervals. That is, 4, is (the restriction
to [0, 1] of) the piecewise affine function satisfying 4;((i — 1)/m) = 0, h;(i/m) = 1,
hi((i + 1)/m) = 0, and defined to be affine on the intervals [(i — 1)/m, i/m] and
[i/m, (i + 1)/m] and O outside the interval [(i — 1)/m, (i + 1)/m]. In this way, for
any scalars «y, . .., oy, the element f = 27;0 o;hy is the piecewise affine function
in C([0, 1]) with f(j/m) = «; and affine on the intervals [j/n, (j + 1)/n].

To simplify notation we will write e, for ¥, (14). For each n, we define a map
¢n : Co((0,1])) ® A — Bby

$ulf ® a) = Y FU/m)hi(en) P gs(en)*Yu(@)gs (en)/hulen)? 4.11)

=0

for f € Co((0,1]) and a € A. This certainly extends to a linear map, and as v,
is completely positive, so too is each map in the sum defining ¢,, and so ¢, is
completely positive. Now for a positive contraction f € Cy((0, 1]) we have

Ga(f ® 14) = Y f(U/m)gs(en)uen)en

=0

< gs(en)en Y ulen) < 1p. (4.12)
=0

as 0 < gs(t)r < 1 and Y )" m(r) = 1 forall 7 € [0,1]. Since f is an arbitrary
positive contraction, it follows that ¢, is contractive (without any condition on §).
It remains to show that we can choose § so that the sequence (¢,)%2, € [[oe; X,
verifies the two conditions of (4.7).
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Since the sequence (,,):2, induces an order zero map, we have

tim [fe,. o @]l = 0. a . @413
Therefore
i
lim 6,4 ® @) — v (@gs(en) Y hifen)| =0. (4.14)
=0
Now Y7Ly Lhi(t) =1, 50
nlg}(}) ||¢n(1d ® Cl) - wn(a)gS(en)en” =0. (415)

Fix a contractiona € A, and by Lemma4.2, let (b,)°2, be a sequence of contractions
in B so that (b,e,),2, represents ¥ (a). Using (4.9) for the second estimate below,
we have

r}l_r}(}) [Vn(@)gs(en)en — Yu(a@)|| < nh_I}(}) [bnllllengs(en)en — enll < 3. (4.16)
In this way
Jim [, (id ® a) — yu(a@)|| =8 (4.17)

for any contraction a € A. Then, provided we ensure § < €, we get
lim,e 55 (¢n) < € for all i.

Now we show ‘almost multiplicativity’. For this, fix iy, i, j1,j» < ip. Using (4.13)
and the fact that ik = O for |k — [| > 2 we have

31_13610 ||¢n(fl1 ® aiz)d’n(ﬁl ® ajz) - ¢n(fi1ﬁ1 ® aizajz)” (418)

= lim | 37 fi (/s (/) (en)hu(en)gs(en) Vilai)gs(en) ¥i(a)

[k—=1]<1

= D fa U/ m)fy (1 m)hu(en)gs(en) Yulainay,)

=0

Using Lemma 4.2, we can find a sequence (b,)S2, of contractions in B so that
(enb,)22, represents ¥ (a;,). In this way (4.9) gives

lim ”g&(en)wn(aiz)” = lim ”gS(en)enbn” <L (419)
n—w n—w
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Likewise lim,— [|gs(ex)¥n(aj,)|| < 1. As, for each [, Zk 1—1 I acts as a unit on
h;,’ we may use the estimates above to obtain

Tim | D7 e/ 0/ mi(enhu(en)gs(en Vi @i)gs(en) Vlan) — (4:20)

[k—1]<1

= > F Umfs, (1 m)hu(en)gs (en) Ynlair)gs () Vin (@)

=0
I+1

< lim | Zﬁl U/mhen) 3 (F kfm) = fi, (1fm))ifen) |

k=I—1

Using the choice of m in (4.10), observe that | Y75} | (fiu (k/m) — f, (1) m)) | <
(¢/3) Ziill—l hi (in C([0, 1])) forevery [ = 0, ..., m, and therefore

I+1

| Zf,l Umhy 3" (f k) = fi, ()| = (e/3) Zﬁl (U/mhy < €/3,
k=Il—1
4.21)

as fj, is a contraction. This shows that the last limit in (4.20) is bounded above by
€/3.

Using this, the order zero identity v (14) ¥ (ai,a;,) = ¥ (ai,) ¥ (a;,) (see [4, (1.3)],
for example) and (4.13) again, we have

r}g% ||¢n(fl1 0 aiz)d’n(ﬁl ® ajz) - ¢n(fi1ﬁ1 ® aizajz)” (422)

= lim | 3 @/mfy @/ m)(engs(en)entn(ana,)
=0

— Y fa@/m)fy U/ m)hu(en)gs(en)¥nlaiay) | + €/3.

=0

Let fi (0 = Y _oful/m)fi,(I/m)hy(t), so that f; ; is a contraction in
Co((0, 1]). We aim to control

nlg}(}) Hﬁl‘jl (en) (g8 (en)zen — &5 (en)) wn (aizajz) H (423)

Use Lemma 4.2 to find a sequence (b,)52, of contractions in B so that (e,b,),
represents ¥ (a;,aj,). As (4.9) gives 0 < gs(e,)e, < 1 in B, so [|gs(e,)?e? —

"When [ = 0 or [ = m there are only two terms in this sum, but the result still holds.
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gs(en)en| < V2 2 giving

1im | (5(en)en — 25(en) n(anas) | = lim | (500} — gs(en)en)b
(4.24)
1
VIS

independently of the value of § used in the definition of gs. Fix a polynomial
function p;, ;, € Co((0,1]) (so with no constant term) so that ||p; j, — fi, syl <

€/3( \}2 — ;). Therefore, using the fact that (e,b,)2, represents the same sequence

as (1/fn (aizajz)),?il, we have
1im [fi i (en) (85 (en)en — 85(en) V(@) | (4.25)

= r}g}(}) ”Pilzil (en) (gé(en)zei - g&(en)en)bn ” +¢€/3,

again independent of the choice of 8. Finally, as sup,c(q ; |1(g5(1)** — gs(D)1)| < 8
(from (4.9)) and p;, j, (1) factors as g;, j, (t)t for some polynomial g;, ;, () (this time
with a possible constant term) we can now choose § < € so that

r}g% ||pi1J1 (en)(gS(en)2 i - g5(en)en) ” =< 6/3 (426)

for all i1, j; < ip. Putting (4.26) together with (4.22) and (4.25), we obtain

lim r’(lilsinlJ'z)(¢n) <e, 4.27)
n—w
forall iy, iy, ji.jo < io, as required. =
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